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In part I, by means of statistical-mechanical theory, 
equilibrium constants are calculated for exchange reactions 
of the various isotopic forms of hydrogen, water and 
hydrogen sulfide. The calculations are made over a range 
of temperature and show the temperature dependence of 
the reactions. Part II concerns itself with the calculation 
of activation energies for these various reactions. The 
computations show that the reactions fa!l into three main 


classes. Hydrogen or deuterium, and water or hydrogen 
sulfide, can be expected to react by a chain mechanism 
at about 500°C. Water and hydrogen sulfide can be 
expected to react by either a chain or bimolecular mecha- 
nism around 400°C, and the isotopic forms of water or 
hydrogen sulfide with themselves at 200 to 300°C by a 
bimolecular mechanism. 





INTRODUCTION 


NE of the earliest and most interesting 

applications of deuterium in chemical re- 
search was the preparation of various isotopic 
molecules and a study of the reactions between 
them. Knowledge of the equilibria and rates of 
such reactions is of importance as a preliminary 
step towards an understanding of more general 
reactions. Previously many authors! have calcu- 
lated equilibrium constants alone, but these 
computations are obviously incomplete in the 
absence of any information concerning the rate of 
attainment of the equilibrium. In part I of this 
paper we calculate equilibrium constants from 


* Contribution from the department of chemistry, Uni- 
versity of Wisconsin, Madison, Wisconsin. 

‘Urey and Rittenberg, J. Chem. Phys. 1, 137 (1933); 
J. Am. Chem. Soc. 56, 1885 (1934); Crist and Dalin, J. 
Chem. Phys. 2, 735 (1934); Farkas and Farkas, Proc. Roy. 
Soc. (London) A144, 467 (1934); T. Férster, Zeits. f. physik. 
Chemie B27, 1 (1934); Farkas and Farkas, Trans. Faraday 
Soc. 30, 1071 (1934); Urey and Greiff, J. Am. Chem. Soc. 
57, 321 (1935). 


statistical-mechanical theory, and in part II, 
activation energies have been calculated for 
many of these same reactions, and conclusions 
are drawn concerning probable mechanisms. 


PART I. EQUILIBRIUM CONSTANTS 


Procedure 


Two methods for the theoretical calculation 
of equilibrium constants from a knowledge of 
molecular constant data have previously been 
used. One method is indirect and involves calcu- 
lating AE° from spectroscopic data and com- 
bining it with a calculated AS° to obtain AF*, 
and finally finding K by means of the relation 
AF°=—RT log, K2 

The statistical-mechanical calculation is much 
more direct and elegant, and simply depends 


2 See for example, Giauque, J. Am. Chem. Soc. 52, 4808 
(1930); ibid. 52, 4816 (1930); 54, 1731 (1932); Urey and 
Rittenberg, J. Chem. Phys. 1, 137 (1933); Johnston and 
Long, ibid. 2, 389 (1924). 
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upon the fact that an equilibrium constant is 
expressible as a ratio of the product of the 
partition functions for the product and reactant 
molecules.’ It has been used, for example, by 
Crist and Dalin and Urey and Greiff’ and is the 
method we shall use in this article. 

All of the reactions we consider are stoi- 
chiometrically bimolecular, with the same number 
of reactant and product molecules. We may write 

A+B=C+D. (1) 

A, B, C, and D denote di- or triatomic molecules, 
and in every case C and D are merely different 
isotopic species of A and B. We have 
K= Fe) F(p)/ F(a) F(a). (2) 

Here F denotes the complete partition function 
for the molecule in question. In practice it is 
easier to calculate a product of F ratios rather 
than a ratio of products. Urey and Greiff' have 
given equations for calculating the F ratios for 
di- and triatomic molecules, but their equations 
are quite special and only apply to isotopic 
molecules of the same symmetry number. It is 
perhaps of interest and importance to arrive at 
their equations by starting with perfectly general 
expressions, applicable to all kinds of molecules. 

It is assumed that it is a good approximation to 
express the partition function of a molecule as a 
product of translational, rotational, and vibra- 
tional parts, i.e., 





From Eq. (3) we have, for diatomic molecules, 


Fre) (2amckT)iV 82r2I ckT e(Zoc—tkewog)/kT 
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The term ((2rmkT)?V)/h® is the partition 
function for three degrees of translational motion. 
V is the volume in which the molecule moves, and 
the other symbols have their usual meaning. 

The expression (877JkT)/ch? represents the 
partition function for two degrees of rotational 
freedom. J is the moment of inertia of the 
molecule and o the symmetry number, or number 
of orientations of the molecule which are physi- 
cally indistinguishable. o is 2 for molecules of the 
type X, and 1 for molecules like X Y. 

The vibrational partition function is 
(1—e-*wo/kT)—-1, where wo is the fundamental 
vibrational frequency of the molecule. 

The term exp (E)—4hcw)/kT occurs because 
the zero of energy is taken to be that of the atoms 
at O°K rather than that of the molecule. The 
expression 3/cw» is the zero-point energy of the 
system, and Ey the total energy. Ey—$hcwy is the 
heat of formation of the molecule from its atoms 
at 0°K. 

2m is a weight factor arising from electron 
states, and 7,, a factor arising from nuclear spins. 
All the molecules we shall consider are in singlet 
electronic states, so that g=1 and need not be in 
the expressions explicitly. 
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For the case of isotopic molecules where Eoa= oc, AE simply becomes $hc(woc—woa). If we con- 
sider the special case where o4=o¢ and ic=ia Eq. (4) reduces to the equation given by Urey and 
Greiff. (Their paper, Eq. No. (12).) In the case of Hz, HD and De we must use 


AE’ = ( 204 = $chwoa + 


Boach 


Bo che ) 
4 ’ 


) aan (20. = shcewoe+ 


5 See for example, R. H. Fowler, “tatistical Mechanics (Cambridge University Press, 1929). 
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TABLE I. Molecular constants for diatomic molecules. 
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TABLE III. F ratios for various isotopic molecules. 








M (g) 


2.01625 
3.02285 
4.02945 


I1/Ie 


(D2/H2) =1.99877 
(D2/HD) = 1.4997 


MOLECULE 


He 
HD 
D2 


Be 


60.5646 
45.4396 
30.3126 


wo 





43716 
37866 
3092.36 

















o 
2 
1 
2 








since the moments of inertia of the molecules are so 
small. The B, terms arise from the interaction be- 
tween rotation and vibration.‘ Eq. (4) then becomes 


(— 
Ma 


Fc) 


Fria) 


‘ay 4 
RATIO 


273.1 


298.1 


373.1 


473.1 


573.1 





D2/HD 
HD/H2 
D2/H2 
D20/HDO 
HDO/H:20 
D2:0/H20 
D2S/HDS 
HDS/H2S 
D2S/H2S 





10.4493 
33.375 
348.74 
35.387 
87.837 
3108.2 
11.223 
57.150 
641.39 


8.9538 
29.397 
263.21 
26.740 
69.772 
1865.7 
9.3075 
47.190 
439.22 





6.4893 
22.352 
145.05 
14.555 
41.868 
609.39 
6.1830 
31.010 
191.73 





4.8860 
17.603 
86.008 

8.7650 
27.749 

243.21 

4.4295 
22.050 
97.670 








4.0764 
15.114 
61.611 

6.3324 
20.795 

131.66 

3.5867 
17.460 
62.624 





28.916 
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The translational partition function for polyatomic molecules is the same as for diatomic molecules. 
There are, however, now three degrees of rotational freedom, and the rotational partition function 
becomes [82?(82°A BC) (kT)! ]/ch®, where A, B and C are the three moments of inertia for the mole- 


cule in question. 


For a polyatomic molecule we therefore have in general, 


(2amkT)?V 82r?(82r°ABC)}(kT)! e(Eo-hZhewi)/kT 





F(polyatomic molecule) = - 


oh® 


mi(1 — gmhewil kT) 


TABLE II. Molecular constants for triatomic molecules. 








MOLECULE M (g) Ai1/A2" 


Bi/B2"! 


C1/C2" 


@1 


W2 


wW3 





(D0) 


18.0162 
(H20) 


H,0 = 1.798 


1.998 


1.929 1 


595.48 


36008 


3756.35% 





(D20) 


HDO (HDO) 


19.0228 = 1.357 


1.267 


1.339 


1380° 


2810° 


37209 





D,0 20.0294 


1 


179° 


2666° 


2784° 





(D2S) 


H.S 
. (HS) 


34.0162 = 1.887 


1236" 


2615" 


2632" 





(D2S) 
I S a = 9 


1078" 


1910” 


26191 





D.S 


36.0294 























8981 





1906" 





19401” 








* Mulholland, Proc. Camb. Phil. Soc. 24, 280 (1928); Sutherland, ibid. 26, 402 (1930); Giauque and Overstreet, J. Am. 


Chem. Soc. 54, 1731 (1932). 
°F. W. Aston, Nature 137, 357 (1936). 
* Jeppeson, Phys. Rev. 44, 165 (1933). 
‘ Calculated. 


*H. Sponer, Molekulspektren (1. Julius Springer, 1935), p. 78. 


*H. Sponer, ibid., p. 144. 


® Bailey, Thompson, and Hale, J. Chem. Phys. 4, 625 (1936). 
“These ratios have been calculated from formulas derived from definition. For HxO and D.O we have, if @ is the 


angle between the O—H or O—D bonds, 


Bip20) _ mp), A(pD20) _ 


mo+2mn) Bip), 








Bun) mH)’ A (H20) 


mo+2mp) Baro)’ 


CiD20) _ 


mo+2mp sin* a/2 Ap20). 





CuH20) 


mo2my sin? a/2 Aso)’ 


mH, ™p, and mo are the masses of the hydrogen, deuterium and oxygen atoms, respectively. For H.O, a=104°40’. 


For HS, a=111°30’. 
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REACTION CONSTANT AZw;(cm™) | 273.1°K| 298.1°K| 373.1°K]| 473.1°K) 573.1°K .0°K as sh 


_F(HD) F(HD) 3.708 ’ Th 
F(H2) F(D2) have 


_F(HD) F(HDO) 
pa 9 1. 1.53. | 2.00: | 2.38 24; 
“"F(H2) “F(D:20) O06) 5Oh é ’ 7 ratios 
not 
‘F(H2) F(HDO) 
pn ae 2.632 | 2. 1.87 ; 1.37 0: 
“F(HD) ~F(H20) ’ . ' may 


_F(HD) F(HDS) 3.61; | 3. 4.214 3 thirte 
F(H2) “F(D2S) i a of tk 


F(H:) F(HDS) i 
= .387 ‘ 1.155 J 
F(HD) F(H:S) . previ 


_F(HD) F(D:20) _ Ki oni react 
~ F(D2) F(HDO) "Kz : " = | mole 


_F(HD) F(HDO) tions 
F(D2) “F(H:0) plete: 

aii . _ F(D:) F(HDS) _Ks 
HD +D2S —D2 s FD) “F(D:S) ~Ki , : .05 s 1.137 1.16; Pes 
* ibriu 

_F(HD) F(HDS) _, _ . wie 
= FD) FHS) =KiKs a . od 4.283 4.160 the e 
_F(H:) F(D:0) _KiKs value 


“F(D2) F(H20) ~ Ke ‘ ‘ ; ee differ 


as _F(H2) F(D2S) _KikKs 911 

D: +H:S =H: “FiD) FURS) 7 Ke 8: , ‘ j 1.016 | 0.911, and 1 

F(D20) F(H2S) K3K,4 
= 5 b ? ; 40 

F(H20) F(D:S) ~ KoKs , | oe table 


F(HDO) F(HDO)_ . energ 
SH KK a J J . 3.28 3.435 

F(D20) F(H:0) . the r 
waa F(D:0) F(HDS) _ Ks _ " 

HDO+D:S =D:0 +HDS | Ku=s77po) FDS) 7K ' d : . 1.765 40; endo’ 
F(HDO) F(HDS) _ xx ) re incre 
F(D:0) F(H2S) * ’ : ; , 2 on Wher 


F(HDO) F(HDS) negat 
=K3K } , ; : 5.793 | 4.835 
F(H20) F(D:s) ‘ const 


F(HDO) F(H:2S) _Ks 5. 

FUH20) F(HDS) a « - P . ona 1.19; 0.995; temp 
F(HDS) F(HDS) 
F(D2S) F(H2S) 


TABLE IV. Equilibrium constants for isotopic exchange reactions. 
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Hence, for polyatomic molecules, 
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e-SEIRT (7) 


-(~ mae 1p en (1 —e—hewoin/ kT) 


(1 — ¢-hewoip/kT) 


oD ip ApBsCp 


where AE = (Eog— 3hc2wo;,) — (Eon — shcZw;p). 

For isotopic molecules Log = Eoa, and therefore AE=4hc(Zw.:n—Zwoiz). For the cases when oz =9D 
and ip=ig Eq. (6) reduces to the zone given by Urey and Greiff. (See their paper Eq. (13).) 
We now apply Eqs. (5) and (7) to various isotopic molecules. The molecular constants used in the 
calculations are given in Tables I and II, and the F ratios in Table III. 
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The values in Table III may be used to calcu- 
late equilibrium constants for various reactions, 
as shown in Table IV. 

The equilibrium constants given in Table IV 
have all been calculated directly from the F 
ratios shown in Table III. Obviously they are 
not all independent. The first five, however, 
may be taken as independent, while the last 
thirteen may be shown to be expressible in terms 
of the independent set. Other authors have 
previously calculated some of the constants of 
reactions involving isotopic hydrogen and water 
molecules, but we have repeated these calcula- 
tions for the sake of the consistency and com- 
pleteness of Tables III and IV. 

The temperature variation of all the equi- 
librium constants is very largely determined by 
the exponential term in Eqs. (5) and (7). The 
value of this exponential term depends upon the 
differences in zero point energies of the products 
and reactants. The column in Table IV headed 
Aw; gives this difference in cm. A study of the 
table shows clearly that when the zero point 
energy of the products is greater than that of 
the reactants (AE» is positive) the reaction is 
endothermic and the constant increases with 
increase in temperature as is to be expected. 
When the difference in zero point energy is 
negative, the reaction is exothermic and the 
constant is found to decrease with increase in 
temperature. Reaction (18) is interesting in that 
its change in zero-point energy is practically 
zero and it is found to be practically independent 
of temperature. 

Crist and Dalin”® have calculated 1/K; at 
various temperatures. They used slightly dif- 


TABLE V. Constants used in constructing Morse potential 
energy curves. 








BonpD 


H-H 
O-H 
S-H 
O-O 
S-S 
S-O 


ro(A°) 


wo(cm™!) 


D(kcal.) 





0.7416 
0.97% 
1.358 
1.32% 
2.0818 
1.718 








437516 
3660'° 
26008 
130419 
5107 
612" 





102.416 
113.1' 
87.07 
34,37 
64.07 
71.0” 


ferent values for the molecular constants, but 
their equilibrium constants are in rough agree- 
ment with ours. Thus by interpolation we find 
1/K;=0.43, 0.56, 0.66, 0.74, 0.82, 0.88, and 0.90 
at T=300, 400, 500, 600, 700, 800, and 900°K, 
respectively. Crist and Dalin calculated for the 
corresponding temperatures the values 0.35, 
0.51, 0.60, 0.68, 0.74, 0.79, and 0.83. They find 
experimentally 1/K;=0.71 at 799°K. 

Farkas and Farkas" calculated our K,=3.27 
at 293.1°K in perfect agreement with our value. 
They found experimentally our K;=2.67 at 
293.1°K and K3=1.15 at 723°K, while Topley 
and Eyring" calculate K;;=3.26 at 298.1 and 
3.40 at 373.1°K. These values are decidedly 
higher than ours, and the discrepancy must be 
sought in a different choice of constants. 

The large values for the equilibrium constants 
at room temperature for reactions (7), (10), (16), 
and (18) are of interest as well as the large 
temperature coefficient of reaction (10). Classi- 
cally the equilibrium constants should approach 1 
or 4 as the temperature is increased. It is to be 
noted that there is considerable departure from 
the classical values at ordinary temperatures, 
particularly in the case of reactions (2), (6), (7), 
(10), (12) and (16). 


Part II. ACTIVATION ENERGIES 


A knowledge of these constants given in part I 
is alone incomplete in the absence of any in- 
formation concerning the rate of the reactions, 
and we now proceed to calculate the activation 


TABLE VI. Activation energies for reactions between hydrogen, 
water and hydrogen sulfide. 








ACTIVATION ENERGY 


65.1 kcal. 


REACTION 


(1) D: +H,O =HDO+HD 
(2) Dz +H,S =HDS+HD 
(3) D,O+H,S =HDO+HDS 
(4) H,O+D,0 =HDO+HDO 
(5) HS +D.S =HDS +HDS 
(6) D +H,O =HDO+H 
(7) D +H.S =HDS +H 
(8) D. +OH =HDO+D 
(9) D +HDS=SH +D, 

















tatiana 


* Crist and Dalin, J. Chem. Phys. 2, 548 (1934). 


(193 


” _ and Farkas, Trans. Faraday Soc. 30, 1071 


“ Topley and Eyring, J. Chem. Phys. 2, 217 (1934). 


N For references see Van Vleck and A. Sherman, Rev. 
Mod. Phys. 7, 167 (1935). 


16R.S. Mulliken, Rev. Mod. Phys. 4, 1 (1932). 

17 Calculated from data in Bichowski and Rossini’s 
Thermochemistry. 

18 Pauling, Proc. Nat. Acad. Sci. 18, 293 (1932). 

19 Calculated. 

20 Pauling, J. Am. Chem. Soc. 54, 3570 (1932). 

21 —D, Clark, Chem. Rev. 11, 231 (1932). 
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energies in order to draw some conclusions about 
the rates. 


Calculations 

The method of calculating activation energies 
is the so-called semiempirical system of Eyring 
which has been described elsewhere.!® We simply 
give in Table V the constants used for con- 
structing the various Morse curves. 


Results 

The reactions, with their calculated activation 
energies are given in Table VI. 

All of the reactions given in Table IV, except 
number 1” are merely isotopic variations of 
reactions (1) to (5) in Table VI, and their 
activation energies will differ only slightly from 
the values given for the above reactions due to 
small differences in zero point energies. 

For each of the above reactions (1) to (5) we 
must now consider, in addition to a bimolecular 
mechanism, a chain mechanism. 


Reaction (1): D.+H,O—=HDO+HD 
If the mechanism of this reaction is bimolecular 
the activation energy is as given in Table VI. 
However, the following chain mechanism appears 

plausible : 

D.=2D, (1) 
D+H,O=HDO+H, (2) 
H+D.=-HD+D. (3) 


By the usual methods” it may be shown that 
for this mechanism the over-all activation energy 
for reaction (1) is equal to the activation energy 
of reaction (2), plus one-half the heat of dissocia- 
tion of De, or A =52.3+4.9=57.2 kcal. Reaction 
(1) is the thermal dissociation of deuterium. 


Reaction (2): D.+H.S=HDS+HD 

If this reaction is kinetically bimolecular the 
activation energy is as given in Table VI. The 
following chain mechanism is also possible: 


H.S=H+HS, (1) 
H+D.=HD+D, (2) 
D+H.S=HDS+H. (3) 


2 Reaction (1) of Table IV is not included in Table VI be- 
cause it has been thoroughly studied previously. See 
Hirschfelder, Eyring, and Topley, J. Chem. Phys. 4, 170 
(1936), and L. Farkas and E. Wigner, Trans. Faraday Soc. 
32, 708 (1936). 

23 Cf. Sherman, Quimby and Sutherland, J. Chem. Phys. 
4, 732 (1936). 
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For this mechanism A =3Ds_p+A2=43.54+9.1 
= 52.6 kcal. Ds_un signifies the heat of dissocia- 
tion of the S—H bond. The thermal dissociation 
of H2S rather than Dz is considered because the 
S—H bond is weaker than the D—D bond. 
Reaction (3): D.O+H.S=HDO+HDS 


The activation energy for the bimolecular 
mechanism of this reaction is given in Table VI. 
The following chain mechanism must also be 


considered. 
H.S—=H+HS, 


H+D,0=HDO+D, 
D+H:S=HDS+H. 
Here A = $3Ds_n+A2=43.5+6.3 =49.8 kcal. 
Reaction (4): H.O+D,.0O—=HDO+HDO 


The activation energy for this reaction, if it is 
kinetically bimolecular, is given in Table VI. 
The following chain mechanism, however, also 


suggests itself. 
H,O=H+0OH, (1) 


H+D,0=HDO-+D, (2) 

D+H,O=HDO-+H. (3) 
Here A = $Do_u+A2=56.6+6.3 = 62.9 kcal. 
Reaction (5): H.3S+D.S=HDS+HDS 


The activation energy for this reaction, if it 
has a bimolecular mechanism, is given in Table 
VI. However, the following chain mechanism is 
also possible. 


H.S=H-+HS, (1) 
H+D:S=HDS+D, (2) 
D+H.S=HDS+H. (3) 


A=i1Ds_nt+A2=43.54+4.4 =47.9 kcal. 
The preceding results are summarized in 
Table VII. 


Discussion 


The energies given in Table VII lead to some 
interesting conclusions. Thus, we see that the 
reactions between D, and HO, or Dz and H:S, 
both involve high activation energies, and both 
would be expected to go via a chain mechanism 
in the vicinity of 500°C because in forming the 
activated complex in the bimolecular mechanism 
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TABLE VII. Activation energies for molecular and chain 
mechanisms. 








ACTIVATION ENERGY (kcal.) 





Chain 
Mechanism 


57.2 
52.6 
49.8 
62.9 
47.9 


Bimolecular 
REACTION Mechanism 
(1) Dp +H,O=HDO+HD 

(2) D2) +HS—HDS+HD 

(3) DO+HS—HDO+HDS 
(4) HOO+D2,0O=HDO+HDO 
(5) HAS +D.2S=HDS +HDS 





65.1 
66.4 
49.3 
29.3 
39.4 














the hydrogen atoms are very close together, 
hence the repulsions are very large, necessitating 
a high energy requirement for its formation. 

The reaction between D.O and H.S would be 
expected to proceed at a somewhat lower tem- 
perature, around 450°C, and as far as the calcu- 
lations can show, both the bimolecular mecha- 
nism and the chain mechanism are about equally 
probable. 

The exchange reactions between light and 
heavy water or light and heavy hydrogen sulfide 
should occur around 200 to 300°C and the 
bimolecular mechanism leads to a much lower 
activation energy than the chain mechanism 
proposed. 

In view of the comparative scarcity of kineti- 
cally bimolecular reactions now known, reactions 
(4) and (5) are especially interesting. It is of 
interest to point out qualitatively the factors 
which lead to low activation energy for a 
bimolecular reaction. In both reactions (4) and 
(5) the H and D atoms are small compared to the 
O and S atoms. This means that in the activated 
complex, the H and D atoms are comparatively 
far apart, and hence the repulsion between them 
is small. Also, the O—O and S—S bonds are 
rather weak, so that the repulsions between these 
atoms are also rather small. These small re- 
pulsions lead to a comparatively stable activated 
complex, and hence a low activation energy. 

It must be remembered that the above con- 
clusions are really valid only under rather special 
conditions. The calculations apply to the reac- 
tions when they are carried out in the gas phase 
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in the absence of catalysts such as walls, oxygen, 
moisture, light, impurities, etc. Also, the con- 
clusions concerning mechanisms apply only 
when the reaction is far removed from equilib- 
rium—i.e., at the beginning of the reaction. 
Moreover, the particular radical mechanisms 
suggested, although the most plausible, are not 
necessarily unique. For example, in, reaction (5), 
it might be possible to postulate a free radical 
mechanism which leads to an activation energy 
lower than 39.4 kcal., although no such mecha- 
nism yet suggests itself. 

There are several experimental studies of 
exchange reactions between deuterium and 
water, and between light and heavy water, but 
these have ail been carried out catalytically. 


Conclusions 


Equilibrium constants for various isotopic 
exchange reactions between hydrogen, water and 
hydrogen sulfide have been calculated. In the 
gas phase and in the absence of catalysts the 
various types of reactions considered fall into 
three classes: 

1. The exchange reactions between isotopic 
species of hydrogen and water, and hydrogen 
and hydrogen sulfide will occur at high tempera- 
tures (500°C) and via chain mechanisms. 

2. The exchange reactions between isotopic 
species of water and hydrogen sulfide will 
occur around 400°C and via a bimolecular and 
chain mechanism. 

3. The exchange reactions between various 
isotopic species of water, and of hydrogen sulfide 
will occur around 200 to 300°C and via a bi- 
molecular mechanism. 

We wish to express our appreciation to Pro- 
fessors Norris F. Hall and Farrington Daniels 
for their constant interest in this paper. This 
work was supported in part by a grant from the 
Wisconsin Alumni Research Foundation. 


24 Bonhoeffer and Rummel, Naturwiss. 22, 45 (1934); 
L. Farkas and A. Farkas, Trans. Faraday Soc. 30, 107 
(1934); A. Farkas and L. Farkas, J. Chem. Phys. 2, 468 
(1934); A. Farkas, Trans. Faraday Soc. 32, 922 (1936). 
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A simple high pressure thermal conductivity gauge of 
good mechanical stability, freedom from poisoning effects 
and high accuracy has been described in detail. Its physical 
characteristics have been studied and optimum conditions 
for operation indicated. Its applicability to a wide variety 
of analyses is discussed and specific data quoted for those 


of the isotopic isomers of the lower aliphatic hydrocarbons 
and the hydrogens. Methods of direct calibration for the 
latter substances are indicated as well as a technique for 
their separation and purification. The theory of the gauge 
is developed and compared with experimental observations 
on the hydrogen isotopes. 





INCE the discovery of the heavy hydrogen 

isotope, deuterium, and its use by the physical 
chemist as an aid in elucidating the kinetics of 
reactions several workers in the field have 
developed thermal conductivity gauges for the 
purpose of isotopic analysis. In general they 
were operated with mixtures of the hydrogens, 
advantage being taken of the large specific 
heat differences which exist between the isotopic 
molecules Hz, HD and Dz at low temperatures— 
such as those in the liquid-air region. Both high 
and low gas pressures have been employed. An 
adequate review of the early work in this field 
is to be found in A. Farkas’ book Light and 
Heavy Hydrogen. Subsequent to the work in- 
cluded above, Sachsse and Bratzler! developed 
a thermal gauge, for use on the hydrogen 
isotopes, which operated at high pressures 
(~200 mm) and room temperatures, thus mak- 
ing direct use of the differences in thermal con- 
ductance due alone to the mass differences 
involved. They claimed high precision for their 
gauge. Still more recently Reitz and Bonhoeffer? 
have published results obtained with a Pirani 
manometer whereby the analysis is carried out 
directly upon samples of isotopic water vapor. 

Our experiences with several of the above- 
mentioned types of gauges* showed quite def- 
initely that they possessed characteristics which 
made them difficult to operate. Recently Wirtz‘ 
published a paper indicating some of these 


1Sachsse and Bratzler, Zeits. f. physik. Chemie 171A, 
332 (1934). 

? Reitz and Bonhoeffer, Zeits. f. physik. Chemie 174A, 
427 (1935). 

3 Mr. E. A. Smith and others, private communication. 

4K. Wirtz, Zeits. f. physik. Chemie 32B, 334 (1936). 


' difficulties attendant upon the Farkas low 


pressure gauge. The accommodation coefficient 
plays a dominant role in such low pressure 
gauges and, as is well known to workers in this 
field, is a very temperamental factor placing 
serious limitations on the attainable accuracy. 
With these difficulties in mind we attempted to 
develop a simple thermal gauge—operating at 
higher pressures so as to eliminate accommoda- 
tion coefficient effects—of rugged construction 
and yet of sufficiently high reproducibility and 
precision that it could be used to analyze directly 
the amounts of isotopic exchanges in the simpler 
compound gaseous molecules. 

It is felt that the results to be presented in this 
paper adequately show that all these character- 
istics have been attained. Our gauge has been 
used with completely satisfactory results in a 
series of recent researches involving exchange 
reactions,®» ® and has proved itself a practical 
tool. Because of the difficulties which seem to be 
encountered in the construction and operation of 
this type of analytical device it was deemed 
advisable to describe our gauge in detail. For 
these reasons it is felt that its publication may 
prove of value to other workers in the field. 


THE APPARATUS 


The gauge itself, Fig. 1, consists of a fine 
bare platinum wire A (0.0008 inch diam.) 
mounted coaxially in a }-inch hole bored through 
the center of a }-inch rolled brass rod B. The 


6 Trenner, Morikawa and Taylor, J. Chem. Phys. 5, 203 
(1937). 

6 Morikawa, Trenner and Taylor, J. Am. Chem. Soc. 
in press. 
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brass rod is 6 inches long and the platinum wire 
7 inches long. The wire A is held concentric by 
means of the recessed Bakelite bushing C 
through the centers of which it passes, tiny 
holes being provided for that purpose. These 
lioles are of a size just sufficient to permit the 
two heavy platinum leads (No. 28 B & S gauge) 
D to pass through them. The lower lead-in D 
passes out through the brass bushing E and the 
whole is soldered into the bottom of the brass 
rod B. The upper bushing C is bored with a 
second hole by means of a No. 50 drill and is 
located off center. This hole permits free entry 
and exit of the gases introduced into the gauge. 
Above the upper lead-in wire is a tungsten spring 
F (~diameter 5-7 mils) which serves to keep 
the wire A taut. Finally this spring is connected 
toa heavy tungsten (60 mil) lead sealed through 
the ground-in Pyrex head G. This head was 
carefully ground into the 3° taper machined 
on to the end of the brass tube B and waxed into 
it—during final assembly—by means of a thin 
film of de Khotinsky cement. The fitted joint 
was covered in turn with a film of gum sandarac 
to prevent penetration of the thermostat oil. 
The gases were led into the gauge by means of 
the 1-2 mm Pyrex capillary tube H which was 
fused to the head G. Heavy copper wires (No. 18 
B & S gauge) connected to the tungsten lead-in 
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on the head and the platinum lead at the bottom 
served to make electrical connections to the 
gauge. All internal connections in the gauge were 
carefully brazed. 

Concentrically about the gauge tube B was 
rigidly fastened a fiber or Catalin’ frame I. 
This frame is of #-inch internal diameter, 6 
inches long and is threaded symmetrically over 
5 inches of its surface with a 28 standard thread. 
Six 5 X j-inch slots were cut into it longitudinally 
to allow free passage of the oil through it to the 
gauge within. The whole frame was supported by 
means of a flanged brass collar J and its three 
set screws, as well as by the two thin brass 
spacers K (% inch thick and soldered ‘to the 
gauge tube B) machined so that the frame just 
slipped over them. On the threaded portion of 
this frame were tightly wound about 30 feet of 
(No. 36 B & S gauge) pure platinum wire the 
ends of which were securely fastened by means 
of tiny set screws and to which were soldered two 
heavier copper wires L (No. 28 B & S gauge) 
for electrical connections. The whole was care- 
fully insulated from the gauge tube B and its 
connecting wires. As will be evident later, the 


7 Blank tubes of Catalin may be obtained from the Ameri- 
can Catalin Corporation, New York. Fiber is not especially 
recommended for this purpose because of poor machining 
qualities and a tendency to shrink when submerged in oil. 
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compensator winding should be made of as 
heavy a gauge platinum wire as practical to 
compact winding. In no case should it be made of 
much lighter gauge than that suggested above 
inasmuch as it is essential to proper operation 
of the gauge that this winding remain at the 
thermostat temperature and suffer as little 
heating due to the current flow as possible. This 
condition is more closely attained by exposing 
the wires of the winding as much as possible to 
free flow of oil around them, hence the grid-like 
form of the supporting frame. 

The electrical circuit used is given in Fig. 2, 
the dynamic portion enclosed within the dotted 
lines being immersed beneath the thermostat 
oil (kerosene). This oil was carefully dried and 
purified by treatment with activated charcoal. 
All connections were heavily soldered and the 
entire dynamic part of the circuit, by being 
immersed beneath the thermostat oil, was held 
quite constant in characteristics while at the 
same time annoying variations due to parasitic 
currents were eliminated. A indicates the gauge, 
B the compensator, C and D two bare manganin 
(No. 22 B & S gauge) wound balancing resistors 
fully exposed to the thermostat oil but mounted 
on a Bakelite panel and finally the voltage divid- 
ing resistors E and E. These latter were made of 
a suitable combination of No. 231 type Shallcross 
wire wound 10 watt resistors mounted rigidly on 
a Bakelite frame. At points G and H was con- 
nected a good potentiometer—such as the Leeds 
and Northrup type K—capable of reading up 
to 1.6 volts and accurate to five decimal places. 
A 2-volt storage cell of high capacity—such as 
the Willard type DH-5-1—was used to feed the 
potentiometer. J is a special voltage divider 
made by winding a length of bare manganin 
wire (No. 24 B & S gauge) equivalent to ~100 
ohms (~110 feet) on a grooved (11 turns per 
inch) Catalin drum, 43 inches in diameter and 
10 inches long, which was mounted on two heavy 
brass bearings so that the drum could be rotated 
smoothly. In order to insure good contact 
through these bearings the axles were allowed 
to project somewhat and laminated phosphor- 
bronze brushes installed between the bearing 
plates and the axle ends. The threaded or grooved 
section of the drum surface was 8 inches long. 
A small traveling wheel with a fine V groove on 
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its outer edge was mounted on a long brass axle. 
This served as the moving contact represented 
by the arrow on J in Fig. 2. The wheel axle was 
mounted on a heavy spring-brass support which 
served to keep the wheel pressed firmly against 
the wire on the drum. Rotation of the drum 
caused the contact wheel to travel along the 
drum wire. Occasional cleaning and light greas- 
ing with a dilute solution of vaseline in petroleum 
ether always resulted in positive contact between 
wire and contact wheel, an important detail 
in this work. The entire mechanism was mounted 
on a heavy Bakelite base 3-inch thick. The entire 
instrument was mounted inside a wooden case 
with a tight fitting removable cover. This pro- 
tected the winding from dust and laboratory 
fumes which attack manganin wire. All moving 
contacts were avoided where possible and all 
connections heavily soldered. Where bearings 
could not be avoided they were made massive 
to insure low positive contact resistance. The 
manganin wire on the rotating drum had its 
ends soldered to the bearing plates at the drum 
ends. A fine vernier for rotating the drum at 
final adjustment proved of value. A scale was 
mounted along the contact wheel axle and an- 
other on the drum end so as to allow the contact 
wheel to be put at the approximate position 
before closing the main switch. This proved a 
great convenience in rapidly setting the voltage 
to the approximate value required and also 
served to protect the galvanometers, which 
nevertheless had high resistances put in their 
circuits for protection against unduly large 
currents. These latter were removed at final 
adjustment. The galvanometer J was a high 
sensitivity (12 microvolts per mm) Jow internal 
resistance (>25 ohms) instrument. It was oper- 
ated critically damped. Finally the whole circuit 
was fed from a high capacity six-volt storage 
cell K. It is important that this cell deliver a 
steady voltage under moderate current drain. 
In order to obtain a constant voltage from the 
storage cells it was found good practice to shunt 
them with a moderately high resistance L 
(~500 to 1000 ohms) when not in use during 
periods of analysis and for about one hour before 
measurements are begun. This bleeding process 
helps to maintain a very constant voltage during 
an entire days operation and certainly removed 
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the initial drift on starting measurements, which 
proved very annoying. All the various parts in 
the Wheatstone bridge circuit should be very 
securely mounted within the thermostat bath. 
The suggestions given regarding the compensator 
design and construction especially should be 
followed. 

The thermostat bath consisted of a tank about 
12 in.X12 in.X14 in. equipped with a good 
stirrer located directly beneath the gauge so that 
the oil stream passed rapidly about the latter. 
When used in conjunction with a vacuum tube 
relay of the type described by Heisig and 
Gernes® no difficulty was found in holding the 
bath temperature to better than 0.001°, pro- 
vided the stirring was sufficiently rapid and 
constant. The bath temperature was adjusted 
so as to be about 3° above average laboratory 
conditions—26.35°C in our case—and heating 
was provided by means of a 40-watt electric 
light bulb completely immersed in the oil. 

The thermostat used should be one which 
operates with the smallest possible heating and 
cooling cycles since their magnitude to a large 
degree determines the attainable precision of the 
gauge. The absolute temperature is of very much 
less importance as will be seen later from temper- 
ature coefficient data. The reason for this 
appears to be twofold. First, because of the 
practical impossibility of obtaining platinum 
wires for both the gauge and compensator of 
the same temperature coefficients of resistivity— 


a 


* Heisig and Germes, Ind. and Eng. Chem., Anal. Ed. 6, 
155 (1934). 
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in our case they differed by 7 percent—and 
second because of the inevitable thermal lag 
between gauge tube and compensator. The entire 
set-up was entirely free from susceptibility to 
vigorous vibration or shock. This condition is 
not difficult to attain and is essential for suc- 
cessful operation. 

The auxiliary apparatus for manipulation of 
the gases is shown in Fig. 3. In order that meas- 
urements could be carried out on as small an 
amount of gas sample as possible the dead space 
was kept as small as possible. To this end, ali 
connections between the gauge A and its manom- 
eter B were made with 1-2 mm capillary 
tubing. The volume of gas necessary for our 
gauge was 4.3 cc S.T.P. The operation of the 
remainder of the apparatus is obvious. C is a 
small Toepler pump of ~ 100 cc capacity used to 
transfer the gas from the sampling tubes—at- 
tached to manifold D—to the gauge as well as 
for adjusting the gas pressure within the gauge. 
This adjustment was accurately and automati- 
cally attained by means of the electrolyzer E. 
The latter operated on a small current through 
the contacts sealed into the manometer at the 
desired positions. On turning on the current the 
electrolytic gas would slowly drive the mercury 
piston up until contact was broken at the de- 
sired pressure—about 200-230 mm. This method 
was highly satisfactory and gave reproducible 
results although our gauge readings were not 
excessively sensitive to pressure, as will be seen 
later from the pressure coefficient data of our 
gauge. The remainder of the apparatus consisted 
of a good high vacuum pumping system with a 
two-stage mercury vapor pump connected at J. 
The trap F served to exclude mercury and water 
vapors as well as other impurities from the 
gauge. Various refrigerants were used about it 
depending on the nature of the gas under in- 
vestigation. K is a tiny grease trap. 

Since it was found that violent overheating of 
the gauge wire resulted in serious disturbance of 
the thermal conductivity measurements and 
even in possible burn-out, it was considered 
good practice to introduce a safety switch 
mounted directly on the plug of stopcock G. 
This prevented pumping out the gauge with the 
gauge current on and thus possible serious 
overheating of the gauge wire due to evacuation 
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of the gas from the gauge. The device consisted 
of a bent platinum wire, mounted to the back 
of the stopcock plug, which dipped into a pool 
of mercury H only when the stopcock was closed. 
Electrical connection was established by means 
of a phosphor bronze or silver “‘pig tail.’’ It was 
placed directly in the main battery line and 
proved entirely satisfactory, always giving 
positive contact. The small tube J of about 20 cc 
capacity contained a small platinum filament 
which could be brought to a dull red glow by 
electrical heating. This served to equilibrate the 
hydrogen isotopes where that condition did not 
already exist in the gas samples. This, as we 
shall see later, was essential to correct analysis 
of the hydrogen isotopes. To measure the vacuum 
attained during pumping out, the thermal gauge 
was itself used as a vacuum gauge after calibra- 
tion against a McLeod gauge. A pressure of 
~10-§ mm Hg was always required before 
analysis of a gas was undertaken. For this 
purpose a tapping key, shunted across the safety 
switch G, served to allow the gauge to be ac- 
tuated during vacuum measurement. In assem- 
bling the gauge it was found good practice to 
glow the fine platinum wire in air for a short 
time, by means of a small gas flame, just before 
slipping it into place in the brass tube B. This 
process appears to remove all traces of oxidiza- 
ble material from the wire surface and anneals 
away any strains introduced during drawing. 
It was found to introduce excellent stability 
characteristics to the wire. All the gauge parts 
were scrupulously cleaned of oil and grease before 
assembly. 


ADJUSTMENT OF THE GAUGE CIRCUIT 


To adjust the bridge circuit quickly, the 
following procedure was observed. Following 
assembly of the gauge, its internal resistance was 
measured at the thermostat temperature using a 
current so small that heating of the wire was 
negligible—this was found to be ~65 ohms for 
our gauge. Next, its internal resistance at a 
temperature ~20° higher was measured using 
a similar small current—this was found to be 
~69.5 ohms for our gauge. The length of the 
compensator wire was now adjusted so that its 
total resistance at the thermostat temperature 
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about equaled that of the gauge at the same 
temperature. Finally the two manganin resistors 
C and D were wound and their respective re- 
sistances matched to those of the compensator 
and gauge—at the higher temperature—re- 
spectively, and placed in the appropriate arms 
of the bridge circuit. When this circuit was now 
brought to balance the gauge wire was heated 
to about 20° over the bath temperature, inde- 
pendent of the nature of the gas present around 
it. The voltage dividing resistors E—E were so 
selected that the tap-off to the potentiometer 
had about one-third of the total potential drop 
over the bridge, across it. Our combination con- 
sisted of 5000 ohms between points F and H 
and 8500 ohms between points H and M. 


THEORY OF THE GAUGE 


It is a well-known result of kinetic theory 
that the thermal conductivity of a gas for the 
condition that the mean free path of its mole- 
cules is small compared to the distance between 
the boundaries defining the temperature gra- 
dient is given by the Maxwell-Chapman-Enskog 
equation : 

Cu 
A=A . (1) 
Mo? 


where A is a constant of the particular system 
used, Cv the specific heat at constant volume, / 
the molecular weight and o the molecular 
diameter. For a gas mixture of 7 species of 
molecules and assuming the thermal conduc- 
tivities of each species to be independent of the 
presence of the other, Eq. (1) becomes: 


Cv;C; 
1=> , (2) 
t M33o;? 


where C; is the mole fraction of the ith kind of 
molecule. The relative thermal conductivity of 
such a gas mixture to some standard reference 
gas 1 becomes then: 


’ Cu;C; Cr, 
‘=r / ). (3) 
r i M}io;? M;j'o;? 





If J’ and J, are the respective currents through 
the gauge wire to establish a given temperature 
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gradient in the gauge when the gases 7 and 1 are 
present and if 7 is the resistance of the wire under 
these conditions then since \=7rA it follows 
that Eq. (3) becomes 


(I')? Cv,C; 
. ( > 
I? i Mj3o;2/ 





Cr, E’)? 
: )= (4) 


= = (R’)?. 
M307? E? 
E’ and E£; are the respective voltages across the 
whole Wheatstone diamond necessary to produce 
balance with the respective gases and obviously 
I«<E. For the special case of the thermal 
conductivities of isotopic molecules Eq. (4) can 
be further simplified since it has been found?® that 
their molecular diameters are identical. It has 
been assumed that this condition holds for all 
cases of isotopic molecules. From Eq. (4) we see 
that the ratio R’= E’/E, should be independent 
of the condition of the wire, the bath temperature 
—provided that C, is independent of the temper- 
ature—and independent of the total pressure 
used—again provided that C, is independent of 
the pressure. Actually the value of R’ is found 
only to approximate these conditions due, in 
part, to failure to meet the above provisions and 


due to the presence of unknown amounts of 
heating in the compensator winding and con- 
vection currents in the gauge itself. Thus, for 
precise results, the gauge must be calibrated 
with samples of known concentrations. 


THE HYDROGENS 


In the case of the hydrogen isotopes certain 
special conditions obtain which permit Eq. (4) to 
be amplified. If we define a quantity p= D/H+D, 
where D equals the number of atoms of deuterium 
per unit volume and H is the corresponding 
quantity for protium then p is the atom fraction 
of D in the gas, and if, further, we assume that 
the equilibrium H.+D.2—2HD has been estab- 
lished at temperatures sufficiently high that the 
equilibrium constant K =4 then it easily follows 


*Van Cleave and Maass have shown by viscosity and 
thermal conductivity measurements that oD, and cH: 
cannot be very different and so we considered 


oH2>cHD=oD2. 


Van Cleave and Maass, Can. J. Research 12, 57 (1935); 
ibid. 12, 372 (1935). 
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that the relations, 
Cuz _ (1 —p)', 
Cup = 2p—2p’, 
Coz =p’, 


(5) 


are satisfied. C is the mole fraction. 

In addition, at 300°K, the values of Cop, and 
Conn are identical and equal to 4.989 while Con, is 
4.908 so that Eq. (4) becomes 


0.983 (2p—2p)  p? 
(1—p)?+ 
E,? Mu} Muv' Mp,} 
. 0.983/Mu! (6) 


Exu,? 
a form very similar to that arrived at by Sachsse 
and Bratzler? for their gauge. For mixtures of He 
and Dz this equation would become 





R,? 





2 
R= ~ - 





0.983/ Muz! 


OPERATION OF THE GAUGE 


After setting up the gauge and its auxiliary 
apparatus the whole system was thoroughly 
outgassed for twenty-four hours and the vacuum 
followed from time to time, liquid air being used 
on the trap F. When constant over a period of 
time the system was ready for measurement. A 
few cubic centimeters of carefully purified hydro- 
gen were withdrawn from a storage bulb by 
means of the Toepler and slowly introduced into 
the gauge through the liquid-air trap until the 
manometer cuts off. The gauge stopcock was 
then closed and the drum voltage divider J 
rotated until balance was obtained. Readings on 
the potentiometer were now taken until con- 
stancy was obtained, usually within one minute 
after the current was turned on. In general the 
first determination after the gauge has been 
standing was not very reliable and consequently 
served only as an orientation result. When not 
in use the best practice was found to be to leave 
the gauge under vacuum. In working with other 
gases it was found best to use the pure light 
isotopic compound as the standard substance for 
checking the condition of the wire. Thus, in the 
case of heavy hydrogen analysis, light hydrogen 
was used as the standard substance while, for 
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analysis of the methanes, CH, was the standard 
substance. Such procedure was found to yield the 
highest precision. Of course, only gases of the 
highest purity should be used. The hydrogens 
used were prepared by electrolysis from caustic 
soda solutions using platinum electrodes in an 
all glass system, traces of oxygen being removed 
by slow passage over a long glowing platinum 
filament and water by slow passage through a 
glass wool packed liquid-air trap. 


CHARACTERISTICS OF THE GAUGE 


The gauge was found to possess excellent 
stability during operation and seemed quite free 
from poisoning effects. Exposure to air or oxygen 
was found to be without any deleterious influence 
on the wire and reproducible values of R could 
be obtained immediately after exposure to them. 
Even accidental mild overheating of the wire or 
complete replacement of the wire by a new one 
left R essentially unchanged although the abso- 
lute values of Eu, and Ep, were markedly 
changed. This proved a very desirable property, 
for although the values of Eu, and Ep, were 
subject to slow drifts—over several days time— 
the values of R proved quite reproducible. In 
anticipation one might point out that these 
characteristics were found to hold for all the 
gases studied, including CH4, CoHe and C3Hs. 
Thus for one platinum wire the value of R 
between a given pair of samples of Hz and D2 was 
found to be 0.85962. After overheating the wire 
this value was found to be 0.86014. On replacing 
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the wire by a new one a value of 0.85948 was 
found for R. During a series of measurements 
with H, over a period of eight hours the absolute 
value of Ex, was found to vary by less than 0.1 of 
a millivolt. 

The pressure and temperature dependences of 
the gauge are given in Fig. 4 and Table I, re- 
spectively. It will be noted that over the small 
range of temperatures studied the value of R is a 
good constant as anticipated by theory. However, 
R has a pressure dependence due in part to the 
differential heating effect in the compensator 
and in part to changes in the convective losses. 
This dependence is not large, however, and 
introduces no operational difficulties. It may be 
further reduced by a heavier compensator wind- 
ing. It will be noted that the gauge was operated 
on the linear range of the curve in Fig. 4. In 
this range the pressure dependence of R was 
—6.8 units of spread per millimeter. Since the 
composition dependence of R was about —14.3 
units of spread per percent deuterium one sees that 
to obtain an accuracy of 0.1 percent the pressure 
must be adjusted to 0.21 mm. This is easily 
attained with the method used. 


CALIBRATION OF THE GAUGE 


In order to calibrate the gauge for the hydrogen 
isotopes, equilibrated samples of known atom 
percent of deuterium were prepared by electrolysis 
of 17 cc of a 2 percent solution of caustic soda in 
about 50 percent D,O using platinum electrodes. 
As the water electrolyzed away, samples (~ 200 
cc) of the hydrogen gas were taken from time to 
time and analyzed for their D content by means 
of a quartz fiber gas density balance to be 


‘described elsewhere.!° These values were accu- 


rate to +0.1 percent. The unequilibrated samples 
were made synthetically by mixing known 


TABLE I. The temperature dependence. Pressure of gas =229 
mm Hg. 








THERMOSTAT 
TEMPERATURE Ey, 

™ (volts) 
1.50115 
1.50712 
1.51302 
1.51425 


Ep, 
(volts) 





0.85868 
0.85852 
0.85846 
0.85856 


1.28900 
1.29389 
1.29872 
1.30007 


24.00 
25.00 
26.00 
26.32 

















10 Trenner, J. Am. Chem. Soc. forthcoming paper. 
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amounts of pure He and Dez of ~99 percent 
purity.'"! The R values of these mixtures were 
determined directly and again after bringing 
them to equilibrium in the platinum wire equili- 
brator. These latter R values served to determine 
their precise D atom concentration from the 
calibration curve for equilibrated gases previously 
determined. These data are graphed in Fig. 5. 

It will be noted that the change in the thermal 
conductivity on equilibration of the mechanical 
mixtures is small. This is due to the fact that, 
since the specific heats of all the molecular 
species involved are practically identical under 
our conditions, the only difference arises from the 
failure of the proportion V2 : \/3=/3 : +/4 to 
be true of the mass terms. Thus the production of 
2HD from He and Dz results in a gas of slightly 
higher conductivity. Despite the smallness of the 
change in R which occurs on equilibration—even 
of a 50 percent mixture of De. and H2—an 
accuracy of 2-3 percent is attainable which, for 
some kinetic studies, would be adequate. Thus 
rates of approach to equilibrium of the hydrogen 
isotopes could be studied using this gauge. 

In order to fit Eq. (6) to the observed data of 
the equilibrated gases it was found necessary to 
introduce three coefficients—an:z, axp and ap,— 
before each of the terms, respectively. A partial 
justification for this arises from the value of R 
obtained for pure De (by short extrapolation of 
the calibration curve). The best value was found 
to be 0.8568 which when put into the equation 


anRn,*C,,, Mo? 
Cop, Mx} 





aD2>= 


along with the appropriate values of the other 
terms and an,=1, gives ap.=1.022. This cor- 
rection coefficient arises from a small differential 
heating effect in the compensator winding as well 
as from the inevitable presence of differential 


convection losses. The former error can be 
minimized by heavier winding on the compen- 
sator, the latter by the use of baffles in the 
conductivity tube, and by horizontal instead of 
vertical mounting of the whole gauge. Using this 
value of ap, and ax,=1 we now fit the equation: 


"The author wishes to express his indebtedness to Mr. 
E. A. Smith of this laboratory for the preparation of these 
samples. 
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Fic. 5. Calibration curve for the hydrogen isotopes. Tem- 
perature = 26.35°C. Pressure = 229 mm Hg. 


R= 
[ an,(0.983/Mu;')(1—p)?+ann((2p— 2p?) / Mun) 
+anp.(p?/Mp.!) ]/[0.983/Mnu.'] (8) 


to the observed data by arbitrarily selecting the 
value of ayp and using Cop, = 4.987, Con, =4.908, 
Coup = 4.988, Mu: = 2.016, Mup = 3.022, Mo: 
=4.029. A value of agp=1.013 was found to 
give the best fit. This fit is illustrated by the data 
given in Table II. On putting the numerical 
values in Eq. (8) it becomes on transposition : 


0.5500 —0.3025 —0.6351(1—R?) 
0.1837 


(9) 





The maximum deviation between Eq. (9) and the 
observed data is 0.5 percent at the lower values 
of p and 0.2 percent at the higher values. Such 
agreement is sufficient for most work and since 
the gauge described is easy to reproduce—being 
entirely machined in its important parts—it 
should be possible to use Eq. (9) in those cases in 
which direct calibration is not possible, although 
the method of known synthetic mixtures is 
certainly more desirable and precise. In con- 
sideration of the results of direct calibration and 





390 


general reproducibility we consider our relative 
results accurate to somewhat better than 0.1 
percent and the absolute values to +0.1 percent. 
Not more than ten minutes is required for a 
determination. If results of the highest possible 
precision are desired the unknown determination 
should be sandwiched between determinations on 
the standard substance so as to eliminate small 
errors due to the small drift of the wire character- 
istics. This is not necessary for average work, 
however. 


ANALYSIS OF THE Isotopic ALIPHATIC HyYpDRo- 
CARBONS. THE METHANES 


Methane presented by far the most difficult 
purification problem. This is due to two causes. 
Firstly the spread of the thermal conductivities 
of CH, and CD, is not large due to an overlapping 
of the mass and specific heat effects thus making 
desirable, measurements of the highest precision 
and, in consequence, gas samples of the highest 
purity. Secondly the high vapor pressure dis- 
played by CH, and CD, at normal liquid-air 
temperatures made its fractionation from traces 
of the fixed gases such as Ov, No, He, etc. rather 
difficult. Experience showed that the most re- 
liable procedure to employ for the purification of 
the methanes was to use a special low temperature 
trap and to distill the sample into it at low 
pressures ~1 mm with continuous pumping and 
then subsequently to collect the purified sample 
by raising the trap temperature to normal 
liquid-air temperatures and Toeplering off into a 
sampling bulb. The details of this trap and the 
method of obtaining the necessary low tempera- 
tures have been described elsewhere.* The method 
of preparation of the methanes used has also 
been fully described in another place.!2 The 


TABLE II. 








DX 102 bX 102 
(Observed) (Calculated) 


100 100 
95.5 95.4 
71.4 71.2 
47.3 46.9 
29.2 28.7 

0.9402 19.7 19.2 

0.9553 14.8 14.2 
1.0000 0 0 


(Observed) 


0.7349 
0.7446 
0.7999 
0.8614 
0.9131 











2 Morikawa, Benedict and Taylor, J. Am. Chem. Soc. 
58, 1445 (1936). 


NELSON R. 


TRENNER 


methods employed for preparing the methane 
samples obtained from a reaction system prior to 
analysis of their C—D content is fully described 
elsewhere. 

The results given for the thermal conductivity 
of CH, were obtained by investigation of several 
samples and by successive purifications until 
check results were obtained. A similar procedure 
was employed with CD, except that, in addition, 
exhaustive deuterizations were first carried out 
on a nickel catalyst. After the final deuterization 
both the CD, and the hydrogens in equilibrium 
with it were analyzed. From a knowledge of the 
equilibrium constant 


C-D H 
K=——_x— 
C-H D 


previously determined by infrared analysis and 
found to be 1.8’? and the value of H/D of the 
hydrogens, the value of C—D/C—H for the 
best CD, was estimated. This was found to be 
98.0 percent C—D in good agreement with 
previous estimates made by infrared analysis." 
To obtain a calibration point on the curve, a 
known mixture of the two standardized samples 
of CH,and CD, was made up and its conductivity 
determined. Although this mixture was not 
brought to equilibrium, we feel that no great 
error was introduced—as would have occurred 
had this method been used with the hydrogen 
isotopes—because of the very small mass differ- 
ence. The error introduced is certainly within the 
experimental error. In this way the calibration 
data for Fig. 6 were obtained. 

The operation of the gauge was carried out ina 
manner entirely analogous to that employed for 
the hydrogens except that a solid carbon dioxide- 
acetone bath was substituted for liquid air around 
the gauge trap F. A carefully purified sample of 
CH, was used as the standard reference sub- 
stance. Valuable gas samples could always be 
returned to their bulbs after analysis, by means 
of the Toepler pump, with very little loss and if 
condensible in liquid air with no loss at all. (Such 
procedure was always used when pure deutero- 


13 Morikawa and Trenner, Ind. Eng. Chem., Anal. Ed. 


forthcoming paper. 
14 Benedict, Morikawa, Barnes and Taylor, J. Chem. 


Phys. 5, 1 (1937). 
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hydrocarbons were being worked with.) It will 
be observed that the curve is not linear as would 
be expected from Eq. (4) for this case. Further- 
more the slope is positive pointing to the fact 
that the specific heat of CD, is greater than that 
of CH, and so completely overcomes the effect on 
the thermal conductance to be expected from the 
mass ratio alone. These effects were found to be 
true of all the isotopic isomers of the aliphatic 
hydrocarbons studied. The accuracy of analysis 
is only about 1 percent due to the relatively small 
spread. 


THE ETHANES 


The problem of the ethanes proved a much 
simpler one, inasmuch as purification was rela- 
tively easy and a method for direct preparation 
of an ethane of known intermediate composition 
was worked out. For the methods of purification 
used, reference should be made to the paper 
previously indicated." For the preparation of the 
standard intermediate ethane! complete details 
are given in another publication'® and so will not 
be repeated here except to indicate that con- 
trolled deuterization of ethylene on a copper 
catalyst at low temperatures was the reaction 
employed. The purest C.D, of known composi- 
tion was obtained in an entirely analogous 
manner to that employed for obtaining CD,. The 
results of our calibration are shown in Fig. 6. 
An equilibrium constant 


C-—-D H 
K=——_X—=2.4 

C-H D 
was used, estimated from results previously 
obtained.!? It will be noticed that they follow in 
general form those obtained from the methanes. 
The gauge operation was identical with that for 
the methanes. Due to the greater specific heat 
difference between C.H¢ and C2D¢, obtaining in 
this case over that for the methanes a larger 
spread results and a consequent greater ana- 
lytical accuracy of at least 0.5 percent accrues. 


’* Intermediate propanes can also be made in an analo- 
gous way. 

* Morikawa, Trenner and Taylor, J. Am. Chem. Soc. 
5, 203 (1937). 

a Morikawa, Benedict and Taylor, J. Am. Chem. Soc. 
58, 1795 (1936). 
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Fic. 6. Calibration curves for the isotopic isomers of the 
aliphatic hydrocarbons. Temperature = 26.35°C. Pressure 
=229 mm Hg. 


THE PROPANES 


This substance presented an entirely analogous 
problem to that of ethane and thus the method of 
treatment was entirely parallel. The method of 
preparing the partially deuterized propane of 
known composition is fully described elsewhere'® 
as are the methods of purification."* In operation 
of the gauge the only change made was the use of 
a —50° bath on trap F. The calibration results 
shown in Fig. 6 again parallel those obtained for 
the methanes and ethanes except that the spe- 
cific heat difference is larger than either of the 
former as would be expected. The analytical 
accuracy increases apace and is better than 
0.5 percent. The value of the equilibrium constant 

C-D H 


C-H D 
used was 2.34.'6 


ANALYSES ON OTHER GASES 


At the present time only rough measurements 
have been made on .the butanes and so no 
reliable data can be presented. However, these 
preliminary experiments indicate that no diff- 
culties are encountered using a technique similar 
to that used on the lower hydrocarbons. The trap 
bath F must be raised to —25° for this work. 
Longer pumping periods are required due to the 
solubility of the butanes in the stopcock grease. 

The ammonias have been investigated, and in 
this case it was found that the mass and specific 
heat effects almost cancel each other with the 
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result that the analytical spread is too small to 
permit sufficient accuracy to be attained. Obvi- 
ously combinations of the gases studied in this 
research can be analyzed for by the thermal 
conductivity method described and several such 
analyses have been made by the author." It is 
planned to use this method of analysis in general 
on the isotopic isomers of neon, oxygen and 
carbon. Simple calculation shows that C"H, and 
CH, could be determined with an accuracy of 
about 0.5 percent since in this case no marked 
specific heat differences appear possible. The 
important features which the compound to be 
used for thermal analysis must have are relatively 
small “dead’’ mass and either very large or 


TA-YOU WU 


negligible specific heat differences for the isotopic 
isomers. 

That this type of thermal conductivity gauge 
has proved a powerful tool in the investigation 
of a wide variety of researches concerned with 
the kinetics of general aliphatic hydrocarbons is 
amply indicated by several of the papers referred 
to above. Its most notable feature is its easy 
adaptation to carrying out analyses on both the 
hydrogens and the hydrocarbons permitting 
therefore a very complete study to be made of 
both the kinetics and the equilibria in any 
hydrogen isotope-lower aliphatic hydrocarbon 
system, provided only a correct separational 
procedure is adopted. 
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Trans C.H.D, and C.H.Cl, 
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A valence force treatment of the groups CH2, CHD, CDz, 
CHCl, CDCI is given. The relative dependence of the three 
fundamental frequencies calculated for each group on the 
deformation force constant is used as a guide in correlating 
these frequencies with the three individual modes of vibra- 
tion of the group. On the basis of this calculation, an 
assignment of the fundamental frequencies of cis, trans and 


I. INTRODUCTION 


HE molecules C2Hy, C2D4, Ce2Cl, belong to 

the symmetry type V,, the cis CeH2D» or 
C.H2Cl; to the type C2,, and the trans C2H2D» or 
C:H2Cl, to the type C2,. Each molecule possesses 
twelve fundamental vibrations, nine of which 
take place in the plane of the molecule, and two in 
directions perpendicular to the plane. One is 
the torsional vibration. The symmetrical prop- 
erties and the selection rules in the infrared and 
the Raman effect can be summarized in Table I.! 
In C.H,, except for the torsional vibration 
which is inactive in both the infrared and the 
Raman effect, there is little doubt concerning the 
other eleven frequencies. These frequencies are 
given in Table II. For the vibrations S; and A,, 


1 See, for example, Placzek, Leipziger Vortrage (1931). 


asymmetric C2H2D» calculated by Manneback and Ver- 
leysen is given. Also from the data on the degrees of 
depolarization of the Raman lines of cis C2H2Cl2 and trans 
C2H2Cl, intensity and selection rules in Raman effect and 
infrared absorption, an assignment of the fundamental 
frequencies of these isomers is suggested. 


Sutherland and Dennison? obtained a potential 
function with four: constants. For the nine vi- 
brations in the plane of the molecule, Bonner® 
obtained a potential function containing eight 
constants, while Manneback and Verleysen’ de- 
termined one with eleven constants. With this 
potential function and on the assumption that it 
is invariant under a substitution by an isotope, 
Manneback and Verleysen calculated the nine 
frequencies of the vibrations in the molecular 
plane of each of the cis, trans and asymmetric 
C.H2Dz. The determinantal equation in each case 
separates into two; one of the 5th degree for the 
five x’, S, x vibrations in the case of the cis, trans 
and asymmetric C2H2Dz, respectively, and one 

2G. Sutherland and D. M. Dennison, Proc. Roy. Soc. 


A148, 250 (1935). 
3 Bonner, J. Am. Chem. Soc. 58, 34 (1936). 





FREQUENCIES OF CARBON, HYDROGEN, CHLORINE COMPOUNDS 393 


TABLE J. Fundamental vibrations of C2H,, cis, trans and asymmetric C2H2X ». The notation of the symmetry character is that 
of Manneback and Verleysen.4 








cis CoH2Xe2 


trans CoH2Xe2 asym. CeHeXe 





NOTATION Infra. 


Infra. Raman Infra. Raman 


g 
z 





Voa 
5e 's 


5a ‘a 


RMED DEMS 


5a's 
5o ‘a 
Torsion 


























— $.D. 

— L 
S.p. L 
_ L 
s.p. L 
S.p. M 


M 
S.p. 


mrdnY HRURN 
PLAM YP??? 


% 


d, 
A’ _- 


A’ — 


SS 
































x, 0 =sym. or antisym. with respect to the C =C axis, 


x’, o’ =sym. or antisym. with respect to an axis perpendicular to the C =C axis in the plane of the molecule, 


S, A =sym. or antisym. with respect to the center of symmetry, 
Si =(rn’), S2=(ee’), Ai=(xo’), Ao =(x’e). 


For the Raman effect, s =strong, w =weak, p =polarized (p <}), d =depolarized (p =}). ; 
For the infrared, L, M, G signify change of electric moment along axis of least, middle, and greatest moment of inertia, respectively. 


A dash signifies inactive frequency. 


of the 4th degree for the corresponding four o’, 
A, o vibrations. There is no question as to the 
accuracy of these calculated frequencies; but the 
way in which these frequencies are obtained and 
tabulated does not make it clear which frequency 
should be assigned to a particular one of the 
vibrations of the same symmetry group. This can 
be done in general only by considering the 
transformation equations between the generalized 
coordinates used and the normal coordinates. We 
attempt, however, in this note to give a very 
plausible assignment by considering the funda- 
mental frequencies of the groups CH2, CHD, CD» 
from which the three isomers of C2H2De are 
formed. 

There has been considerable work on the 
Raman spectra of these isomers.’ The degrees of 
depolarization of the Raman lines have been 
studied by Heidenreich,® Paulsen? and Trumpy.® 
The Raman spectra of the two isomers of 
C;D2Cl, have also been studied by Trumpy.’ The 
infrared absorption spectra of these isomers have 
been investigated by Wu’ in the region between 2 
and 23u. A classification of the Raman frequencies 


1936) Manneback and A. Verleysen, Nature 138, 367 
* Kohlrausch, Smekal-Raman Effekt. 

* Heidenreich, Zeits. f. Physik 97, 277 (1935). 

’ Paulsen, Zeits. f. physik. Chemie B28, 123 (1935). 

*B. Trumpy, Zeits. f. Physik 98, 672 (1935). 

*T. Y. Wu, Phys. Rev. 46, 465 (1934). 


has been given by Trumpy. But from con- 
siderations of the vibrations of CHCl, it seems to 
need modification. It seems possible to give also a 
reasonable assignment of the infrared frequen- 
cies, although the present data are still not 
sufficient for a definite assignment of some of the 
fundamental frequencies of these isomers. 


II. FUNDAMENTAL VIBRATIONS OF 
CHs, CHD, CD, 


The fundamental frequencies of these groups 
can be treated either by a valence force system 
or by a noncentral force system. We shall give 
here a valence force treatment, as the non- 
central force treatment leads to similar results. 

The valence force treatment of the motion of a 
three-particle system has been given by Lechner." 


TABLE II. Assignment of fundamental frequencies of cis, trans 
and asym. C,H2Dz_ calculated by Manneback and Verleysen. 








cis trans 
CeHeDe2 | C2H2De 


S 2291 
A 2233 
S 1240 
A 1308 
S 1514.2 
S 3049 
3170 A 3053 
950 S 808 
949.7 52.7| A 765.3 


asym. 
CoHs CeH2De2 
v 3019.0 
ae 2988.0 
1343.9 
1444.0 
1621.3 
3069 


NOTATION CDs 
2283.9 
2152.5 
1008.9 
1072.8 
1428.8 
2308.0 
2325.0 

758.3 
678.1 





x {3004 
x\2221 























10F, Lechner, Graz Dissertation; Monatsh. f. Chem. 61, 
385 (1932). 
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Fic, 1. Modes of vibrations of C,H2X2 type molecules. 


Let the potential energy of the system be 
2V= K,(Ari2)?+Ko(Are3)? ++6(sAa)? 


where S is a length. The fundamental frequencies 
are then given by the three equations 


vere +s? = Ki/uitKe/u2th/us, 
Vy>ve? + v9"v3? + y3"V1" 
= K1Ko/pime: (1 — mime cos? a/2"29") 
+(Ki/uitKe/py2)5/ms 
= (K1/r23?+Ko/r 297) ds? sin? a/m2?, 
v1°V9"v3" = Ki K26/pipous : (1 —Hipe/m2?), 
where 1/ui1=1/m,+1/me, 1/u2=1/m3+1/moe, 
1/pyg=S?(1/pirie?+1/pores? —2 cos a/Mef 1223). For 
symmetric molecules, Ki= Ke, mj=m3, m= M, 
’12=1o3=5, the Eqs. (1) become" 
v3?=K,(1/u—cos a/M), 
v3"(M+2m)Ka=m?Mvr22(1/u—cosa/M), (2) 
ve+ve?=K,(1/u+cos a/M) 
+K.(1/u—cos a/M)/s?*, 
Ka=26s?, 1/u=1/m+1/M. 
For CHe, the constants K; and K, can be 
determined from the values of its three funda- 


11 W. Penney and G. Sutherland, Proc. Roy. Soc. A156, 
654 (1936). 


(1) 


where 


Fic. 2. 


mental frequencies."® In C2H,, the vibrations 
Vea, Sra COrrespond to the vibrations 7, 12, 
respectively, of the two groups of CHe (see 
Fig. 3). In the approximation of Sutherland and 
Dennison,* vz, and 6,4 are independent of the 
force constant of the two carbon atoms. Hence 
the frequencies Ysa, 5ra Of CeH, are essentially 
equal to »; and ve, respectively, of CH». The 
vibration y,_, of C2H, consists of two CHe groups 
vibrating in v3 with no relative displacement of the 
carbon atoms. Hence we may take v3= y¢a(C2H,). 
Thus v3 23100, ve =1440, 1; =2988. On substi- 
tuting my=m3=1, M=12, a=115°, rig=re3=s 
= 1.08 10-8, Eqs. (2) give 


K,=5.0X10° dynes/cm, 
K,=1.28X10-" dyne cm/radian. (3) 


For CDs, with the use of K, and K, for CHe 
(Eqs. (3)), Eqs. (2) give 
v1 = 2164, ve=1065, 


which are comparable with the values A, 2152.5, 
A, 1072.8 and A» 2325 of C.D, obtained by 
Manneback and Verleysen. 

For CHD, Ki=Ko, ri2=fo3=5, M1 =1, m3=2, 
m2=12, a=115°, Eqs. (1) give 

vyetve?+y3?=5/3-Ki+1.575K./2s’, 
vv ves vsvy? (4) 
= 0.630K 2+ 2.614K1K./2s”, 
vve"v3? = 0.985K PK / 2s”, 


v3= 2292, 


where the v’s are expressed in units of 1000 cm™ 
and the K;, K./2s? in units of 0.5875 X10~ 
dynes/cm. Using the values of K1, Ka in (3), we 
have 


ve+ye+y3 = 15.65, 
vyve+ verve? +v32v7" = 66.50, 
VyV2"V3 = 66.60. 


12 These are taken by Sutherland and Dennison from 
OCH; to be 11 = 2970, v2= 1444, vs=3000. We prefer, how- 
ever, to obtain them from CH, although the difference 
in the values of the force constants determined from the 
two sets of values of »: v2 v3 is small and would not affect 
greatly our result below. 


(4') 
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Solution of (4’) gives 
vi=2240 cm, ve=1204 cm, 


approximately. To show that 2240, 1204 and 
3034 correspond, respectively, to the modes of 
vibration 7, 2, v3, let us consider the dependence 
of v1, v2, v3 on the deformation constant K, or 
5=K,/2s*. For symmetric molecules, it is seen 
from Eqs. (2) that v3 is independent of K., while 
v; and vg depend on K,. For CHD, the motions 
are no longer symmetric, but one would still 
expect v3 to depend on K, not so strongly as 1 
and ve. Writing Eqs. (4) in the form 


ve2+v?+y2=5/3-Ki+aé, 
v0? +071, +202 = 0.630K +85, 


v7v 7,2 = 76, 


v3= 3034 cm 


where a=1.575, B=22.2, y=71.3, one readily 
obtains 


dv;/di = —vi[v2Za+v;7v2/5—B | 
/2(v?—v7?) (v2 —v?), 
dv;/di= —v;[vPfa+v2v2/5—B | 
/2(v?—v2)(v?—v?), (5) 
dy,/db= —»,[ v2a+v27v;7/5—B | 
/2(v.? —v?)(v? — v2). 


Expressing v’s in units of 1000 cm™, 6 in units of 
0.5875 X 10° dynes/cm, we have 


vi=2.240, dv;/d6=0.011, or 
19 cm~'/10° dynes/cm. 
y;=1.204, dv,;/d6=0.054, or 
92 cm™!/10° dynes/cm. 
»%=3.100, dv,/dé<0.00145, or 
<2.5 cm™/10° dynes/cm. 


The strong dependence of the frequency 1204 
cm~ on the deformation force constant and the 
exceedingly slight dependence of 3034 cm on it 
leave no doubt as to the correctness of the 


assignment v,;=2240 cm, »v.=1204 cm”, 


v3=3100 cm. 


IIIa. Cis C2HeDe 


From Table I, it is seen that the five 7’ 
vibrations correspond to the S,; and A¢ vibrations 
of C;H,, and the four o’ vibrations correspond to 
the A; and S: vibrations of CsH,. There is little 
doubt that the frequency 1516.5 corresponds to 
Vers Of CoHy. In the following we shall for 
convenience denote a vibration by the notation 


CHLORINE COMPOUNDS 395 


of the corresponding vibration of C.H,. The 
vibrations 6,5, 5s are essentially the deformation 
vibration v2 of CHD, and should not be greatly 
different from each other. From the calculation 
above, v2=1204. Hence the x’ 1247.9 and the 
o’ 1295.4 must be the frequencies 6,, and 5,2. The 
vibrations 6,,; and da in C2H, consist essentially 
in a relative vibration of the two CH» groups and 
have low frequencies. It is apparent that in cis 
CoH2Ds, 54¢.=0' 820.2, b4a= 7’ 750.7. Of the vibra- 
tiONS VrsVray VosYoa, ONE expects for mechanical 
reasons that vz, and vz_ would not be greatly 
different from each other, nor would »,, and Yq. 
Since vs, Yea are essentially the v3 vibration of 
CHD, and vrs, vrq the v; vibration of CHD, 
it is seen from our calculation of CHD that 
Ves=T' 2304.2, vea=o' 2228.9, ves=0' 3031, Yea 
=’ 3065. This assignment is given in Table II. 


IIIb. Trans CsH2D2 


In this molecule, the five S vibrations corre- 
spond to the S;S_ vibrations, and the four A 
vibrations to the A, A» vibrations of CoH,. 
Similar argument as given above for cis CeH2D» 
leads to the assignment in Table II. 


IIIc. ASYMMETRIC C2H2D>, 


In this case the five z frequencies correspond 
to the S,, A; vibrations, and the four o fre- 
quencies correspond to the Ss, A» vibrations 
of C,H, That the assignment 6,,=7 1043.1, 
Sra= 7 1357.8, vors=m 1555.3, S5s=0 945.6, Soa 
=¢ 724.8 is reasonable is evident from the 
general trend of the corresponding frequencies in 
C2H,, cis and trans C2H2D»2 and C2D,. But as the 
two frequencies 7 3004.3 and o 3088.1 are of 
different symmetry character and so are m 2221.0 
and o 2316.3, one must now make the assignment 


Ves| _ | 3004.3 95 o 3088.1 
~ | 2221.0, Vea o 2316.3, 


Vra 


Fic. 3. Fundamental vibrations of CH. 
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and in this case it seems that one cannot 
distinguish between the two alternative assign- 
ments without studying the transformation rela- 
tions between the generalized coordinates and the 
normal coordinates. 


IV. FUNDAMENTAL VIBRATIONS OF CHCI, CDCI 


We may treat the vibrations of CHCl and 
CDCI by the valence force method as the inter- 
action between the Cl and the H or D atom is 
smaller than those between C and Cl, and C and 
H. That this is justified will be seen from the 
following calculations. 

For CHCl, let m,=1, m3=36, m2=12, 
ry2= 1.08 10-8 cm, 723= 1.8 10-8 cm, a=110°. 
Denoting the force constant between C and H by 
K,, that between C and Cl by Ke, we have, from 


Eqs. (1), 
vere? +tys = 13/12-Ki+K2/9+0.496Ka, 


vere ves? vsyy (6) 
= 0. 1 195K ,Ko+0.536K 1K.+0.526K2Ka, 
V12v9"V3" => 0.05625KiKoK,. 


Let us consider the Raman lines and the infrared 
data of trans C2H2Cle in Table III. The selection 
rules require that frequencies active in Raman 
effect should be inactive in infrared and vice 
versa. As the frequencies of two vibrations of 
C.H.Cl, that differ only in the phase relation in 
the two CHCl groups should not be greatly 
different from each other, we can pick out the 
three pairs 


et (Ra.) on (Ra.) x (Ra.) 
3090 (Inf.), |1200 (Inf.), |820 (Inf.) 


as the only ones that can be reasonably ascribed 


to 
| Vos Ors | Vrs 
Veay |Oxay [Pra 
The differences between the two frequencies in 
each pair are due to the interaction between the 
two CHC] groups. Hence as an approximation we 
shall take the mean of the Raman and the 
infrared frequencies, namely, 3080, 1230, 830, as 
the three fundamental frequencies of CHCI. For 
the determination of the constants K;, Ke, Ka, an 


exact assignment is immaterial, as 71, ve, v3 enter 
symmetrically in the above three equations. 
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Solution of Eqs. (6) with (1, v2, v3) = (3080, 1230, 
830) gives 


K,=5.17 X10° dynes/cm, 
K,=4.01 X 10° dynes/cm, (7) 
K.=1.71X10-" dyne cm/radian. 


The closeness of the value K,(CH) to that 
obtained from CH», namely 5.0X10°, and the 
order of magnitude of K,. as compared with the 
deformation constants of all known triatomic 
systems! justified the valence force treatment. 

To find the correspondence between the fre- 
quencies 3080, 1230, 830 and the three modes of 
vibrations 11, v2, v3 (Fig. 4), let us again study the 
relative dependence of these frequencies on K,. 
One would expect v2 to depend most strongly on 
K, while v3; should be practically independent of 
K,. From Eqs. (5), we have 


dvi/dKa= 14cm /10° dynes/cm, 


dv;/dKa=338 cm—/10° dynes/cm, 
dvy,./dKa= 1cm'/10°dynes/cm, 


Vz= 830, 
y= 1230, 
vz = 3080. 


The slight dependence of the frequency 3080 and 
the great dependence of the frequency 1230 show 
that v;=830, ve= 1230, v3 = 3080. 

For CDCl, m;=2 and the other data are the 
same as for CHCl. Eqs. (1) give 


petve+yv;?= 7/12 -K,+K.2/9+0.2815Ka,, 
Vyeve byes? + y3"v1" 
= 0.064K1K2+0.163KiK.+0.310K2Ka, 
V12v92V3" = 0.01 62 7K1KoKg. 


TABLE III. Raman and infrared data of trans C2H2Cly, 


2D2Clo. 








CeHe2Cle C2D2Cle 





Infrared Raman Assignment Raman 
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Fic. 4. Fundamental vibrations of CHCl. 


With the values K,, Kz and K, determined above 
for CHCI (Eq. (7)), solution of these equations 
gives 

Vyi4= 755, 


ve= 960, v3= 2320. 


The closeness between these values and the 
Raman lines of trans C2D2Cl2 found by Trumpy,® 
namely, 

765, 


992, 2325, 


again show that the assignment of these fre- 
quencies is essentially correct, and that the 
valence force treatment of these CHCl, CDCI 
groups is satisfactory. 


Va. Trans CeHoCle 


Let us consider the trans C2:H2Cle. According 
to the selection rules in Table I, there should be 
five strong and polarized, one weak and de- 
polarized Raman lines. These six Raman effect 
active frequencies are inactive in the infrared, 
while the other six Raman effect inactive fre- 
quencies are active in the infrared. The Raman 
spectra and infrared absorption data are summa- 
rized in Table III. 

The classification of the Raman lines by 
Trumpy’? is shown in the fifth column. In view of 
our calculations on CHC! and CDCI, the lines 
3072 and 840 should be »v,, and v,,, respectively. 
The Raman line 752 is probably 6,, which 
should be completely depolarized and com- 
paratively weak, although the value p=0.70 is a 
little too low for a completely depolarized line 
(0o=6/7). The infrared bands at 820, 1200 and 
3090 cm=! have already been assigned to Vra, Sra 
and y,_ in the above calculations. 6.2, which one 
expects to be of the same order of, and in fact 
lower than 6,;, lies in a region not covered in the 
work of Wu.° The vibration 6,-, and the torsional 
vibration are infrared active and there are two 
infrared bands at 620 and 917 cm—. If one 
assumes 6,s>69'a aS in CoH, then 6,-.=620, 


torsional frequency =917. As the torsional fre- 
quency in C.2H, has been estimated at 745-800 
cm from specific heat data,’ and as in cis 
CHCl: 6,.c4=694, the assignment here is not 
unreasonable. 


Vb. Cis C.H oCle 


In the case of cis CoH2Cle, there should be five 
strong and polarized (p<6/7) lines and seven 
weaker, completely depolarized (p=6/7) lines. 
The five strong Raman frequencies are active in 
infrared; the direction of the change of electric 
moment is along the axis of middle moment of 
inertia, and according to the consideration of 
Dennison" for the vibration-rotational band of 
an asymmetrical rotator, the band should possess 
no zero branch (type /). The four o’ vibrations, 
however, have their change of electric moment 
along the axis of least moment of inertia, and the 
vibration-rotational bands should possess a zero 
branch (type L). The vibration 6,., corresponds 
to a change of electric moment along the axis of 
greatest moment of inertia and the band should 
also possess a zero branch (type G). Investiga- 
tion, however, of the infrared spectrum’ reveals 
only six intense absorptions at 570 (1), 694 (ZL or 
G), 857 (L), 1303 (LZ), 1591 (M) and 3087 (JM). 
The band 3087 (1) has the corresponding strong, 
polarized Raman line at 3078; and according to 
our calculations on CHCl, it is »,.. The band 


TABLE IV. Raman and infrared data of cis C2H2Cl2, C2D2Clo. 
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13 A, Eucken and A. Parts, Zeits. f. physik. Chemie B20, 
184 (1933). 
14D. M. Dennison, Rev. Mod. Phys. 3, 280 (1931), 
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TABLE V. Fundamental frequencies of cis and trans C2H2Cls. 
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1591 (M) and the corresponding Raman line 1586 
are evidently v2,;;. One expects to have a pair of 
frequencies at about 1200-1300 corresponding to 
the 6,, 1270 (Ra), 6,2 1200 (Inf.) of trans C2HoCle. 
The infrared band 1303 (L) is probably the 
frequency 5,2 whose symmetry type is o’ and 
whose corresponding Raman line might have 
been too weak to be observed. The strong line 
1180 cm must then be ascribed to 6,, although 
the degree of depolarization (p=0.70) seems 
rather high. The line 711 cm™, being the only 
strong and polarized line in the neighborhood of 
800 cm-", can be ascribed to v,;. Its corresponding 
infrared band is not explicitly given in the paper, 
but the asymmetry and the great width of the 
absorption region at 694 cm~! ® compared with 
other bands suggest the existence of a band at 
about 710 cm~. The infrared band at 857 cm= 
has a zero branch and is most probably vz. The 
larger differences between v,, (711) and vzq (857), 
and between 6,, (1180) and 6,. (1303) than in the 
case of trans C2H2Cle may be due to the larger 
interaction between the two CHCl groups in cis 
C.H-Cle. The completely depolarized line 407 is 
5,, as Trumpy assumed, and the polarized line 
171 (p=0.5) is then probably 6,4. The infrared 


band 694 cm~ with a strong zero branch may be 
ascribed to 64:2, and the weak and depolarized 
line 806 can be ascribed to 6,’, as it is the only 
one near the corresponding frequency 752 in 
trans C2H2Cle. The torsional vibration should be 
active in Raman effect. If the assignment of the 
infrared band 917 in trans C2H2Cl. to its torsional 
vibration is correct, then it is reasonable to 
ascribe the weak line 878 to it, although its 
polarization character does not fit with the rule 
very well. It seems that all the observed strong 
Raman lines and infrared bands can be accounted 
for except the strong, completely depolarized 
line 561 and the infrared band at 570 cm™ with 
no zero branch. The closeness between these two 
values shows that they are probably due to one 
single vibration. The theory requires that in cis 
C.H2Cle, an infrared band of the M type must 
appear as a strong and polarized Raman line, 
and a completely depolarized line must appear in 
the infrared with a zero branch. Thus these rules 
provide no place for the frequency in cis C2H2Cl., 
and hence the difficulty cannot be removed by 
changing the assignment alone. 

The assignment of the fundamental frequencies 
is given in Tables IV and V. 
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The paper describes the absorption spectra of the first 
eight alcohols of the aliphatic series and of formic and 
acetic acids in the regions extending from 0.9 to 2.24 and 
from 2.0 to 4.0u. The absorptions of the pure liquids are 
compared with their absorptions in carbon tetrachloride 
solutions. For methyl and ethyl alcohols and the two acids 
comparisons are also made with their vapor spectra. In 
every case solution in carbon tetrachloride modifies the 
bands characteristic of the hydroxyl group and leaves un- 
changed the hydrocarbon bands. The modifications are 
attributed to polymers or lattice structures which are 
partially destroyed in the solutions. Four bands near 0.96, 


1.40, 1.89 and 2.1 for the alcohols and one near 1.40, for 
the acids which are present in the solution spectra are 
attributed to single mclecules. Each of them in the solution 
spectra is accompanied by a broad almost continuous 
region of absorption on its long wave-length side, attributed 
to polymers, which grows stronger with increasing con- 
centration until in the pure liquid it practically replaces 
the sharper bands predcminating in the solution. The 
bands of the single molecules can still be detected, however, 
in each of the pure liquid alcohols. Comparison is made with 
the spectrum of aniline whose behavior near 1.4u is 
peculiar. 





HE work of several investigators!‘ has 

shown that the spectra of liquid organic 
compounds containing the hydroxyl group under- 
go modification when these substances are dis- 
solved in nonpolar solvents such as carbon 
disulfide and carbon tetrachloride. The most 
striking of the observed changes occurs in the 
1.4u overtone band of the hydroxyl group of the 
alcohols. The liquid alcohols possess in this 
region a very broad, almost continuous, ab- 
sorption. When they are diluted with carbon 
tetrachloride a very strong and narrow band 
develops, for each alcohol, on the short wave- 
length side of the broad region, and the broad 
band itself grows weaker. The existence of these 
sharp bands in solutions 0.01 molar was first 
reported by Wulf and Liddell,! and they were 
used by these authors as a means of detecting 
the presence of hydroxyl groups. Several years 
ago, before the work of Wulf and Liddell had 
come to our notice, we began the study of this 
effect? in the region extending from 0.9 to 2.2y, 
giving our attention to a comparison of the 
liquid absorption with the absorption produced 
by the carbon tetrachloride-alcohol mixtures, 
rather than to the absorption of the solutions 
themselves. The purpose of this paper is to 
present these comparisons for the alcohols and 


1 Wulf and Liddell, J. Am. Chem. Soc. 57, 1464 (1935). 
* Kinsey and Ellis, Phys. Rev. 49, 105 (1936). 
*Freyman, Ann. de physique 20, 243 (1933). 

* Naherniac, Comptes rendus 200, 1742 (1935). 


formic and acetic acids, and to indicate their 
bearing upon the phenomenon of molecular 
association in the liquid state. For purposes of 
comparison we have included records of the 
vapor absorption of methyl and ethyl alcohols, 
and of formic and acetic acids; and to make a 
comparison with the behavior of compounds 
containing the NHe2 group we have included 
records of the absorption of aniline. 

Although the main points of the paper are 
concerned with the spectra obtained by means of 
the self-recording quartz spectrograph of the 
laboratory,® which extend from 0.94 to 2.2u, a 
series of absorption curves comparing the spectra 
of the liquids with the spectra of the liquids 
dissolved in carbon tetrachloride are given also 
for the region extending from 2.0 to 4.0u obtained 
under the much smaller dispersion and resolving 
power of a small Hilger rocksalt spectrometer. 
For the region reached by the quartz instrument, 
slit widths were equivalent to about 0.003y, and 
wave-length values are correct to within this 
accuracy. 

The alcohols and the carbon tetrachloride were 
distilled, in many cases, several times either over 
calcium sulphate or magnesium perchlorate 
(anhydrone), and the middle fraction of constant 
boiling point was collected. The solutions con- 
sisted of one part by volume of the alcohol or 
acid and nineteen parts of carbon tetrachloride, 


5 J. W. Ellis, Rev. Sci. Inst. 4, 123 (1933). 
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Fig. 1. Self-recorded transmission curves of the vapor, 
liquid, and CCl, solution states of methyl and ethylalcohols; 
liquid cell thickness, 2 mm; solution cell thickness, 4 cm; 
concentration, 1:19 by volume; vapor cell thickness, 
96 cm. Vapor approximately saturated at room tem- 
perature. 


unless otherwise noted, and were contained in a 
cell 4 cm long. The liquids were contained in a 
cell 2 mm long so that the solution and liquid 
records of any one alcohol compare spectra 
produced by the same total mass of the absorbe;. 
Any differences between the spectra produced by 
the liquids and the solutions will therefore be 
caused by a change in the character of the 
molecules of the solute brought about by the 
solvent or by solvent-solute molecule pertur- 
bations. Because of the use of the 1 : 19 ratio for 
all the solutions the molar concentrations range 
from 1.0 molar for methyl to 0.3 molar for octyl 
alcohol. 


ALCOHOL REcorRDs, 0.9 TO 2.2u 


Figs. 1, 2 and 3 present original records of the 


transmissions of the first eight alcohols of the . 


aliphatic series obtained by the quartz spectro- 
graph. Galvanometer deflections are automati- 
cally recorded and are plotted against wave- 
lengths in yw. The curves show, in addition to the 
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transmissions of the pure liquids and the carbon 
tetrachloride-alcohol solutions, transmissions of 
the vapors of ethyl and methyl alcohols. Bands 
or groups of bands to which it is desired to direct 
attention lie at 0.96, 1.15, 1.40—-1.65, 1.70, 1.89, 
and 1.95-2.1u4, and can be seen easily in the 
figures. Comparisons of the liquid and solution 
spectra show that the four of these which lie at 
0.96, 1.40—-1.65, 1.89, and 1.95—2.1y are strongly 
modified by solution in carbon tetrachloride and 
that the two at 1.15 and 1.70u, which are 
definitely known to be produced by vibrations 
characteristic of the hydrocarbon groups, are not. 

The bands at 1.40 and 0.96u are undoubtedly 
the first and second overtones of the fundamental 
characteristic of the hydroxyl group which lies 
near 3u. The 0.964 band escapes detection in the 
liquid spectrum and appears as a fairly sharp but 
weak band in the solution lying at the same wave- 
length for all the alcohols. Freyman,' and later 
Naherniac,* have studied it in the liquid in 
thicker cells and in carbon tetrachloride solutions 
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Fic. 2. Self-recorded transmission curves for: A, 5 mm 
cell of a 2:3 by volume CCl, solution of ethyl alcohol; 
B, 7.5 cm cell of a 1: 35.7 by volume CCl, solution of 
ethyl alcohol; D to J, liquid and solution states of propyl, 
butyl, and amyl alcohols in cell lengths of 2 mm for the 
liquid, 4 cm for solution. 





INFRARED ABSORPTION SPECTRA 


as a function of the concentration. It appears in 
ethyl and methyl alcohol vapors at 0.948y. 

The 1.404 region presents features of the 
greatest interest. As we have mentioned, the 
.broad absorption band so characteristic of the 
liquid spectrum of all the alcohols, and which 
stretches almost like a continuous spectrum 
(with some structure) from about 1.4 to 1.65y, is 
considerably weakened in the solution spectrum 
and is accompanied on its short wave-length 
edge by a sharp band at 1.408 which occurs at 
this same position in the eight alcohols examined. 
In every case the sharp band is feebly present at 
the same position in the liquid spectrum. In 
methyl and ethyl alcohol vapors it occurs at 
1.3874 and 1.395y, respectively. When the alco- 
hols are diluted the broad band of the liquid 
spectrum, which appears to be double, develops 
sharper structure, the main features of which are 
strikingly similar although not exactly alike for 
all the alcohols. 

The band at 1.89, falls in a region where the 
galvanometer deflections are small and in the 
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FiG.3. Self-recorded transmission curves for alcohols from 
amyl to octyl and for aniline, in liquid and CCl, solution 
states. Liquid cell thickness, 2 mm. Solution (1:19 by 
volume) cell thickness, 4 cm. 
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midst of a band at 1.874 produced by the ab- 
sorption of the water vapor which was always 
present in the light path of the spectrograph. Its 
position in the solution at 1.895y is the same for 
all the alcohols. A careful inspection of the plates 
shows that it occurs in the spectra of all the 
solutions, but is absent from the pure liquid 
records. In these it is replaced by what appears to 
be a broad continuous absorption on the long 
wave-length side of its position in the solution 
spectrum. 

In the 1.95—2.1y region the same change in the 
spectrum in passing from liquid to solution 
occurs. The broad continuous region develops 
structure and deeper bands on its short wave- 
length side and becomes weaker toward long 
wave-lengths. 

To show these features more clearly the liquid 
and solution records for heptyl alcohol, which 
were chosen as typical of the behavior of the 
eight alcohols, have been reduced, with the help 
of the background distribution curve, to give 
percent transmissions. These were obtained, for 
the solution, by allowing the radiation to traverse 
pure carbon tetrachloride contained in the same 
4 cm cell which was used for the solution records. 
The ordinates of the background curve were 
multiplied by a factor, nearly unity, which was 
selected to adjust the deflection of the back- 
ground curve equal to the deflection of the 
solution curve at a position of the spectrum free 
from the absorption of the alcohol. Ordinates 
were measured at intervals of 0.5 mm across the 
plate, that is at approximately every 0.003u. In 
the reduced curves (Fig. 5) the percent trans- 
missions are plotted against plate scale readings 
which may be converted into wave-lengths by 
means of the dispersion curve of the instrument, 
also given in the figure. The wave-length values 
for the dispersion curve are plotted vertically on 
the right. The behavior of the broad band of the 
liquid spectrum at 1.4y and of the bands at 1.89 
and 2y perhaps can be followed more clearly in 
these records. The broad band at 1.4—1.65y in the 
solution has four components, each of which 
occurs in the spectra of the other alcohols. 


DISCUSSION OF THE ALCOHOL SPECTRA 


It seems to be generally agreed that the 
changes in the absorption spectra of the alcohols 
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which are brought about by solution in carbon 
tetrachloride are caused by the dissociation of 
polymers which exist in the liquid state, or if 
definite polymers do not exist, by the weakening 
of the effects of a liquid lattice which solution in 
carbon tetrachloride would undoubtedly produce. 
The sensitivity of the two bands at 0.96 and 1.4y, 
which are characteristic of the hydroxyl group, to 
dilution with a nonpolar solvent, and the absence 
of a corresponding effect in the bands known to 
be characteristic of the hydrocarbon groups 
confirm the belief that the aggregates are held 
together by forces which arise mainly between 
the polar hydroxyl groups, and which have little 
effect upon the hydrocarbon part of the molecule. 
The existence of the two bands at 0.96y and 1.40u 
in the vapor shows that these are probably 
characteristic of a single unperturbed molecule. 
The occurrence of the broad absorption which 
can be attributed to polymers on the long wave- 
length side of the 1.40u band in the solutions 
along with the sharp band due to single molecules 
shows that at the dilutions used polymers still 
exist in considerable concentration. On the other 
hand, the occurrence of the sharp band at 1.4y in 
the liquids (more pronounced in the higher 
alcohols) indicates that the liquids themselves 
are mixtures of free and polymerized molecules. 
The alteration which solution in carbon tetra- 
chloride produces in the bands characteristic of 
the hydroxyl group may be used, with some 
caution, to detect bands characteristic of this 
group. The band at 1.894 which appears only in 
solution (see solution curve for heptyl alcohol, 
scale reading 25.20, Fig. 5) is therefore likely to 
be a “hydroxyl” band. A band that corresponds 
to the water band which is observed in this 
region would be expected near this position if the 
alcohols, like water, possessed characteristic 
frequencies near 6.1; for it would be (as it is for 
water) the combination band (¢+6) formed from 
the 3 (c) and 6.1 (6) fundamentals. Although the 
absorption curves of Weniger® show absorption 
bands near 6y, unlike those for water, they are 
very weak. Moreover, the 6.1y or 6 vibration of 
water is associated with a change in the angle 
between the two hydrogen-oxygen bonds and 
therefore, having as its counterpart in an alcohol 
an oscillation of the oxygen-hydrogen bond 


6 W. Weniger, Phys. Rev. 31, 388 (1910). 


ELLIS 


relative to a bond between an oxygen and a 
hydrocarbon group, it would involve forces of a 
different nature and would not be comparable to 
this type of vibration in an alcohol. Nevertheless, 
the fact remains that a band at 1.89» occurs in 
all the alcohols which is altered by dilution with 
carbon tetrachloride and is unaffected by the 
length of the hydrocarbon chain, so that, like the 
0.96 and 1.4u bands to which in these respects its 
behavior is similar, it will be regarded as charac- 
teristic of the hydroxyl group. 

The 1.95-2.1n4 band is unique among those 
which are affected by dilution because it is the 
only one which appears to be considerably 
affected by the length of the hydrocarbon chain. 
For methyl alcohol it is also the only one which 
has a different character in the solution than it 
has in the vapor. It is likely that it is a combi- 
nation band formed by an intercombination of 
hydroxyl and hydrocarbon frequencies. 

The effect of polymerization or lattice forma- 
tion in the liquid on the hydroxyl bands of single 
molecules then is to destroy them and produce on 
their long wave sides broad and almost con- 
tinuous absorption. This absorption is most 
pronounced between 1.4 and 1.65, and occurs 
unmistakably near 1.89 and 2.1y. There is a 
definite suggestion of it on the long wave-length 
side of the weak 0.96 band. The polymer band 
at 1.4—1.65u4 shows four distinct minima which 
can be found in the records of the solutions of all 
eight alcohols. Feeble bands in this region appear 
also in the vapor spectra of ethyl and methyl 
alcohols, a fact which indicates that the vapors 
are partially polymerized. 

The features exhibited by the fundamental 
bands of the 3u region are not inconsistent with 
the behavior of the bands in the overtone region 
described in the previous paragraphs. Absorption 
spectra of the eight alcohols in the liquid and 
solution state were obtained for us by Mr. Waldo 
Lyon, by means of a small Hilger rocksalt 
instrument. The resolution and dispersion were 
poor and the slit width, corresponding to 0.05y, 
was large compared to the width used in the 
overtone region. The transmission curves for the 
liquid and solution states (Fig. 6) show the two 
transmission minima that correspond to the 
hydroxyl and hydrocarbon characteristic fre- 
quencies. They lie at 2.95 and 3.45y, respectively, 
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Fic. 4. Self-recorded transmission curves for: A to G, 
the vapor, liquid, and CCl, solution states of formic and 
acetic acids, cell lengths 2 mm for liquids, 4 cm for solu- 
tions. Solution concentration, 1 : 19 by volume for acetic 
acid; saturated solution for formic acid. Vapor, saturated 
at room temperature. H, J, aniline in CS2, 1 : 456 by vol- 
ume, and CSz, cell lengths, 96 cm. 


in the solution spectrum, and in the liquid are 
displaced toward longer wave-lengths. In addi- 
tion, the hydrocarbon band appears considerably 
broadened in the liquid. This shift and change in 
character of the hydrocarbon band is, however, 
only apparent. The broad polymer absorption 
that may be expected in this region corresponding 
to its overtone in the 1.4u. region should be 
sufficiently strong to sweep over the hydrocarbon 
band, especially for the slit width used. The 
length of the absorbing cell of the liquid alcohol, 
which was about 0.01 mm, was so small that it 
could not be controlled to keep the product of 
concentration and cell length the same for the 
solution and liquid cases as accurately as it 
could be for the longer cells which were used in 
the overtone region. Some variation therefore in 
the hydrocarbon band in passing from solution to 
liquid may be expected from this cause. 

Errera and Mollet? have recently obtained the 


(Unease 


’Errera and Mollet, Nature 138, 882 (1936). 


403 


strong band expected in this region in solutions 
of the alcohols in carbon tetrachloride as dilute 
as 0.1 molar. It is clear therefore that in this 
region the spectra of the solutions which we 
studied are not characteristic of the single 
molecules. The band at 2.95 is largely produced 
by polymer absorption which masks the sharp 
band found by Errera and Mollet at 2.75u—the 
fundamental of the sharp overtone at 1.4. 

The vapor absorption of methyl and ethyl 
alcohols in this region (Fig. 6, curves C and D) 
also is evidently not entirely due to single 
molecules; for although the vapor bands resemble 
those of the solution much more than they do 
those of the liquid, the hydroxyl transmission 
minimum falls at 3u, the position of maximum 
absorption of the polymer band found by Errera 
and Mollet, and not at 2.75, the position of the 
band presumably produced by single molecules. 
The vapors of methyl and ethyl alcohols appear 
therefore to be partially polymerized. To what 
extent this is so it is not possible to say on the 
basis of these records. There is good indication 
from Errera and Mollet’s absorption curves that 
the hydroxyl absorption probabilities for the 
associated state are very large compared to 
those for the single molecules, so that strong 
absorption in the polymer region relative to the 
absorption due ‘to single molecules will not 
necessarily indicate a large proportion of poly- 
mers. This is shown by the enormous increase in 
the polymer absorption and the corresponding 
small decrease in the single molecule absorption 
at 2.754 which, Errera and Mollet found, occurs 
in 0.1 molar solutions when the temperature is 
lowered from 70° to 0°. We have observed this 
same temperature effect for the solution bands 
in the 1.44 overtone region. 


Formic AND Acetic Acips. ANILINE 


We have compared also the absorption of 
formic and acetic acids in the liquid, solution and 
vapor states to see whether any of the features 
which the spectra of the alcohols present are 
present also in the acid spectra.* Acid trans- 
missions in the 0.9 to 2.24 region are shown in 
Fig. 4. The transmissions for the liquid and 
~ * For a discussion of polymer bands in acetic acid vapor 


from 3 to 10u the reader is referred to a paper by Gillette 
and Daniells, J. Am. Chem. Soc. 58, 1139 (1936). 
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FiG. 5. Percent transmissions for (Z) liquid heptyl alco- 
hol, and (S) CCl, solution of it (1 : 19 by volume). Liquid 
cell length, 2 mm; solution cell length, 4 cm. D, dispersion 
curve of spectrograph. 


solution states of acetic acid at 3u are shown in 
Fig. 6 by curves A and B. The concentrations of 
formic and acetic acid solutions (1:19 by 
volume) were 1.3 and 0.8 molar, respectively. In 
the liquid a broad region of continuous ab- 
sorption begins near 1.44 and extends to opacity 
toward longer wave-lengths. In the carbon 
tetrachloride solutions this absorption is weak- 
ened and is accompanied on its short wave-length 
edge by the sharp hydroxy] band. The sharp band 
also occurs in the vapor, but the continuous 
absorption has been greatly reduced. The con- 
tinuous absorption in the cell lengths used was so 
strong that it masked completely the 1.89 and 
2.1 regions in which bands were found for the 
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alcohols. The weakness of the sharp 1.44 overtone 
band relative to its intensity for the alcohols 
accounts for the absence of a second overtone 
corresponding to the alcohol band at 0.96u. In 
the 3u region acetic acid behaves like the alcohols. 
The broad continuous absorption of the liquid is 
reduced but not extinguished in the solution. 

It is interesting to compare this behavior with 
the behavior of a substance like aniline, which 
contains the NHe group. Curves J and J of 
Fig. 3 show the absorption of 2 mm of liquid 
aniline and 4 cm of a solution of it in CCl, (1 : 19 
by volume, 0.5 molar). Curve H, Fig. 4, shows 
the absorption of 96 cm of a dilute solution in 
carbon disulfide (1 : 435 by volume, 0.03 molar). 
The liquid and solution spectra are very similar 
except in one striking feature. The two bands at 
1.45 and 1.495y reported by Wulf and Liddell to 
be characteristic of the NH» group in carbon 
tetrachloride solution appear, but in the liquid 
the short wave-length component is reduced to 
a mere shoulder of the other component which 
remains with its intensity unaltered. Both bands, 
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Fic. 6. Left, percent transmissions for liquid and solution 
states of the alcohols. Liquid cell length, 0.01 mm. Solution 
(1:19 by volume) cell length, 0.2 mm. Right, percent 
transmissions for: A, 0.01 mm cell liquid acetic acid; F, 0.2 
mm CCl, solution of acetic acid (1 : 19 by volume); C, | 
cm cell of methyl alcohol vapor; D, 1 cm cell ethyl alcohol 
vapor. Vapor approximately saturated at room tem- 
perature. 
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however, are slightly shifted in position. The 
long wave-length component has a shoulder on 
its long wave-length side which is more pro- 
nounced in the solution than in the liquid. But 
there is no broad absorption, so characteristic of 
the alcohols and acids, which is sensitive to 
dilution with carbon tetrachloride. 

It appears therefore that the broad bands of 
the two acids, like the corresponding bands of the 
alcohols, are due to a coupling in the liquid state 
between the hydroxyl parts of the molecules. 
Since the coupling is very likely of the hydrogen 
or hydroxyl bond type recently discussed by 
Bernal and Megaw,' a study of these bands may 
make possible an experimental distinction be- 
tween the two types of bonds. But if a distinction 
lies, as Bernal and Megaw suggest it does, in the 
absence of a characteristic hydrogen vibration 

§ Bernal and Megaw, Proc. Roy. Soc. A151, 384 (1935). 
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in the hydrogen bond and, correspondingly, in 
its presence in a hydroxyl bond, the similarity of 
the spectra of the alcohols and acids shows that 
their bondings are alike.’ And certainly not 
enough is known about these bonds to say that 
the apparently greater strength or wider range of 
the acid polymer bands is sufficient to distinguish 
between a hydrogen bond in which a proton 
interchange between oxygens can take place and 
a hydroxyl bond in which it cannot. For the 
present the infrared evidence supports the view 
that, with respect to the behavior of hydrogen, 
the alcohol and acid polymer bonds are alike. 

9 Compare, for example, Bernal and Megaw’s remarks on 
acetic acid (reference 7, page 420) in which they use the 
absence of observed Raman lines caused by characteristic 
hydroxyl frequencies to indicate the presence of a hydrogen 
bond as distinct from a hydroxyl bond. The same argument 
based on the evidence of infrared absorption would lead to 


no such distinction in type between the alcohol and acid 
liquid lattice bonds. 
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For use with frequencies corrected for anharmonicity the energy of a molecule is expressed 
by a complete quadratic form. Reduction of the force constants in Cartesian coordinates to an 
independent set by relations due to symmetry and mutual forces is carried out by a systematic 
matrix method which is particularly useful in correcting for anharmonicity and for finding 
functions of the frequencies and masses invariant in isotopic molecules. For H:O and D,O these 
relations being satisfied, the potential function is indeed assumed to be unchanged, all constants 
are computed, and compared with those of various models. In the S—P, picture of the H.O 
molecule the H —H repulsion, ionic terms in OH bonding and exchange integrals in the angular 
function prove to be the values expected theoretically. 


LARGE number of experimentally deter- 

mined vibrational levels have been roughly 
correlated by the use of potential functions of 
simple models, but satisfactory agreement neces- 
sitates the use of a complete potential function. 
The spectra of a single molecule usually do not 
yield enough independent data to evaluate all 
the necessary constants. The many attempts at 
choosing functions with as many constants as 
frequencies are by definition only approxima- 


. National Research Fellow in chemistry. The author is 
greatly indebted to Professor W. V. Houston of C. I. T. 
= his help in the preparation of this and the succeeding 
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tions; cross terms have to be neglected which 
often turn out to be large. It would be possible 
to determine all constants by substitution of 
isotopes provided the potential energy remains 
unchanged. There are enough experimental data 
for H,O and D,O to test whether the isotope 
makes significant changes in the potential func- 
tion relative to the vibrational levels, and if not, 
to determine all the constants of a general 
quadratic potential expression for energy. It is 
instructive to evaluate the true values of cross 
terms of various models showing that it needs an 
intuitive choice very close to normal coordinates 
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before the neglect of such terms does not affect 
low frequencies. It is also shown that as regards 
correlation with the S—P structure it is useless to 
calculate cross terms without proper correction 
for anharmonicity. 

The isotope effect on vibrational levels will be 
investigated in two steps; first the classical 
frequencies at the bottom of the potential bowl 
will be determined using a complete quadratic 
expression, then anharmonicity corrections will 
be calculated from higher terms. For triatomic 
molecules the first step, that of changing to 
normal coordinates, has already been presented 
in many forms, but we shall take the opportunity 
to outline a method which works well for more 
complicated molecules, leading to formulae of 
“invariants’”’ that can be used for the identifica- 
tion of bands and for the accurate prediction of 
the isotope effect. On replacing an atom by an 
isotope each vibrational frequency will not in 
general be multiplied by an “isotope factor”’ 
(function of masses only) unless it is alone in a 
representation; rather there will be factors by 
which certain invariants will change. Formulae 
of this sort are useful since they are quite 
accurate when applied to the observed fre- 
quencies, because unknown anharmonicity cor- 
rections largely cancel. 


FREQUENCIES WHEN THE ENERGY IS A 
COMPLETE QUADRATIC 


Since we do not intend to neglect any con- 
stants there is no need to choose unusual coordi- 
nates. Simple Cartesian coordinates x; for each 
atom are the clearest, and the corresponding 
constants will then be easily visualized and more 
easily interpreted than those resulting from an 
exotic choice of special coordinates. The simplifi- 
cations of common sense and, in more com- 
plicated cases, of intuition are introduced as a 
straightforward algebraic formulation of group 
theory. 

Let v;; and ¢;; be the constants in the bilinear 
forms for the potential and kinetic energies of 


an N atomic molecule 
—2V=Livjixix;, (1) 
ij 


2T= Dd tijtit;, 
ij 
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summed from 7, 7=1 to 3N so that 
0°V 


vy=— 
Ox ;0X; 


and V=|lv;;\| is symmetrical.! 

The classical problem can be formulated as a 
diagonalization process to which the simplifica- 
tions of group theory are most easily applied. 
The Lagrangian equations are 


LD (tit +0;;x;) =0 (3a) 


and if harmonic motion of frequency w is 
assumed, these reduce to 


(3b) 


Lx =ALL MX, A=. 
i i 


If g™ be a vector whose elements are the 
amplitudes of simple harmonic oscillation, in a 
normal coordinate, with frequency w, the above 
set of 3N linear Lagrangian equations can be 
written as one, 


T—-Vq™ =Dq™ =)q™, (3c) 


in which T and V are the matrices of the bilinear 
forms (1) and (2), and 7-!'V=D. A matrix Q is 
defined whose columns are the 3N vectors q”’, 
and A as a diagonal matrix whose elements 
correspond to the 3N  ’s, any one of which 
satisfies (3b). The frequencies and amplitudes 
(coefficients of the linear transformation equa- 
tions to normal coordinates) will be found by 
solving the matrix equation 


O7DQ=A, (3d) 


which is shorthand for the 3N sets of 3N linear 
equations (3c). Given D the problem is to find 
the matrix of transformation to normal coordi- 
nates Q, and the set of frequencies A. On the 
other hand, in our present state of knowledge, 
D is the unknown. 

The frequencies A may or may not be all 
measurable, and since as yet the amplitudes Q 
are unobserved, D, hence V, cannot be calculated 
from the experiment, except in the few special 
cases where the number of independent ele- 

1 When there is degeneracy, as in a triatomic molecule of 
Dy, it is convenient to use complex numbers. In that case 


the words ‘‘symmetrical’’ and ‘‘orthogonal’’ occurring 
below must be replaced by ‘‘Hermitian” and ‘‘unitary. 
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ments in D equals the number of observed 
frequencies, unless certain frequencies of one or 
more isotopic molecules with identical V’s are 
known. To do this it is convenient to simplify 
(3d) to equations in independent constants, 
which is done in two steps of partial diagonaliza- 
tion. The number of different elements may be 
reduced by Cauchy relations, resulting from 
symmetry. If the molecule is not in a force field 
six roots \ corresponding to rotation and transla- 
tions will be zero. The rank of the 3Nth order 
matrix is thus 3N-6; hence there are 6 relations 
between the constants entirely different from 
those resulting from symmetry. 

By a simple device the problem can be re- 
duced to the diagonalization to A of a sym- 
metrical matrix, requiring only an orthogonal 
transformation S which is much easier to work 
with than Q. In analogy to the usual treatment 
of reducing the bilinear expression for the 
kinetic energy to the canonical form, take 
L?=T— and S=L™Q and substitute in (3d) 


S'(LVL)S=A. (4) 


The matrix D®=LVL is symmetrical and has 
the same roots as D. If Cartesain coordinates 
were chosen T and L are diagonal, 1;=1/./mi, 
and d;;™ =v;;/(mm))'. 

If there is any symmetry partial diagonaliza- 
tion to blocks, each one referring to all oscilla- 
tions of the same symmetry type, can be ac- 
complished by a change of coordinates which 
can be picked so that the matrix of transforma- 
tion has elements independent of the actual 
values of the potential constants. Such “sym- 
metry coordinates” are often obvious, but in 
complicated cases when intuition is not developed 
enough, they can be deduced by group theory. 

Let G be a matrix induced in configuration 
space by one of a group of symmetry operators. 
For example in Fig. 1 a rotation of 7 about the 
symmetry axis z (operator C2(z)) induces 


10 0 
x0 0 1 
0 1 0 


cos7 sina 


G(C2z) = (5) 


—sin 7 cos7T 


where the order of coordinates is 21y122223y3: the 
first matrix is the usual rotation of coordinates, 


Cosec a ™, 


— 


2m 


FIG. 


and the second the permutation of the atoms. 
Such an operation merely changes the phase of a 
characteristic oscillation g™ so that 


Gq =9, (6) 


where y is a root of unity. In the case of de- 
generacy g™ has to be properly chosen from the 
infinite set of degenerates g™’s to satisfy (6). 

The diagonalization to blocks is done by a 
unitary matrix R of columns r“ which will re- 
duce G (preferably the most complicated one) 
to a diagonal form, ||7;:|| where y;:; are roots of 
unity since G is always unitary. The matrix R 
will reduce all the matrices of the group if and 
only if there is no degeneracy. 


(7) 


Comparing (7) and (6) g™ is a linear combi- 
nation of columns of R belonging to the same y 
or representation, the coefficients of this combi- 
nation being determined only by the force con- 
stants and not by symmetry. The elements in a 
column of R may be pictured as amplitudes of an 
oscillation of the system which has the correct 
symmetry properties: obviously a normal vibra- 
tion is a linear combination of all such simply 
constructed modes that have the same symmetry. 
For a triatomic molecule belonging to D3, the 
transformation R deduced as above by diagonal- 
izing either the operator C; or S¢ is actually the 
required transformation to normal coordinates, 
R=S: the diagonalization is complete. In 
general, by the introduction of symmetry 


Gr =yir®, 
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coordinates, as defined by R, the matrix 
D®=R'DYOR=D® (ry) + D2 (ry +--+ (8) 


is divided into main diagonal blocks D® rj, one 
for each representation IT,. In the case of a 
triatomic molecule of symmetry C2, the matrix 
Ris 
, v2 0 O 
R=—|}0 1 14x | (9) 
v2 0 


01 -1 


when the order of coordinates is y:2:yo2eV32s. 
The columns and rows of D® are then distributed 
among the representations in the same way as 
columns of R are, in this case B,A,B2A1A1Ds2. 
Symmetry is enforced on D by putting all non- 
diagonal blocks of D® identically zero, to give all 
the (Cauchy) relations between the 2;;’s that can 
be obtained from symmetry considerations, 
which relations are substituted in the main 
diagonal blocks. Since L commutes with R, 
L“D®L~— is the matrix of force constants to be 
used with symmetry coordinates, of which many 
are still dependent. 

Independent constants are now obtained by 
considering only mutual forces between the 
atoms, i.e., by removing rotations and transla- 
tions. Algebraically this corresponds to knowing 
the roots \ for the latter are zero. This is not so if 
the molecule is in a force field, such as in a 
liquid or crystal lattice, in which case no further 
reduction beyond symmetry is possible. Since 
rotations and translations belong to definite 
representations each block D®r,;) can be treated 
separately: indeed for simplicity different co- 
ordinates may be used in different blocks. It is 
easy to write down the g™’s for these motions 
of zero frequency, e.g., that for translation 
parallel to the axis of symmetry is ~(0 10101). 
Vectors f™ representing the amplitudes in sym- 
metry coordinates are made from these 


{M=RL—'q™., (10) 


For representation [; a unitary matrix Fir; is 
set up with a column f™ for each rotation and 
translation belonging to that representation, the 
remaining columns being chosen as simply as 


KING 


possible to complete F and make it unitary. In 
our example 


(m,/M)' = (2m2/M)' 0 
F(A,)=||(2m2/M)! —(m,/M)' O}}], (11) 
0 0 1 
M=m,+2mz. 


The matrices (one for each representation) 
D® wy) = Fry D (ri) Far) (12) 


now contain the simplest possible set of inde- 
pendent mutual force constants and reduced 
masses, and of course have the same roots as the 
original D. They have a main diagonal block of 
order equal to the number of true vibrations in 
T';, the remainder of the matrices being zero. 

To summarize, a change of coordinates x; to 
reduced mass symmetry coordinates £; has been 
made in configuration space, 


Xi = Qijé;, (13) 
Ilqij|| =Q=LRF, (14) 


where the transformation L was made to make 
the dynamical matrix D symmetrical, so that all 
subsequent transformations could be orthogonal: 
the change R divided the problem into separate 
representations, and F gave mutual forces, that 
is, coordinates fixed relative to the center of 
gravity. The last two are not commutative, but 
the first two are. 


APPLICATION TO THE MOLECULE AB, OF C2, 


For representation Bz, D® (Bz) is of the third 
order. Two columns of F(B2) belong to a rota- 
tion and a translation: hence the third is fixed 
and corresponds to the relative amplitudes of 
motion in the o vibration. Contrary to many 
published diagrams, in the o vibration atoms 2 
and 3 always move along the bonds, and atom 1 
perpendicular to the symmetry axis, and the 
relative amplitudes are functions of the masses 
and angles only. The ratio of the electric mo- 
ments of isotopic molecules is a function only of 
the masses. 

Since F is uniquely determined the diagonaliza- 
tion is complete, 
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00 0 
Diy = 0 0 0 
0 0A, 


(15) 


Equating (15) element for element we get in a 
very simple way the relations between the 2;;’s 
necessary to keep the center of gravity stationary 
and to prevent rotation, i.e., the mutual force 
constants. From these the trace comes out to be 


2sin?’a 1 
A= (——+—) (Urorg—Vrors). (16) 
My, Me 
This is an expression of the same form as obtained 
previously for specialized models. Using all the 
terms of a quadratic potential function the only 
modification is in the force constant, which is 
neither that of the diatomic molecule AB nor that 
of a diatomic molecule AB with the same elec- 
tronic structure as in ABg, for as will be shown 
in (31) it contains a component of the interaction 
of atoms 2 and 3. As is the case with any fre- 
quency alone in a representation the force con- 
stants and masses occur in separate factors. 
The ratio of frequencies of any isotopic molecules, 
retaining the symmetry, is a function of the 
masses and angle only (the superscripts H and 
D refer to two isotopes of B) 


we f2sin?a 1 \3 2sin?a 1 \3 
(a2) [Cn 
Ww? my, mH my, MP 


This formula and (18) have been shown before; 
here we show they are true for the general 
quadratic, and hence for a general potential 
function provided frequencies corrected for 
anharmonicity are used. In the case of H,O the 
right-hand side has a value of 1.3647 using an 
angle? of 104° 41’. With the observed frequencies 
corrected for anharmonicity as described below 
the ratio is 1.3632. 

A satisfactory agreement of the observed ratio 
to (17) shows that very probably the force 
constant Yrers—Vrers is the same in the isotopic 
molecule. Assuming this we can use (17) to 
calculate the angle from the two observed 
frequencies. 


tteniiemessnenasmmmsiaees 


*K. Freudenberg and R. Mecke, Zeits. f. Physik 81, 
465 (1933). 
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my, he? ,# 
sint a=""(—— ) [retro (18) 
2 met mMzP 


which gives 2a=107° 22’ in fair agreement with 
the angle obtained from rotational analysis,’ 
103° 20’ to 107° 20’. The formula (18) is very 
sensitive to the frequencies, and the o vibration 
of DO has not been measured under high 
resolution. 

In the symmetrical representation A, the 
third-order matrix has rank two since one root 
belonging to translation parallel to the symmetry 
axis is zero. Using yz coordinates a simple F(A) 
can be found removing this motion, reducing 
D®(A,) = F(A1)D®(A,)F(A;) to a second-order 
matrix whose roots are \, and As. 

1 || we, 
D®(A,)=— 
M2\| — pW us 


» (19) 


— 


where 24.=V22 zo +V 22 235 
VY =Vy2v2— Vye243, 


W_ =Vy222 —Vy223, 


u=(M/m))'. 


Further diagonalization depends on the actual 
force constants. It turns out that for this 
molecule transformation to 76 coordinates 
(Fig. 1) reduces the nondiagonal element enough 
to neglect it relative to the larger root A,. 
However, without numerical knowledge of the 
force constants, the possible affect of isotope on 
them can be tested. From the determinant 
of (19) 


AAs = (M/mym??) (24y_—w_?), 


we AwsH mP M#¥\ 3 
so that -—(—) , 


wews? mo! \ m?P 


(20) 
(21) 


a function independent of angles or internuclear 
distances. For HLO—D.O it is 1.895. With 
Bonner’s frequencies* for H,O and values for 
D.O all corrected for anharmonicity the ob- 
served ratio is 1.884. 

This good agreement is encouraging enough to 
use HO and D,O data to calculate the potential 
constants. Only three of the four frequencies 
wet, ws, we?, ws? need be used. It is most con- 
venient to select three, calculate the fourth by 
(21) and use all four with invariants of (19)— 
that is the traces and determinant. If we put 


3L. Bonner, Phys. Rev. 46, 458 (1934). 
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mod;=K; the traces of D(A,) for the two 
molecules yield 


Ks# —K,P 
24 =x, -+——_— x), (22) 


MH? — pp" 
y= ket + Ks —pyy24. 
The determinant gives 
w_= +(2,y_—AzAs(mym2?/M))}. (23) 


Force constants in r@ coordinates are more 
significant from a theoretical standpoint (yz co- 
ordinates were used above because of the 
simplicity of the equations) ; they can be calcu- 
lated from the transformation 


cosa sinal| liz, wll |lcosa —sina 
—sina@ cosal\|||jw. y-_||||sina@ cosa 


P+ ¢ 
=|)" “"\, (24) 
+ 94 
ps = Urarat+Urars, 


64. =V6202-+6203= 200, from (12), 
(25) 


04. =V 1282+ 1203 = 21203 from (12). 


Only ps need be calculated by matrix multiplica- 
tion, the trace and determinant of (24) give 


05.=24+9_— pr, 94?=p404—(24y-—w_). (26) 


Actual values of these force constants were 
calculated using Bonner’s values of the corrected 
frequencies w,”, w,”, ws” obtained from analysis 
of a large number of infrared bands. In the next 
paper the anharmonicities for DO are calcu- 
lated and applied to the observed frequencies.‘ 
As only one of these need be chosen, w;? was 
selected as w,? was determined from the Raman 
spectrum about which there may be some doubt. 
In the Raman spectrum of H,O the observed 
value of z vibration (uncorrected for anhar- 
monicity) is 3654 in the Raman spectrum,5 
whereas the value calculated from infrared is 
3604 cm=, a difference of 54 cm~. Assuming 
ws”, ws?, we” (infrared) formula (21) would be 
exactly satisfied by a m vibration (uncorrected 
for anharmonicity) of 2638 which differs from 


4W. V. Norris, H. J. Unger, R. E. Holmquist, Phys. 


Rev. 49, 272 (1936). 
5D. F. Bender, Phys. Rev. 47, 252 (1935), et al. 
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the observed Raman line 2666 cm“ by 27.7 cm~’. 

Allowing for an isotope effect the same dis- 

crepancy between the Raman and _ infrared 

frequencies seems to occur in D,O as in H,0. 
From the values 


ws# = 3899.0 cm-!, ws? = 1210.5 cm, 
w= 3807.5 cm—!, (we? =2745.6) cm™, 
ws” = 1654.5 cm™}, 


the force constants are calculated to be (units 
of megadynes/cm) 


2,=0.3567, p,=0.8211, Urorg = 0.8269, 
y_=0.6169, 6,=0.1526, Vrers= —0.00585, 
w.=0.3114, o,=—0.0469,  v00.=0.07632, 
p_=0.8325, Vr203; = — 0.02346. 
For further calculation of intensities or anhar- 
monicities the numerical value of the matrix 


P(A;) which diagonalizes D(A) is wanted. 
Being orthogonal it is of the form 


cos? sind 
P(A,)= 


—sin’d cos’ 


with 3 given by the equation 


—2s/m\? we 
sin 23 =—— ~~) . (28) 


Me \mM, Ax—Asz 

The motion of the hydrogen atoms in the z vibra- 
tion makes an angle tan“ y-! tan d—a with the 
bond direction, which is 17° 28’ for H,O and 
17° 17’ for DO. 

The evaluation of the terms in the general 
quadratic expression form a nucleus for a 
collection of correct force constants—augmented 
with similar results from HS, H2Se, methane, 
ethylene, etc., which should indicate the order 
of magnitude of similar constants, especially 
cross terms, to be used in the calculation of 
frequencies in molecules where the potential 
function cannot be obtained from theory or 
experiment. Of especial interest is the bending 
constant, which, in agreement with an empirical 
rule derived from linear molecules, is about 10 
percent of the bonding constant: the high value 
of 17 percent grr. of H—H repulsion is in 
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TABLE I. The energy, f(r), of OH bonding. 








CURVA- SLOPE 
TURE (PER CM) 
MEGADYNES/CM ad f'/r 


; Observed in OH molecule 0.7757 
i Observed in H2O, Ea. (31) -8386 0.0109 
Predicted by Badger’s rule -800 — 
Predicted by (32) _- 0.0073 
— by Morse function for .8252 0.0075 


i Predicted by introduction of ionic -8356 0.0070 
terms in the Morse function 

ii Predicted by introduction of ionic -8306 O11 
terms in the Morse function 
Predicted by addition of ionic d .013 
terms 

















accordance with indications from other mole- 
cules. In water, at any rate, the valence and 
central models contribute equally to the mo- 
lecular function. 

The constants determined above are probably 
reliable, as they favorably withstand two tests. 
The frequencies of HDO can be calculated since 
both V and JT are now known, but the presenta- 
tion of this confirmation will have to be post- 
poned since comparison with experiment also 
requires the determination of anharmonicity 
constants for HDO. 

In the second test the actual constants are 
compared with those of a theoretically con- 
structed molecule based on the S—P picture of 
directed valence. Since the constants differ 
somewhat from those estimated by Van Vleck 
and Cross* for such a model, it is interesting to 
see to what parameters in the energy functions 
the actual values correspond. In this each 
hydrogen is joined independently to the oxygen 
as it is in OH chiefly by the overlapping f(r) of 
the orbital of the hydrogen 1s electron with one 
of the three » orbitals in oxygen which are 
oriented at right angles. The mutual effect of 
the hydrogen is 1s—1s repulsion g(r12) increasing 
the angle. The stiffness of the angle h(a) is due 
to two important exchange integrals—the actual 
bonding A to one p orbital and exchange with 
the other two 3B, formulated by Slater’ as 


h(a) =3(A —B) sin? (a/2—7/4). (29) 
Lacking exact computation the potential func- 


tion is estimated as a central force model of 
Morse functions of OH and He: with a valence 


uogay Van Vleck and P. Cross, J. Chem. Phys. 1, 387 
J.C. Slater, Phys. Rev. 38, 1109 (1931). 


force model using Slater’s angular function, 
v=f(1i) +f(re) +2 (riz) +A(a). (30) 
By (3) 


ff" =Urer2+cos QV ror3— 4 sin 2a Urod3 
= 0.8386 megadynes/cm, 


f'/r= —sin? a( — 2vrers+tan Qa Vr262) 
=0.0109 megadynes/cm, 


g”’ =Vrarst+ 3 cot a Ured3 
= —0.0149 megadynes/cm, 


g’/r=sin a(—2vrers+tan @ Vr262) 
= —0.0143 megadynes/cm, 


h”’ /¢ = 020. — 401273 — 4 cot 2a Vred3 
= 0.0751 megadynes/cm, 


h’ /r? = —sin 2a(—2vrers+tan @& Vr23) 
= 0.0181 megadynes/cm, 


The fact that g’’ and g’/r have the correct 
sign (showing hydrogen repulsion) alone is 
gratifying, since this is not so when frequencies 
uncorrected for anharmonicity are used. The 
value of the force constant f’’ being almost that 
in OH substantiates the conception of directed 
valence bonding, but even the discrepancy is in 
good agreement with more detailed considera- 
tions. First, the increase of the constant with 
decrease in internuclear distance, ron=0.964, 
ruH,0=0.955A, is in agreement with Badger’s 
rule as shown in Table I (777). 

Were the bonding function the same in H,O 
as OH, for such small displacements 


f'n.0= f’ on + Arf” on, (32) 


a relation not satisfied by the data (Table I, iz). 
The discrepancy is probably due to increased 
ionic character in the HO molecule, a phe- 
nomenon predicted by theory. A correction for a 
small increase in ionic character say x percent 
can be estimated* by multiplying the Morse 
function by 100+x. A Morse function alone 
gives values, in agreement with (32), shown in 
the line v of Table I, while 1.5 percent ionic 
character raises f’’ to the correct value but 
leaves f’/r still too low (vi). The change due to 
the introduction of small amounts of “ionic” 
wave functions affects the exponential factor in 


( a and Polanyi, Zeits. f. physik. Chemie B12, 279 
1931). 
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the Morse function rather than the dissociation 
energy, 1.5 percent ionic character giving in this 
case the correct values, vii of Table I. 

Still a third way of calculating the change 
follows from the additivity of the differentials of 
terms in the potential energy. Pure ionic attrac- 
tion would correspond to 


V=e?/r, (33) 
OV 0.230 


or r? 


a°V 0.46 
——=—— megadynes/cm, (35) 
or? - 


10-* dynes, (34) 


and 2.5 percent ionic character giving about the 
right correction to both constants (vii, Table I). 

The hydrogen repulsion g(r12) can be similarly 
estimated from the Morse function for He, for 
which the parameters are determined from the 
values w,=4371.9 and D,=4.722 ev. As shown 
by Van Vleck and Cross x percent ionic character 
in the energy of nonbonded atoms can be 
represented by a Morse function multiplied by 
a factor x/100X3(1—x/100). At the inter- 
nuclear distance 27 sin a=1.512A 20 percent 
ionic character gives the observed g’’= —0.0149, 
and g’/r=—0.0116 whereas the observed g’/r is 
— 0.0148. 

The more detailed picture of the angular 
function (29) can be confirmed in two inde- 
pendent ways by the data: the agreement 
reveals the extent to which the data are self- 
consistent. 


h’’ /r?=6(A —B)/r? sin 2a, (36) 
h’/r? = —3(A —B)/r? cos 2a, (37) 
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giving for (A—B)/r? the values 2.96 and 3.26 
ev/A, in agreement with the values of the 
exchange integrals calculated by Coolidge.® 
Using the value used in the computations, one 
has (A—B)/r?=2.9. The actual calculation of 
Coolidge did not give the correct energy, prob- 
ably due to lack of ionic terms. However, the 
above agreement is not fortuitous since ionic 
terms would not contribute to the angular 
(orientation) part, h(a), unless they were large. 


CONCLUSIONS 


The hydrogen isotope does not change the 
potential function of H,O to within the accuracy 
of measurement of the vibrational levels. If this 
is assumed the angle can be calculated as 
107° 22’, agreeing with the value obtained from 
rotational analysis, and all force constants in a 
general quadratic potential function can be 
determined, showing that valence and central 
force constants are equally important, and that 
cross terms are not negligible with respect to 
the lowest frequency. These constants are of 
the magnitude predicted by the S—P picture of 
molecular structure in regard to the OH bonding, 
H —H repulsion and stiffness of orientation. 

These computations were achieved by a matrix 
method of handling changes of coordinates, of 
general application, leading to accurate formulae 
for studying the isotope effect, identifying bands 
and determining the angle. As shown in the 
following paper the method is especially useful 
in calculating the perturbation of the energy 
levels due to higher and cross terms in the 
potential functions, and the effect of the isotope 
thereon. 


9 A. S. Coolidge, Phys. Rev. 42, 189 (1932). 
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The vibrational energy levels of a polyatomic molecule with quartic terms in the potential 
function are determined by matrix mechanics, and the change on substitution of an isotope 
formulated. Applied to H.O and D,O, frequencies at the zero point are obtained that satisfy 


invariants calculated for harmonic motion. 





ONNER! derived by a wave-mechanical 
treatment the first-order perturbations of 
the energy levels of three coupled oscillators 
with quartic terms in the potential function, and 
estimated the isotope effect in D,O. In the pre- 
vious calculations? the theoretically interesting 
cross terms are exceedingly sensitive to changes 
in the frequencies, so that it was essential to 
determine the anharmonicity constants for D,O 
with certainty. 

For use with vibrational levels of low quantum 
numbers quite probably the energy of an N 
atomic molecule can be expressed as a Taylor’s 
expansion in 3N Cartesian coordinates, x; 


V= Lowe toirix rn 
te © * Ut toreetpXtiX12...X tp (1) 
= De devirte...tpXt1Xt2...Xtp, p= 1, a hs -3N, 
Pp a 
p=2 to the number of terms to be taken in the 
Taylor’s expansion. 


1 0rV 





Viite...tp= 


p! Ox1,0Xt2: - OX ip 


If a transformation to coordinates £; be made by 
i= Digit, Q=Klqull, (2) 
7 


then 


V= Dr Miata... toEtrkt2- . Et, (3) 


where Ntite...tp = )_Vurme-.upQtiniGtous * *Qipup- (4) 
u 


By the previously described normal coordi- 


[eee 


* National Research Fellow in Chemistry. 

'L. Bonner, Phys. Rev. 46, 458 (1934). 

*“The Potential Function of the Water Molecule,” J. 
Chem. Phys. 5, 405 (1937). 


nate treatment the matrix Q is chosen so that if 
V=VO =| 


A®%=Q’VQ=A_ diagonal Ajj;=Ai6i;;\i=?. 


In the A‘’s the range of the indices is now 
only 3N—5 or 6 since rotations and translations 
occur with zero force constants. 

Quadratic cross terms being absent, quantum 
theory can be simply introduced by matrix 
mechanics. If P; and Q; be the well-known 
infinite matrices which satisfy the commutation 
rules and diagonalize the Hamiltonian for simple 
harmonic motion in the 7th normal coordinate 
(whence the masses are unity) 


2(P?+\:Q7) =W-° (S) 
take as matrices P and Q for the system 


P=P,xXP.XP3xX::-, (6) 
Q=0:x02xQ:x:::, 
and define 


W°=W.°XIxXIx:---+1xW.°xIx:-:: 
+IxXIXW3°X:--. (7) 


Since the indices can be permuted without 
changing the value we can write A1j...1;21.:.2;31...3... 
for a X with 7 indices equal to the cardinal 
number 1, 7 indices equal to the cardinal 2, of 3, 
etc. Then the Hamiltonian* of the whole system is 


H=W°+3{ DS i...1421...2)31-..32---Qr! 
ijk 
X Qik Q3*x---}. (8) 


3 Professor E. B. Wilson has very kindly discussed the 
relation of this to the precise Hamiltonian given by E. 
B. Wilson and T. B. Howard, J. Chem. Phys. 4, 236 (1936), 
Eq. (33). Our simplified Hamiltonian is only valid as long 
as rotations can be regarded as linear combinations of 
Cartesian displacements and represented by a column in the 
matrix Q (Eq. (2)), which is of order 3N, not 3N—6: that is, 
it is valid for low quantum numbers, to which region its 
application is restricted. 
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Converting to the wave number energy scale, 
putting B;=(h/(87’w;))! and 
Cijke.. = Xijn---/2hCB BB, ¥* (9) 
the energy matrix can be diagonalized by per- 
turbation theory if the potential constants 
Ctite...tp, P23, are small compared with w; (i.e. 
with the cit’s). First-order corrections are the 
diagonal elements which come only from the 
matrices Q;' Q2.’X Q3*X--- in which no i, j, k 
is odd. 


Enjnon3... = Lon(mi +3) +3(2nP2+2m41)enn 


+3(2m2?+2n2+1)co222+ ° -- 
+ (2n1+1)(2n2+1)er122 
+ (2m,+1)(2m3+1)e1133°- ees (10) 


Collecting terms, 
Enynons... = Xot+ DX nit DVXinZ+DX inn; 
i i i>j (11) 


with Xo= Dwi /24+-3>d iii, 


X §=0; +664: +220 6455; 
, 


X 55 = OC iii, 
X 55 =4C45;;. (12) 
To calculate force constants of the molecule 


we need the frequencies at the bottom of the 
potential bowl, which from (11) are 


wi=X;—Xi—-4 DT XG;. (13) 
7 


Eqs. (12) were found to determine the change in 
the X’s when a different transformation to 
normal coordinates is made, for, although in 
the isotope effect V is assumed to be the same, Q 
and hence the X;;x’s and c’s are different. 

If Q” is the transformation for the molecule 
with one set of masses 


Q#’VQ4=A4 diag. (14) 
and Q? is the one for another set of masses 

Q?’ VQ? =A? diag. (15) 
and Z is the product Q?-'Q? which can be de- 
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termined accurately enough by successive ap- 
proximations to the zero-point frequencies, then 


NP) 149...4p = oq twig tone’ . -q?) tpupUwime2..-up 
B 


= > 2r1t1Siote- : * ZrptpQ@ v1 u1q@ vous 
vy 


i GQ ypupVuiur...up (16) 


= Po Sr1tiSvete° * ZvptpN) y1w9...0p. (17) 
v 


The assumption was that the 2;;,’s remained 
unchanged, not the d,;x’s (linear combinations 
of the v;;,’s with coefficients containing the 
masses), but Z and (17) had to be formulated 
because the v’s are not measurable, only the 
\.;x's of the one molecule, (9) and (11). By the 
latter, however, only certain \;;,’s are measured 
—not all of those that occur on the right of (17). 
The problem thus cannot be solved rigorously, 
the anharmonicity constants of the isotope 
contain more constants (Ai;x) because the 
hijx’S are linear combinations of several 2;;;’s. 
The difficulty is easily overcome. In the case of 
triatomic molecules with hydrogen the matrix 
is very nearly diagonal (see 25). Because the 
matrices Dir) are of the form Lay ViryLea, 
Z is also made up of main diagonal blocks, one 
for each representation, so that outside of these 
the nondiagonal elements are exactly zero. 

If, for a first-order calculation Z is replaced by 
a diagonal || f;}||, fs=d;,/A: with the f’s con- 
sidered as parameters whose value can be made 
as accurate as desired by successive approxima- 
tions, the summation (17) reduces to 


NP) s1t9..6tp= fest fiet+ ++ ftp NM tte... (18) 
Substitution in (12) leads to 
XP =f ho +Ofic® iitsIcfipct iii, (19) 
7 
Xi? =f Xi", (20) 
XP =fafAx iz. (21) 


Eq. (20) is exact for the o vibration, since 
Z(Bz) is of first order and equals f,'. 


4 See previous paper, Eq. (12). 
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POTENTIAL FUNCTION OF H;0 


APPLICATION TO WATER 


Preliminary calculation with frequencies un- 
corrected for anharmonicity shows that Z can 
indeed be replaced without great error by the 
diagonal matrix ||f;#||, f;® being the ratio of the 
observed frequencies, in which case the unknown 
anharmonicity constants of D,O are given by the 
formulae of the last paragraph. With the latter 
first-order approximations to the X’s of DO 
the observed frequencies are corrected for an- 
harmonicity giving. w.?=2865.4, w,? =2764.7, 
w;?=1209.7. The latter are now used to get 
better values for f; and hence to get improved 
X's. The second approximation to f,}, 1.3632, 
already agrees with the value 


2 sin? a 1 \3} 2 sin? a 1 \3 
polite ty 0+) 
my, mo! my, My? 
=1.3647 (22) 


derived in the previous paper. The values of 
f, and fs are not determined independently of the 
frequencies as is f, because they belong to fre- 
quencies in the same representation. 

Another way of testing the theory is actually 
to calculate the position of the fundamental 
v2 and compare with the wave-length observed : 


v—P = WP + 2X oP +3(X ox? +X 8”) 
=falwot2feX oot 
+3 fo(fiX ont t+fsiX os”) (23) 


with f,=the function of masses and angles (22). 
Since f, and f; only multiply correction terms, a 
rough approximation based only on a simple 
model will suffice. The calculated value is 
v2 =2781 cm=, the observed 2784 cm™. 


SYMMETRICAL REPRESENTATION 


By means of (19-21) and successive approxima- 
tions, the observed bands' at v,? = 2666 cm-! and 
w?=1179 cm! yield corrected frequencies 
w” = 2773.3 and w;? = 1210.5. These can be tested 


*W. V. Norris, H. J. Unger, R. E. Holmquist, Phys. Rev. 
49, 272 (1936). 


by the formula 
mo! pm? 3 
Par =—-(—) we%ws? =3.324. (24) 
my? \m# 


From experimental data this is 3.357. 
The constants for the energy formula for 


DO are 
ws? = 2857.0, 
we? = 2773.5, 
ws? = 1210.5, 


X ee? = — 21.2, 
X sx? = — 37.0, 
X 35? = — 10.4, 


X ox? = — 56.5, 
X os? = — 11.3, 
X zx? = —10.1. 


BETTER APPROXIMATION 


So far we have taken Z to be diagonal. Now we can in- 
vestigate changes when nondiagonal elements are taken 
into account. With frequencies estimated as above Z is 


0.7166 0.0646 
0.0123 0.7374)|° 


These values can be improved by successive approxima- 
tions, but the ratio 2;;/2:; remains small enough for 2;; to be 
entirely neglected relative to the main diagonal elements, 
and the summation (17) reduces to fewer terms. The im- 
portant constants are 
NP isis = Zac MH iss Do Bike aW* isis, 

ixi 
NP 5555 8507S 5,2 isis 2 2i072 jee AM” sn 

kj 


(25) 


z-| 


— > 247726 j2Kid7 js, (26) 
ki 


so that 
XP =fsitX v8 +fsie> 2; (6c4 5], 
i 


Xi,P =filf §ai2e,?Xi,4 

THAN Bii%5 5 Doses LO" is je J 2:88 5,7 Dei L6C" jin J}. 

ki ki 

The constants ¢c%ji:;, C#iije~ictj, Mijn Occur, which 
cannot be determined from one molecule. They could be 
derived by experimental determination of the X;;?’s in 
the isotopic molecule. However, they enter with relatively 
small coefficients and no doubt can be estimated as being 
equal in magnitude to the )xi;;’s (which are all nearly 
equal). For water (26) corresponds to 


Xer? =0.500X ex% +-0.00857 [60% pens |, 
Xp? =0.553.X 55" +0.0484 [60% s520 |, 


Substitution gives an increase of 2 cm in X,,? above that 
calculated by a diagonal Z, and a decrease of 1 cm™ 
in X553?. 

Although nondiagonal elements are not entirely neg- 
ligible, the diagonal elements of Z have changed enough 
from the f;’s to counteract the effect. 
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The absorption spectra of Pr2(SO4)3-8H2O were photographed when the salt was at 20°K, 
78°K, 105°K, 169°K, 200°K and 300°K. At least three low lying excited levels were found to 
exist beside the basic one and they appear to be located at 110, 235 and 500 cm™ above the 
basic state. They are therefore in fair agreement with the calculations of Penney and Schlapp 
and with the field constant D for the rare earth sulphates which was determined spectro- 
scopically for Nd and Er. A very strong coupling of vibrational states with the highly excited 
energy states seems to occur as the absorption bands consist of hundreds of closely spaced lines. 





ENNY and Schlapp* by means of group 

theory and wave mechanics have calculated 
how the magnetic susceptibilities of crystalline 
Pr2(SOx,)3- 8H,O and Nd2(SO,)3-8H2O vary with 
the temperature. They made the simplifying 
assumptions that Russell Saunders coupling 
would hold for the basic state and that the 
crystalline field was mainly due to the octahedron 
of oxygen atoms which surrounds the rare earth 
ion and would accordingly be predominantly 
cubic.‘ In deriving their expression for the mag- 
netic susceptibility they necessarily calculated 
the splitting of the basic state in the fields they 
assumed, and in the case of Nd their assumptions 
must have been justified for the levels were found 
spectroscopically in the positions demanded by 
theory. Further, using the constants determined 
from Nd similar calculations for Er predicted 
levels in the positions where they had been 
previously found.® In the cases of Sm and Dy 
the observed levels were not in the positions 
predicted by simple theory. Such deviations 
would be expected, however, if the contention 
of one of us’ that an additional low lying elec- 
tronic level occurs in these salts is correct. A 
study of Pr, therefore, should be particularly 


1 Baker Research Fellow. 

2 Now in the department of chemistry at Ohio State 
University. 

22 On leave of absence from University of Kentucky. 

3 Penney and Schlapp, Phys. Rev. 41, 194 (1932). 

4 Penney and Schlapp expressed the potential energy as a 
power series. As the field was cubic the first terms which 
differed from zero were V=D(x'+y*+24)+---. They 
neglected all terms higher than the fourth power. 
ash Hamlin and Nutting, J. Chem. Phys. 5, 191 

6 Spedding, J. Chem. Phys. 5, 316 (1937). 

7 Spedding and Bear, Phys. Rev. 46, 975 (1934). 


valuable in extending the application of these 
methods to solids. We hoped also at the begin- 
ning of this work to be able to prove or disprove 
the contention of Van Vleck® and others that 
all observed transitions are of the so called for- 
bidden type 4f"—4f". Since there are only two 
4f electrons in Pr the number of possible excited 
states is extremely limited and knowing the 
fields present from the basic state, it should be 
easy to calculate the splitting patterns of these 
excited states. Unfortunately we found that 
the excited states were strongly coupled with 
vibrational frequencies so that hundreds of lines 
appeared, and we have not as yet succeeded in 
interpreting them. 


EXPERIMENTAL PART 


Two different Pr salts were used in this in- 
vestigation. The one which was used for most 
of the work was from the supply of the Cornell 
chemistry department and was of very high 
purity, for even with very thick conglomerates 
no absorption lines of other rare earths were ob- 
served. The other belonged to the chemistry 
department of the University of California and 
contained a small amount of Nd, for the stronger 
lines of that element were clearly evident in a 
thick conglomerate. This salt was used to ob- 
tain the absorption spectra of Pr2(SO,)3-8H:0 
at 20°K. Nutting, Meehan and Kraus of the 
University of California very generously made 
these photographs and sent us the plates for 
measurement. The single crystal used was 1.6 
mm thick and the conglomerate was about 4 mm 


8 Van Vleck, J. Phys. Chem. Jan. (1937). 
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CRYSTALLINE Pr2(S0O,4)3-8H:0 


TABLE |.* Frequencies of absorption lines of solid Pr2(SO4)s 








20°K 20°K 78°K 
Single Crystal Conglomerate Single Crystal 
Angstroms Wave No. Int. Wave No. Int. 


Wave No. Int. 


78°K 
Conglomerate 
Wave No. Int. 





Od 
1d 


16633.0 


i 10d 


56 
78 
84.0 


88.4 
90.6 





16721.5 
26 
30.5 
33.5 
35.5 


42 | 
47.1 
52 


60.5 
65.1 
69.4 


78.-—— 





uinnuljuoo 








continuum 


16940 — 
40.9 ld 
48.8 2d 
58 





winnurjuo09 


10d 
vd 

10d 

8d 


1d 


1d 





lod 
4vd 


10vd 








winnut}u09.— 
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TABLE I—(Continued.) 








p 20°K 20°K 78°K 78°K 
Single Crystal Conglomerate Single Crystal Conglomerate Angstro 
Angstroms Wave No. Int. Wave No. Int. Wave No. Int. Wave No. Int. pint 
4858.0 


5859.7 vd 60 
57.2 f 8ud 
55.6 
52.5 vd 
$1.1 5d 
49.4 
47.7 vd 
46.7 2vd 
44.6 
40.5 
38.8 
38.1 
36.1 
34.1 
29.6 
27.6 
25.5 


21.5 
13.4 
10.6 





winnu!}u03 





winnul}uo9 








> 
oo 
_ — 


8.6 
7.3 
6.9 
90.5 
9.6 
8.6 
1.7 
9.1 
6.4 
8.8 
7.9 
6.0 
5.0 
2.7 
8 
1 


SD] O & & GQ & =3 =3 09 OO OD 
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TABLE I—(Continued.) 














67.4 


20°K 20°K 78°K 78°K 
Single Crystal Conglomerate Single Crystal Conglomerate 
Angstroms Wave No. Int. Wave No. Int. Wave No. Int. Wave No. Int. 
4858.0 79 
57.0 83 id (2 
56.1 87 ws 
54.7 93 
52.3 20603 20604 
51.4 07 4vud 07 8ud hx 
49.5 15 13 
45.7 31 
43.3 41.2 1d 
39.9 56—— 
39.0 20659.6 1d 61 Ss 62 10vd 
37.6 20665.7 ) 65 ) 66 8d 
37.3 4s 66.7 10 
36.4 70.7 71.6 
35.6 74 76 8d hx 
33.8 81.8 2d 81 Ss 
32.8 86 1d 
31.9 90 3d g 
30.6 95.6 1s 95.5 6s 4 
28.4 20705.0 1s 20706.2 2d 20706 s 5 
27.1 10.6 Ss 11 Ss 12 10d S 
25.8 16.3 6d 3 
24.4 22.3 8d 
23.0 28.3 8d 
22.0 32.4 Ss 34.5 Ss 33 8d 
20.8 37.6 1d 38 Od 39 d 
19.3 44.2 1d 45 Od 43.3 Od 
16.3 57 Od 57.0 2s 
15.4 60.7 2d 61.5 4d 61.5 Od 
12.8 72 20770—— 
12.5 73.5 3d 74.2 6d 75 id 75.3 1d 
11.3 78.5 79 
09.9 84.5 2d 84.2 4d 84.4 1d 
08.7 89.4 1d 89 
08.4 91.2 2d 92 | 92 
07.7 94.1 2d 95.7 4d 2d 8d 
06.3 20800.1 2s 20801.3 3d 20802.4 i 99.5 
05.7 03 20805 
04.7 07.2 1s 05 3d 
04.2 09.5 
02.6 16.1 5s 16.6 6s 16 
4 02.2 18 3d 
4 01.4 21.6 5s 23.0 6s 22.6 id 
a 00.8 24 255 5d 
4 4799.6 29.1 3d 30.0 3s 30 
an 97.8 37.1 3d 38.2 3d 40 Od 
E 96.1 44.5 2s 46 3ud 46 
5 94.5 51.5 6d 51 52 ) 
94.1 53 8d 1d 7d 
93.4 56.1 2d 58 8d 58 i 56.5 
92.1 62 62 
90.5 68.6 Os 70.9 2s 
88.4 78 
87.0 84.1 1d 82 3d 83 1d 
86.6 86 
85.2 92 
85.0 93 3d 94 5s 92 1d 95.0 3d 
83.3 20900 Od 20900 Od 98.5 
20906 
81.1 10.0 2d 10.7 4s 20910.1 1d ; 10.8 3d 
78.8 ; 19.7 1d 16 
76.9 28.2 id 
‘ 75.3 35.0 1d 
; 73.4 43.5 1d 
j 71.7 51 53 
: 70.6 55.7} 2nd id 
é 69.9 59 
69.2 62 61.5 Ovd 63 
68.5 65 Od 68.5 lod 
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TABLE I—(Continued.) 








20°K 20°K 78°K 78°K 
Single Crystal Conglomerate Single Crystal Conglomerate 
Angstroms Wave No. Int. Wave No. Int. Wave No. Int. Wave No. Int. 





4764.6 


60.6 
60.1 
58.7 
58.1 
56.9 
56.3 
55.6 
54.2 
52.2 
50.6 
47.9 
47.2 
46.8 
44.2 
42.5 
41.4 
39.7 
38.2 
36.9 
35.8 
35.6 
35.1 
33.2 
31.0 
29.8 
29.0 
28.4 
26.9 
26.0 
25.3 
24.0 
23.4 


> 

nN 
SSSEsesessecss 
— ee DOW 


SS FO SF 1 ON 8 SF BO eS 
CP NOK KONUNNNHwWine 


a) 
Sadia 


44.4 
49.3 
53 


64.8 
69.5 
71 
75 
79.8 
83.8 
89.2 


97.7 
21210.6 
17.5 
21.4 
25.6 
31) 
3 


44 | 


2 
51.7 
57 
64 


f 


winnul}u00— 


Od 


6d 
4d 


5d 
4d 


1d 
Od 


55.4 10d 
10d 


2d 
1d 


Sus 


21007.5 


94.6 0d 
21000 } 

05 3d 

12 


21 


28 


| 
7 
| 


id 
Od 


hx 


hx 


1 i 





winnutju00._ 
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TABLE I—(Continued.) 








20°K 20°K 78°K 78°K 
Single Crystal Conglomerate Single Crystal Conglomerate 
Angstroms Wave No. Int. Wave No. Int. Wave No. Int. Wave No. Int. 


4686.9 30.3 4s 
85.2 37.7 4d 
84.3 lod 
82.8 48.9 2d 
80.0 61.6 id 
79.7 
73.3 
67.9 
66.4 
58.5 
53.5 
47.9 
46.8 
42.9 
42.3 
34.8 21570— 

73.8 


99 | 
21607.7 — ) 
1 


20 
29 
44 
53 
70 





| 

} 

| 

vd | 
lod 
| 

| 


By 


3ud 
loud 
vd 


wnnutju03.— 


winnutjuo0o,_ 











winnurjUu0d.— 


} 
° 
° 
3 
eg 
= 
= 
=) 


22175.2 
82.5 
91 
98 
22227 


36 
44 


48 
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TABLE I—(Continued.) 
20°K 20°K 78°K 78°K 
Single Crystal Conglomerate Single Crystal Conglomerate 
Angstroms Wave No. Int. Wave No. Int. Wave No. Wave No. Int. 
4492.1 55——_ | 
89.9 65.7 2d | | 
87.2 79.3 3d 8 g 8 
81.9 22305.5 3d 3 5 3 
¢: = ¢. 
= r= Ee 
c e Se 
3 | 3 
4381.5 22817 22820—! 22820" 22800 — 
79.7 26 
ae: 39 4vd 42.3 
75.5 48 
75.3 49 vd 
70.7 73 22875 \ 
69.8 78 5 79 5d 22876 77 2d 
68.8 83 . 85 | 
63.9 22909 1d 
62.9 14 vd 
58.5 37 vd 
57.8 41 id 
55.9 51 2d 53.5 3d 
54.2 60 vd 
51.0 77 
50.6 79 lud 
48.5 90 
44.9 23009 Od 
43.2 18 vd 23015, 23018———~ 
a) | | 
31 | 2ud | 
40.8 31} 2nd 44 } 4 4 
37.2 50 led S g 
33.4 70 Ovd s. lod s. lod 
33.0 72 ud 3 2 
30.4 86 91 £ = 
28.0 99 2d 5 2nd 5 
} 23106 
25.0 23115 1d 
24.6 17 J 21——_- 23120-—— 
13.8 75 0d 
02.8 23234 35) 
01.2 43 
4298.8 56 \ lod Ood 
97.1 65 65 
73.6 93 
72.0 23401.5 Od 
70.1 12 
67.9 24 Ovd 
59.4 71 
57.4 82 2d 
54.7 97 
49.4 23526 
48.3 32 1d 
44.2 55 
24.5 23665 Ovd 
07.0 23763.0 1s 23763.4 6vs 23763.0 Avs 
4189.8 23861 Ovd 
83.7 95.5 Od 
75.1 23945 23946.5 
73.3 55 2d 52.5 3d 23953 2d 
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TABLE I—(Continued.) 











20°K 20°K 78°K 78°K 
Single Crystal Conglomerate Single Crystal Cnoglomerate 

Angstroms Wave No. Int. Wave No. Int. Wave No. Int. Wave No. Int. 
4158.2 42 vd 

56.7 24051 Od 50 2d 

54.2 65 1d 

53.9 67 vd 

45.6 24115 

44.4 22 lvd 

42.5 33 

37.2 64 

34.7 79 led 
4096.2 24406 Ovd 

86.2 66 

84.7 75 lod 

83.5 82 

69.7 24565 0d 

58.0 24636 \ Wd 

56.1 47 

50.6 80.5 id 

48.3 95.0 Od 

20.0 24868.6 2d 








* Key to Tables I through IV. Boundaries of brackets indicate band edges. Edges of wide bands are very diffuse and their accuracy of measure- 
ment is correspondingly low. s indicates line with sharp edges, d =line with diffuse edges and »v = very. Continuum is region of practically complete 
absorption and if band is included, band is very faintly discernible against continuous background. h/ indicates high temperature line. x indicates 
line originating from 110 cm~ level, y =line from 235 cm™ and z=line from 500 cm™,. 


TABLE I (a). Frequencies of absorption lines of solid Pr2(SO,)3-8H20. 











105°K 200°K 300°K 
Angstroms Wave No. Int. Wave No. Int. Wave No. Int. 
6181 16173 16178 
~ i } Ovd fe led he 
50 continuum 16281 
36 93 Ovd hz 
continuum | 
4948 20206 20200 
- - Ovd = \ led he 
05 20382 20380 continuum | hz 
00 20420 tod hy 
4890 45 45 | 
83 20475 continuum hy 
i7 98 Sud 
1 20525 
61 65 100d 


continuum | 








thick. Both were photographed with the 3 meter 
concave grating spectograph of the California 
chemistry department which had a dispersion 
of about 5.4A per mm. All other plates reported 
were made on the grating of the Cornell physics 
department which had a dispersion of 4.63A 
per mm. The single crystals used here were 
about 1.6 mm thick and the conglomerate about 
4 mm thick. 

In both cases the salts were prepared by 
dissolving the oxides with dilute sulphuric acid 
and evaporating at room temperature until 
fairly large crystals formed. These were re- 


moved from the mother liquor, washed and 
dried between filter paper. In some cases the 
crystals were redissolved in distilled water and 
recrystallized but we were able to see no differ- 
ence in the spectra when this was done. Experi- 
mentally we found it easier to obtain large 
crystals if a slight excess of acid was present. 
All plates were measured on the large comparator 
of the Cornell physics department. Photographs 
of the spectra were taken with the salt immersed 
in liquid hydrogen (20°K), liquid nitrogen 
(78°K), liquid methane (105°K), liquid ethylene 
(169°K), in COz and acetone mixture (200°K) 
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and at room temperature (about 300°K). A 
description of the apparatus used in these in- 
vestigations has been given elsewhere.’ The 
frequencies of the lines are given in Table I. 
The accuracy of measurement of course varies 
with the region of the spectrum and the sharp- 
ness of the lines. For the very sharp lines at 


9 Spedding and Bear, Phys. Rev. 42, 58 (1932). 


hydrogen temperatures the frequencies are 
probably good to 0.1 or 0.2 cm while for the 
diffuse bands at room temperatures they may be 
in error as much as 15 cm. In general the 
frequencies can be depended upon to about 
2 cm~'. A rough idea of the accuracy of measure- 
ment of the various lines can be obtained from 
Table I. The intensities given are only rough and 


TABLE II.* 110 cm levels. 








High temp. lines (78°K) 
Wave No. Int. 


Low temp. —_— (20°K) 
t. 


Wave No. n 





16519 (r) 
43 } 1vd 

16569 (r) 
87 4ud 


16680 
16700 


-_ 
| 


16632 10d 


16683 | 
86 
88 


16742 | 


45 
50 
16790 
16793 
16804 
12.6 
13 


20667 | 
72 $ 


20695.5 


(c) 


(s) 


(c) 
(c) 


4s (s) 110- 
4s (s) 110+ 


4d (s) 110- 
2d (s) 110- 


Average difference 110+ 


—— 








* Key to Tables II, III and IV. Where one side of a band increases markedly in intensity when the temperature of the absorber is raised, 
an increase is shown by an “‘r”’ for the red side, or ‘“‘v”’ for violet. Those lines which increase in intensity with increasing temperatures are Cé 


such 
alled 


“high temperature” lines and the frequencies given are those at 78°K of the conglomerate unless marked (s) for single crystal. The low temperature 


lines are usually those given at 20°K, as they are much better resolved at this temperature ana the shifts due to the contraction of the cry 


small between 20° and 78°K. 
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are to be depended on only for adjacent lines. 
No attempt has been made to compensate for 
different sensitivity of the plate to different 
frequencies, for different amounts of absorption 
in the glass apparatus or for the continuous 
absorption which sometimes overlies the discreet 
absorption. Thus, a line marked 1 or 2 in the 
center of an absorption band may be intensely 
absorbed, and nevertheless appear on the plate 
only faintly. Lines marked 0 appeared so faintly 
on the plate that they could not be seen under 


Pro(SO.«)3-8H20 425 
the comparator and had to be scratched before 
they could be measured. It should also be borne 
in mind that in the conglomerate the faintly 
absorbed lines are relatively much more en- 
hanced that the strongly absorbed ones. As 
pointed out elsewhere,'® the effect of photo- 
graphing a conglomerate is to greatly increase 
the effective path length of absorption. With 
the strong lines the absorption is complete in a 
very thin layer of the solid. An increase in the 


10 Spedding and Bear, Phys. Rev. 39, 15 (1932). 


TABLE III. 235 cm levels. 








High Temperature (78°K) 
Wave Number Int. 


Wave Number 


Low Temperature (20°K) 
Int. Av cm~ 





16519 ) 


43 f led 


(v) 


16569 | ; 
87 (v) 
20420 | 


(105°K) 


(105°K) (c) 


16769.4 6ud 230 
16790 \ 


16813 { 


235 
20667 


2] 


20710.6 | 
16.3 
28.3 
32.4 

20760.7 

20773.5 


20784.5 


235+ 


5s 


Average difference 








TABLE IV. 500 cm levels. 








, High Temperature (78°K) 
Wave Number Int. 


Low Temperature (20°K) 
Wave Number Int. 





xd —« (300°K) 
(300°K) 


(300°K) 


(105°K) 


16684 | 
85.5 
88.4 


8s (s) 


16786 


10) 
20716 | 
28 ( 
32 | 


20878 | 
82 } 
86 | 


3ud (c) 490(?) 


Average difference 500 











SPEDDING, HOWE AND KELLER 


Fic. 1. 6000A band of Pr2(SO,)3-8H2O single crystal at 20°K. 


thickness of the salt has no effect on the plate 
except to broaden the lines slightly. On the 
other hand with the weaker lines, increasing the 
thickness increases the absorption, and the 
intensity of the lines on the plate increases 
markedly. This relative enhancing of the weak 
absorption over the strong absorption in the 
conglomerates will frequently cause an apparent 
shift of the lines. If one is photographing an 
unresolved multiplet (brought about by oscilla- 
tion frequencies, hyperfine structure" or Zeeman 
effect caused by paramagnetic atoms acting on 
each other) in which the outermost components 
are weak, the relative enhancing of these weak 
components will cause a shift in the center of 
density of the observed line. Thus, frequently 
a close doublet which is really the envelope of a 
more complicated structure will move closer 
together or farther apart when observed in a 
conglomerate. 

A real shift also occurs with some of the lines 
when photographed at different temperatures. 
This is to be expected since the positions of the 
lines are dependent on the strength of fields 
present and these will change slightly as the 
crystal contracts with decrease in temperature. 

The low lying excited levels were determined 
in two entirely independent ways. The first took 
advantage of the fact that the intensity of ab- 
sorption is proportional to the number of atoms 
in the lowest state and that this in turn is pro- 
portional to the temperature according to the 
Boltzman relationship. As the temperature is 
lowered, at some critical point the lines originat- 


11 If a 4f electron jumps outside the 5s 5 shell the hyper- 
fine structure will be quite large and may in a few cases be 
large enough to be resolved with the instrument used. 


ing from the lower state will suddenly fade out 
and from the temperature at which this fading 
occurs one can obtain a rough estimate of the 
separation of the levels from the basic state. 
Using this method we obtained positive evidence 
of excited states at about 100, 200 and 500 cm™ 
above the basic one. 

The second method depended on the fact 
that if absorption lines originating from the 
lower states terminate in common upper states, 
the interval of the lower states will be repeated 
throughout the spectra. Tables II, III and IV 
give evidence for these common intervals. The 
evidence here is not as conclusive as has been 
usual in the other rare earths. In the first place 
there are only two multiplets upon which it can 
be checked and in the second place the enor- 
mously enhanced intensity of the vibrational 
and oscillational frequencies which occur asso- 
ciated with the excited states in Pr caused 
hundreds of lines to lie close together. Thus one 


<— 20668 


Fic. 2. 4800A band of Pr2(SO,);-8H20; (a) single crystal 
at 20°K, (b) conglomerate at 20°K. 
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can take any frequency at random and find a 
number of such constant frequencies. However, 
in our opinion the frequencies we have reported 
are the correct ones. They account for all the 
high temperature lines and the agreement is by 
far the best we have been able to find. The low 
temperature lines associated with them are the 
more intense ones and are lines which can usually 
be traced from salt to salt. They therefore are 
probably due to crystal splitting rather than 
superimposed vibrational frequencies. 

Figs. 1 and 2 show enlarged reproductions 
of the type of spectra observed. 


DISCUSSION OF RESULTS 


It has been well established from magnetic 
and other considerations that the basic state of 
Pr ion in Pre(SO,4)3-8H:20 is a *77, arising from a 
15°2s°?2p°35?3.p°3d!94 574 p°4d'°4f?55°5 p* electron con- 
figuration. Penney and Schlapp* making the as- 
sumptions that R. S. coupling is obeyed and 
that the crystalline fields of the surrounding 
atoms is predominantly cubic, have calculated 
that the basic state would be split into four 
levels situated at 0, 336a, 576a and 1296a where 
“a” is aconstant dependent on the field strength. 
They evaluated ‘‘a’’ from the magnetic suscep- 
tibility measurements of Gorter and de Haas 
and found it to be equal to 0.293 cm~. Accord- 
ingly the levels would occur at 0, 98 cm™, 169 
cm and 379. One must be careful, however, in 
calculating the absolute values of the levels from 
the susceptibility measurements as the various 
investigators do not agree very well among 
themselves. If the field constant D is assumed to 
be the same for Pr as for Nd and the spectro- 
scopic value is used for calculating ‘‘a”’ then the 
levels would occur as tabulated in Table V. 
There is a slight leeway in the calculations 
depending on the value of the screening con- 
stants used. In column 2 following Slater we 
have assumed that the 4f electrons have a 
screening constant value of 0.35. In column 3 
we have arbitrarily reduced the field until the 
outside levels agree with the values found ex- 
perimentally. The experimental values found 
here, column 3, are found to be in fair agreement 
with the calculated ones except for the contrac- 
tion. One would expect, however, to find a 
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slight distortion from the theoretical values 
because in the calculations all higher terms in 
the potential equation were neglected. These 
should be relatively more important for Pr 
than for Nd for the same reason that they were 
more important for NdCl;-6H,O” than they were 
for Nd2(SO,4)3-8H.O,° for the homologous series 
of the rare earth sulphates breaks down between 
Pr and Ce. All the rare earths except La form 
hydrated sulphates containing 8 water molecules. 
La and Ce form hydrates containing nine. Thus 
as the rare earth ion gets larger due to lesser 
charge, the lattice slightly expands and with 
Ce and La the expansion has reached a point 
where an extra water molecule can enter the 
lattice. With Pr the expansion is not large enough 
to permit the extra water to enter but does give 
extra space into which the octahedron of oxygen 
atoms can expand. This will bring about a 
distortion of the field which in the case of 
NdCl;-6H2O made the higher terms in the 
potential equation more important and pre- 
sumably would here also. In addition the weak- 
ening of the field would cause less over-all split- 
ting of the levels as was found. We were able to 
find no evidence for splitting of the degenerate 
levels which would occur if rhombic terms were 
present. But we cannot be so positive of their 
nonexistence as we were in the case of Nd since 
the highly excited levels occur so close together 
that they might mask them. 

The highly excited states may arise in either 
of two ways. The terms may arise from a 
4fnx configuration when an electron is excited 
to a higher orbit, or they may arise from rear- 
rangement of the 4f? configuration. A number 
of authorities believe that all observed transi- 
tions are of this latter type and Van Vleck has 
summarized the arguments in favor of this 


TABLE V. 








4 
Found 
experi- 

mentally 


2 
1 From field 3 
From susceptibility constant D Relative 
measurements of Nd splitting 





cm"! cm"! cm"! cm! 
0 0 0 0 
98 149 115 110 
169 256 198 235 
379 572 500 500 

















12 Spedding and Hamlin, J. Chem. Phys. 5, 429 (1937). 
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TABLE VI. 








Crystalline External 





Cubic Field Rhombic Field | Magnetic Field 


4 9 9 
4 11 11 
5 13 13 


13 33 33 
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position.* If the transitions are of this ‘‘for- 
bidden” type the number of excited states is 
extremely limited for a *H, *F, *P, ‘J, 1G, \D and 
1S are the only terms permitted by the Pauli 
exclusion principle. The basic term is a *H, so 
that transitions to the *H; and the *Hs would 
certainly occur in the extreme infrared and would 
not be observed photographically. In Table VI 
the remaining terms are given with the number 
of components they would split into in a cubic 
field, in a field of very low symmetry and in a 
magnetic field. A number of these states would 
undoubtedly occur in the unphotographed re- 
gions of the spectra, particularly the infrared. 
Selection rules would also rule out transitions 
to some of them from the *H,. But even if all 
transitions were permitted and they all occurred 
in the observed bands, it is at once obvious 
that there are many more lines than can be 
explained on the basis of splitting alone. Ellis’* 
takes the position that the violet bands are due 
to the transition *H, to *Po, *P; and *P2, re- 
spectively, and that the red band is a *H,—'J¢. 
He bases his argument on a correlation with the 
‘La II spectra. This designation is attractive but 
immediately meets with serious difficulties. 
As can be seen from Table VII, P terms do not 


13 Ellis, paper in process of publication. 


split in a cubic field and the J term gives rise to 
only six lines. All the remaining lines in these 
multiplets must therefore be due to vibrational 
or oscillational frequencies and many of these 
are of comparable intensity with the electronic 
levels so that there must be a strong coupling 
between the so-called crystal levels and the 
vibrational frequencies. It is then difficult in our 
present state of knowledge to understand why a 
strong coupling should take place with the 'J 
and *P but not with the *# if all arose from the 
4f? configuration. Further, as one goes to rare 
earths with higher atomic number this coupling 
drops off very rapidly. It is definitely present in 
Nd for some multiplets, but the associated lines 
are much weaker. It can be observed for Sm 
only with very thick conglomerates and with 
Gd is not observed at all except for a very few 
lines which may or may not be of this type. 
If the electron jumps outside the completed 
5s 5p shells, this behavior can be explained 
qualitatively because as one goes to rare earths 
of lighter atomic weight, a proportionally greater 
part of the electron cloud involved in the state 
is outside where strong coupling with the neigh- 
boring atoms can take place. We feel at present 
that the question regarding the nature of these 
states is still open and that very possible both 
types of transition occur. 

A number of approximately constant fre- 
quency differences can be observed, particularly 
on the violet side of the bands, for example, 
Table VI. Also it should be pointed out that a 
number of more or less sharp lines on the violet 
side of the multiplets which are presumably 


TABLE VII. Typical example of type of frequency differences 
which occur in the bands. 








Single crystal at 20°K 
Wave Number 


17105.0 
17161.3 56 
17211.4 50 


17264.5 53 
60 


Av(cm™) 





52 
54 
55 


Average difference 54 


ee 
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of vibrational origin are clearly present at 
20° but rapidly vanish as the temperature is 
increased. 

Not only do the lines vanish but the general 
absorption seems to vanish as well. This effect 
was present for Sm but is much more pronounced 
here. It would appear from this that as the 
crystal takes up vibratory motion a point is 
reached where sharp quantization of this 
vibratory motion suddenly disappears. For a 
proper study of this vibratory motion a number 
of plates should be taken at hydrogen tempera- 
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tures using crystals and conglomerates of 
various thicknesses so that the spectra of each 
region could be studied under the most favorable 
conditions, but, unfortunately, liquid hydrogen 
is not at present available at Cornell. 

We wish to express our thanks to Dr. Nutting, 
Dr. Meehan and Mr. Kraus of the University of 
California for their kindness in photographing 
the Pr at hydrogen temperatures. We also wish 
to thank Professor R. C. Gibbs for allowing us 
to use the facilities of the Cornell physics 
department. 
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The absorption spectra of NdCl;6H,O has been photographed at 78°K, 169°K and 200°K. 
Two low lying excited states were found, located at 62 and 250 cm above the basic state. 
These three levels presumably arise from a splitting of the basic state of Nd***(4J9,/2) in a pre- 
dominantly cubic field. The over-all splitting is slightly smaller than that which was found for 
the sulphate, and the relative splitting is slightly different. The differences reflect the change in 
crystal field which is brought about by the break in the homologous series of the hydrated 


chlorides of the rare earths between Nd and Pr. 


HE atoms in a solid are soclose together that 

they exert powerful electric fields on each 
other and thus cause the energy states of the 
atoms to split into a number of components. 
The nature of this splitting depends, of course, 
on the energy state involved and on the sym- 
metry and position of the neighboring atoms in 
the solid. This problem has been treated the- 
oretically by a number of investigators, notably 
Bethe? and Van Vleck.* Penney and Schlapp* 
have treated the specific case of Nd2(SO,4)38H.O. 
They found that the variation of the experi- 
mental magnetic susceptibility with temperature 
could be accounted for very nicely if they as- 
sumed that the rare earth ions were surrounded 
by a cubic field, presumably brought about by 


‘ Baker Research Fellow. 

* Bethe, Ann. d. Physik 3, 133 (1929). 

*J. H. Van Vleck, Theory of Electric and Magnetic Sus- 
ceptibilities (Oxford, 1932). Phys. Rev. 41, 208 (1932), etc. 

* Penney and Schlapp, Phys. Rev. 41, 194 (1932). 


the octahedron of oxygen atoms which surround 
the rare earth ion. They predicted that the basic 
state would split into three levels with a relative 
separation of 0, 243 and 834 cm™. Mr. Hamlin, 
Dr. Nutting and I investigated the salt spectro- 
scopically and found three levels at 0, 77 and 260 
which have the same relative separation as the 
levels predicted.’ Further, using our values 
in Penney and Schlapp’s equations, excellent 
agreement was obtained with the magnetic 
susceptibility measurements of a number of 
investigators.®: ® 

In deriving their equations Penney and 
Schlapp used a potential energy function of the 
form V=(x‘+y'+2"). They neglected all other 
terms, and the experimental results justified 
their being neglected. If any rhombic terms had 

5 Spedding, Hamlin and Nutting, J. Chem. Phys. 5, 191 
(1937). 


® Spedding, Phys. Rev. 50, 574 (1936); Spedding, J. 
Chem. Phys. 5, 160 (1937). 
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been present, one would have expected a further 
splitting of some of the levels and none was ob- 
served. The calculated splitting pattern of 
course depends directly on the nature of the 
potential equation used in the calculation. This 
equation itself is directly determined by the 
position and symmetry of the surrounding atoms. 
Thus, if one determines the splitting experi- 
mentally, then, theoretically, one should be able 
to determine the form of this equation and, 
therefore, the position and distance of the 
envelope of atoms surrounding the rare earth 
ion being studied. If this can be done, a powerful 
tool will be available to study short range order 
in a solid or solution, and it will be of assistance 
in x-ray studies in a region where such informa- 
tion can be obtained only with difficulty. The 
establishment of this tool, however, awaits the 
existence of more experimental data upon which 
it can be tested and we are making a systematic 
attempt to obtain such data. This paper is one 
of a series in which we are presenting the material 
obtained. 

NdCl;6H:O crystallizes in the monoclinic 
system.’ The six oxygens of the water molecules 
are almost certainly grouped about the Nd ion 
in the form of an octahedron so that the pre- 
dominating field will be cubic and as a first 
approximation the. splitting of the lowest state 
of the chloride should be the same as the sul- 
phate. In the analogous case of the chloride and 
sulphate of Gd the fields are so similar that their 
spectra are almost identical.’ In Nd, however, 
some differences would be expected, for if one 
examines the homologous series of the hydrated 
chlorides of the rare earths, one finds that they 
are all 6H2O except Pr, Ce and La, which are 
7H.O. This means that as the size of the rare 
earth ion increases due to a smaller total charge 
on the nucleus, the lattice slowly expands until 
with Pr it has become large enough to permit an 
extra water molecule to enter the lattice. In 
Nd, which is the next element to Pr in the series, 


7 Accurate crystallographic measurements have not been 
made for NdCl,6H,O. However, they will not be very 
different from SmC1l;6H,O, which has axial ratios a:b :¢ 
= 14713 : 1 : 12182 and angle =86° 34’. See ‘‘The Crystal- 
lography of Some Rare Earth Halides,’’ Adolf Pabst, Am. 
J. Science, 22, 426 (1931). 
int and Nutting, J. Am. Chem. Soc. 55, 496 


SPEDDING AND H. F. 


HAMLIN 


the lattice evidently is not large enough to 
permit the extra water to be present, but there is 
extra space, which will permit the octahedron 
of water molecules to expand slightly into it. 
One would therefore predict that the over-all 
splitting of the lowest state of NdCl;6H,O 
would be somewhat smaller than the correspond- 
ing case of the Nd2(SO,)38H.O (where the 
homologous series does not break down until 
La is reached). The distortion of the field which 
will take place when this occurs will, of course, 
have to be determined either from our experi- 
ments or from x-ray studies. 


EXPERIMENTAL 


The NdCl;6H,0 was prepared from some fairly 
pure Nd supplied by Dr. H. N. McCoy. The 
chloride was prepared by dissolving the oxide in 
HCI and then slowly evaporating the solution at 
room temperatures until the salt crystallized out. 
This salt was recrystallized once from distilled 
water. Photographs were made of both a single 
crystal about 13 mm thick and of the conglomer- 
ate of small crystals 6 mm thick. The conglomer- 
ate has a tendency to bring out very faint lines, 
for, as has been pointed out elsewhere,’ when light 
enters these small crystal fragments it is totally 
reflected a number of times before it emerges. 
As the refractive index of the salt increases 
very rapidly near an absorption band, the 
effective path length of light of that frequency 
would be very large. The strong absorption 
lines would appear about the same in both the 
single crystal and conglomerate, since the light 
in the center of the band would be completely 
absorbed in both cases. Increasing the path 
length of the light would therefore not have 
much effect on the plate except to broaden the 
line slightly. The very faint lines, however, would 
be much enhanced in the conglomerate over the 
single crystal, since the extra path length here 
would deepen the absorption as recorded by the 
plate. 

All plates were photographed on a grating 
belonging to the physics department which had 
a dispersion of about 4.63A per mm. Plates were 
taken when the crystals were immersed directly 


in liquid nitrogen (78°K) and liquid ethylene 


® Spedding and Bear, Phys. Rev. 39, 948 (1932). 
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NITROGEN TEMPERATURE 78°K 


ETHYLENE 169°K 


CO2z ACETONE 200°K 





SINGLE 


Crystal 


Int. 


Conglom. 


Conglom. 


Int. 


Conglom. 


Int. 





($338.1 
6835.5 
| 6838.1! 


6814.2 
6806.5 
6797.4 
6786.9’ 
6785.5 
6784.1’ 
6768.8 
6755.8" 

6751.9 
| 6748.1' 
6728.3’ 
{ 


6726.1 
6723.7’ 





14,620.’ 
14,625. 
| 14,631.’ 
14,671. 
14,688. 
14,707. 
14,730.’ 
14,733. 
| 14,736.’ 
14,770. 
14,798.’ 
14,807. 
| 14,815.’ 
4,859.’ 
( 


1 
14,863. 
14,869.’ 


15,886. 


15,922. 


| 15,920.’ 
15,924.’ 


15,937. 


15,959. 











15,800. 


15,813. 
15,825. 
15,842. 
15,858.’ 
15,861. 
15,864.’ 


15,875. 


15,887. 


15,916.’ 
15,922. 
15,927.’ 


15,934.’ 
15,938. 
15,941.’ 


15,956.’ 
15,959. 
15,962.’ 








14,625. 


14,731. 


14,767. 


14,793.’ 
14,808. 


15,737.’ 
15,746. 
15,758.’ 


15,766.’ 
15,773. 
15,781.’ 


15,789.’ 
15,802. 
15,816.’ 





15,825. 


15,863. 
15,877. 


15,888. 


15,923. 
15,928.’ 


15,934.’ 
15,938. 
15,941.’ 


13003 
| 
\ 


15,961. 





2d 





15,663.’ 
15,678. 
15,716.’ 


15,735.’ 
15,747. 
\ 15,760.’ 


15,768.’ 


| 
| 





15,824.’ 


15,853.’ 
15,860. 
\ 15,870.’ 


15,887. 
15,892.’ 


15,916.’ 
15,924. 
| 15,930.’ 


| 15,883.’ 
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NITROGEN TEMPERATURE 78°K 


ETHYLENE 169°K 


CO2 ACETONE 200°K 





SINGLE 


Crystal 


Int. 


Conglom. 


Conglom. 


Int. 


Conglom. 


Int. 








6254.5’ 
6252.8 
6251.0’ 


6241.7’ 
6240.3 
6238.9’ 


6229.7’ 
6228.6 
6227.6’ 





15,984.’ 
15,989. 
15,993.’ 


16,017.’ 
16,021. 
16,024.’ 


16,048.’ 
16,051. 
16,053.’ 





17,070. 


17,089.’ 
17,099. 
| 17,109.’ 


17,131. 


17,146.’ 
17,185.’ 


17,196. 





3d 





15,984.’ 
15,991. 
15,998.’ 


16,013.’ 
16,021. 
16,028.’ 


16,046.’ 
16,051. 
16,056.’ 





16,692. 
16,705. 
16,755. 
16,767. 


16,877.’ 
16,885. 
16,891.’ 


16,906.’ 
16,911. 
16,918.’ 


16,918.’ 
16,926. 
16,936.’ 


16,944.’ 
16,955. 
16,969.’ 


16,979. 
17,021. 


17,047." 
17,056. 
17,064.’ 


17,064.’ 
17,070. 
17,076.’ 


17,080.’ 
17,099. 
17,117.’ 


17,127.’ 
17,131. 
17,136.’ 








17,144.’ 








15,984.’ 
15,991. 
15,998.’ 


16,016.’ 


16,021. 
16,025.’ 


16,050. 


4d 








15,980.’ 
15,991. 
16,000.’ 


16,014.’ 
16,022. 
16,028.’ 


16,042.’ 
16,050. 
16,055.’ 


16,071.’ 
16,076. 
16,082.’ 

















ENERGY STATES OF SOLIDS 


TABLE I.—Continued. 








NITROGEN TEMPERATURE 78°K 


ETHYLENE 169°K 


CO2 ACETONE 200°K 





SINGLE 


Crystal 


Int. 


Conglom. 


Conglom. Int. 


Conglom. 


Int. 





5812.0’ 
5786.6’ 


5781.9’ 
5775.9’ 


5771.6’ 
5765.1’ 


5758.7 


5747.8’ 
5737.9’ 


[ 3708-2" 
5708.2’ 


( 5279.8" 
| 5278.1 
5376.8" 





| 
| 
| 


| 
( 


17,201.’ 
17,276.’ . 


17,291.’ 
17,309.’ 


17,321.’ 
17,341.’ 


17,360. 


17,393.’ 
17,423.’ 


17,435.’ 
17,514.’ 


18,935.’ 
18,941. 
18,946.’ 











17,526.’ 


17,539.’ 
17,548. 
17,555.’ 


18,752. 


18,786. 
18,818. 
18,847. 
18,865. 
18,898. 


18,920.’ 
18,925. 
18,933.’ 
18,940. 
18,945.’ 











18,640.’ 
18,655. 
18,666.’ 


18,680.’ 
18,693. 
18,707. 


18,745.’ 
18,753. 
18,763.’ 


18,778.’ 
18,789. 
18,804.’ 


18,842.’ 
18,850. 
18,860.’ 


18,882.’ 
18,893.’ 
18,903.’ 


18,920.’ 
18,934. 
18,953.’ 
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NITROGEN TEMPERATURE 78°K 


ETHYLENE 169°K 


COz ACETONE 200°K 





SINGLE 


Crystal 


Int. 


Conglom. 





Conglom. Int. 


Conglom. Int. 














5271.0’ 
5270.3 
5269.2’ 
5268.3 
5267.6’ 


5261.2 


5254.6’ 
5253.1 
> 5251.7’ 
5250.3 
5248.9’ 


5240.0’ 
5238.6 
5237.4’ 





5234.9 


5236.3’ 
5233.3’ 


5227.3’ 
5225.9 
$224.6’ 
5223.7 
$222.3’ 


5221.2’ 

5219.9 
5218.8’ 
5216.3 
5213.7’ 


5207.3’ 
5204.5 
5201.4’ 








18,966.’ 
18,969. 
18,973.’ 
18,976. 
18,979,’ 


19,002. 


19,026.’ 
19,031. 
¢ 19,037.’ 
| 19,041. 

19,046.’ 


19,079.’ 
19,084. 
19,088.’ 


19,092.’ 
19,097. 
{ 19,103.’ 


19,125.’ 
19,130. 
19,135.’ 
19,138. 
19,142.’ 


19,147.’ 
19,152. 
19,156.’ 
19,165. 
19,175.’ 


19,198.’ 
19,209. 
19,220.’ 





19,357. 


19,452. 
19,465. 
19,479. 


19,503.’ 
19,518. 
19,531.’ 


19,537.’ 
19,542. 
19,548.’ 


19,576.’ 
19,585. 
19,594.’ 








18,967. 
18,976. 


19,001. 
19,014.’ 
19,056.’ 
| 19,071.’ 


19,078. 
19,085.’ 


19,096. 
19,105.’ 


19,115. 
19,121.’ 


| 19,087.’ 





19,177.’ 
19,194.’ 
19,209. 
19,221.’ 
19,311. 
19,358. 
19,400. 
19,417. 
19,451. 
19,463. 
19,479. 
19,495.’ 


19,550.’ 


19,572.’ 
19,586. 
19,601.’ 











18,965.’ 
18,976. 
18,985.’ 
18,999. 
19,015.’ 


| 


19,056.’ 


19,088. 


19,072.’ 
19,109.’ 


19,123.’ 





19,183.’ 
19,193.’ 
19,210. 
19,226.’ 


19,266.’ 


19,375.’ 


19,441.’ 
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NITROGEN TEMPERATURE 78°K 


ETHYLENE 169°K 


COs ACETONE 200°K 

















SINGLE 








Crystal 








Int. 





Conglom. 


Int. Conglom. 


Int. 


Conglom. 


Int. 





TYPE 











5094.9’ 
5092.3 
5089.6’ 
5087.3 
5084.9’ 


5082.1 



















5039.2’ 
5036.5 
| 5034.0’ 


| 5023.5’ 








5021.0 
5018.6’ 


5007.8 



























be 
19,632. 
19,642.’ 

19,651. 
| 19,660.’ 


19,671. 


19,849. 
19,860.’ 


19,900.’ 
19,911. 
{ 19,920.’ 


| 19,839.’ 


19,963. 


Twod 
2wed 





lvd 


6wd 


8wd 


2ud 

















19,625.’ 


19,659.’ 
19,671. 

19,733. 

19,835.’ 
19,846. 

19,857.’ 
19,886.’ 
19,908. 

19,927.’ 
19,949.’ 
19,969. 

19,990.’ 
20,053. 
20,199. 
20,211. 
20,324. 
20,390. 
20,414.’ 
20,427. 

20,437.’ 
20,451.’ 
20,457. 

20,466.’ 
20,473.’ 


20,480. 
20,484.’ 






20,491.’ 
20,498. 
20,505.’ 


20,516.’ 
20,523. 
20,531.’ 


20,543.’ 
20,558. 
20,573.’ 


20,588.’ 
20,597. 
20,606.’ 


20,616.’ 
20,625. 
20,635.’ 








19,613.’ 
19,623.’ 


5vwd 


4d 

19,696.’ 
2d 

19,793.’ 
5wd 
6vwd 
4vwd 





{ meases 
20,427. 
| 20,441.’ 


20,453.’ 


4wd 


4d 


5d 





5wd 
20,506.’ 


Swd 
20,545.’ 
5vwd 20,558. 
20,571.’ 
20,583.’ 
5wd 
20,611. 
5wd 


20,634.’ 








3ud 


3ud 


2ud 


3ud 


3ud 


lud 












































h 
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NITROGEN TEMPERATURE 78°K 


ETHYLENE 169°K 


CO2z ACETONE 200°K 





SINGLE 


Crystal 


Int. 


Conglom. 


Conglom. Int. 


Conglom. 


Int. 











4838.8 








4743.0 


4731.3 


| 4732.8’ 
4730.0’ 


4717.3 
4715.7 


4708.9 


4697.3 


4698.9’ 
4695.6’ 





20,661. 


20,791.’ 
20,802. 
20,817.’ 


20,830.’ 
20,839. 
20,848.’ 
20,862.’ 
20,866. 
20,874.’ 





20,945.’ 
20,949. 
20,953.’ 


20,972.’ 
20,976. 
20,981.’ 
21,010. 


21,016. 





21,038. 


21,078. 


21,124.’ 
21,130. 
21,136.’ 


21,193. 
21,200. 


21,231. 


21,283. 


3138, 
21,291.’ 





9vus 


20,660. 
20,672. 


20,684.’ 
20,695. 
20,705.’ 


20,721.’ 
20,727. 
20,734.’ 


20,781.’ 
20,802. 
20,820.’ 


20,827.’ 
20,837. 
20,848.’ 
20,856.’ 
20,870. 
20,887.’ 


20,908. 


20,928.’ 
20,949. 
20,963.’ 


20,969.’ 
20,976. 
20,984.’ 


21,009. 
21,017. 


21,032.’ 
21,038. 
21,043.’ 


21,070.’ 
21,080. 
| 21,096.’ 


21,109.’ 
21,128. 
21,143.’ 


21,183.’ 
21,189. 
21,204. 
21,210.’ 








21,232.’ 





21,284.’ 


21,299. 











20,664. 7d 
20,677. 7d 


20,755.’ 
20,764. 
20,771.' 
20,782.’ 
20,799. 
20,813.’ 
20,833.’ 
20,856. 


20,883.’ 





20,930.’ 


20,991:’ 


21,014. 


21,040. 


21,070.’ 
21,079. 
21,090.’ 


21,115.’ 


21,132. 
21,104. 


21,189.’ 
21,201. 
21,211.’ 
21,238.’ 
21,264. 


21,290.’ 














21,033.’ 
21,034. 


21,064.’ 
21,080. 
21,094.’ 


21,112.’ 


21,129. 
21,153.’ 


21,178.’ 
21,194. 
21,208.’ 
21,235.’ 
21,255. 


21,278.’ 
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NITROGEN TEMPERATURE 78°K 


ETHYLENE 169°K 


CO2 ACETONE 200°K 





SINGLE 


Crystal 


Int. 


Conglom. 


Conglom. 


Int. 


Conglom. 


Int. 











4689.3 
4682.1’ 
4681.2 
| 4680.2’ 
4674.3 


4666.7 


4660.2 


4653.1 
4647.4 
4641.1’ 
4638.4 
| 4636.1’ 
4632.5 
4629.0 
4617.3 


4608.5 


4569.8’ 
4567.8 
, 4565.8’ 


( 4474.3’ 
| 4473.4 
\ 4472.4’ 


4470.2’ 
4469.1 
| 4468.0’ 


4448.5 


4439.8 





| 


| 
| 


21,319. 
21,352.’ 
21,357. 
21,361.’ 
21,388. 


21,423. 


21,453. 


21,485. 
21,512. 
21.541.’ 
21,553. 
21,564.’ 
21,581. 
21,597. 
21,652. 


21,693. 


21,877.’ 
21,886. 
21,896.’ 


22,343.’ 
22,348. 
22,353.’ 


22,364.’ 
22,369. 
22,375.’ 


22,473. 


22,517. 





2d 


7d 


3d 
2d 


6s 


2d 
2d 





21,322. 
21,346.’ 
21,356. 
21,368.’ 
21,392. 
21,425. 
21,445.’ 
21,453. 
21,462.’ 


21,477.’ 





21,733.’ 
21,773. 

21,821.’ 
22,000.’ 


| 22,092.’ 
22,153. 
22,258. 

| 22,290.’ 


22,301. 
22,310.’ 


22,358. 


22,335.’ 
22,381.’ 


22,408. 
22,418. 


22,429.’ 
22,475. 
22,487.’ 


22,503.’ 
22,517. 
| 22,528.’ 








21,322. 
21,349.’ 
21/358. 
| 21,367.’ 
21,392. 


21,425. 
21,453. 


21,481.’ 





nen. 
21,733.’ 
21,779. 
21,850.’ 
21,900. 
| 21,952.’ 
i 


22,066. 
22,102.’ 


22,338.’ 
22,366. 





id 


8d 


4d 
3d 


6d 





21,315. 


21,358. 


21,456.’ 





21,717.’ 


21,830.’ 
| 22,003.’ 


22,364. 


22,335.’ 
22,388.’ 


22,479. 


22,455.’ 
22,494.’ 


22,532. 
22,557.’ 


22,976. 


[2a sar, 





4d 


4d 
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NITROGEN TEMPERATURE 78°K 


ETHYLENE 169°K 


CO2z ACETONE 200K° 





































































SINGLE Crystal Int. Conglom. Int. Conglom. Int. Conglom. Int. Type 
23,032.’ 23,027.’ 23,015.’ _ 
4339.8 23,036. 2d 23,039. 4d 23,040. 8d 9uwd Lh 
23,045.’ | 23,053.’ 23,052.’ 
23,067.’ Eon 23,063.’ 
4332.4 23,075. 2d 23,081. 4wd 23,079. 8d h 
23,092.’ { 23,092.’ 
8vwd 
23,099. 3s 23,100. 6d h 
23,412.’ 23,111.’ 
23,124. 2d 
23,450.” 
23,143.’ 
23,159. 2d 23,154. 3d 23,154. Ovd 
23,164.’ 
23,170.’ 
23,185. 1d 23,184. 2d 
23,193.’ 
23,216.’ 23,214.’ 23,205.’ 
4304.8 23,223. 7s 23,224. 9ws 23,226. 10d 23,224. Qvwd h,l 
23,231.’ 23,404." 23,243.’ 
23,214.’ 
23,226: 10d 
23,231." 
23,269.’ 23,266.’ 23,260.’ 
4293.5 23,285. 10s 23,286. 8wvs 23,287. 10d 23,287. 10vwd l 
23,307.’ 23,307.’ 23,313.’ l 
23,324. 2wd 23,320. 2d 
| 23,339.’ 23,339.’ 
23,351. 2s 23,347. 2d l 
23,363. 3s 23,359. 2d 
Ey | 33°300- 
4274.3 23,389. 3ud 23,389. 7uwd 23,390. 6d 23,397. 10d 
| 23,402.’ { 23,402.’ 
Evin 
23,412. 2d 
| 23,415.’ 
23,422.’ 
23,435. 3d 23,430. 1s 
23,438.’ 
23,452. 2d 23,452. Od 
23,471. 3s 
23,462.’ 
23,482. 3d 23,481. ls 
23,494.’ 
23,497. 3d 
23,505.’ 23,505.’ 
£a,022. 2vwd 23,020. Os 
23,543.’ 23,908." 
23,550.’ 
23,559. 2wd 
23,5743." 
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NITROGEN TEMPERATURE 78°K 


ETHYLENE 169°K 


CO2 ACETONE 200°K 














SINGLE Crystal Int. Conglom. Int. Conglom. Int. Conglom. Int. TYPE 
23,584.’ 
4238.8 23,585. lod 23,597. 4wd 23,591. 2ud 23,586. id 
23,607.’ 
23,612.’ 
23,622. 2wd 
23,630.’ 
23,639.’ 
23,658. 2vwd 
23,675.’ 
23,694.’ 
4218.6 23,698. 4s 23,699. 5s 23,697 4d 23,697. id h 
23,703.’ 
23,747.’ 23,747.’ 23,750.’ 
4207.8 23,759. Ovs 23,759. 8wd 23,759. 10vd 23,759. 4wd l 
23,770.’ 23,771.’ 23,770.’ 
23,787.’ Es : 23,789.’ 
4201.8 23,792. 3ud 23,801. 4dw 23,801 4ud 23,800. wd h 
23,814.’ | 23,816.’ 23,812.’ 
23,848.’ 23,838.’ 
4190.5 23,857. 3ud 23,862. 4dw 23,859 3ud 23,857. lwd l 
23,875.’ 23,862.’ 
23,902.’ 23,902.’ 23,902.’ 
4180.3 23,915. 5d 23,912. 6dw 23,913. 8d 23,914. Swd 
23,922.’ 23,922.’ 23,922.’ 
23,930. 3d 2d 
23,950. 3d 23,953.’ 23,949. Od 
4159.1 24,037. id 24,042. 4s 24,039. 1d 
4153.2 24,071. 3s 24,074. 6s 24,072. 7d 24,069. 3d 
24,378. Od 
24,408. Od 
4073.5 24,542. 3s 24,543. 6s 24,544. 7s 24,544. 3d 
24,617. 2s 
24,635. 1d 
24,651. id 
24,698. Od 24,699. lud 24,698. 1d 
24,757. Od 24,756. lvd 24,750. id 
24,831.’ 24,830.’ 
4025.4 24,835. 8s 24,837. 8s 24,838. 10s 24,837. 7d 
24,844.’ 24,844.’ 
4013.7 24,908. 7s 24,908. 8s 24,907. 10d 24,900.’ 
24,913. 6wd 
4012.1 24,917. 7s 24,918. 8s 24,916. 10d 
24,924.’ 











24,927. 
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meth 
const 
levels 
temp 
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NITROGEN TEMPERATURE 78°K ETHYLE! E 169°K CO:2z ACETONE 200°K 





Conglom. Int. Conglom. Int. 


24,945. Od 


Conglom. 
24,947. 4s 
26,105. 99. : 

_ | * _ diffus 
26,163. 5s 26,159. const 


26,250. 5s more 
excite 
gethe 


SINGLE Crystal Int. 





26,100. 
26,162. 



































’ =band edge, d =diffuse, vd =very diffuse, w =wide about 15 cm™, s =sharp edges, h =line originating from low excited level, / =line originating 


from basic state. 


(169°K) also at 200°K. A detailed description of 
the apparatus used in the photographing has 
been given elsewhere.’° 

The wave-lengths of the lines observed with 
their corresponding intensities are given in 
Table I. The intensities are based on an arbitrary 
scale of 0-10 and are of value only with regard 
to relative intensities of adjacent lines. Those 
marked 0 were so faint that they could not be 
seen under the comparator and had to be 
scratched with a needle under an eyeglass. Those 
marked with intensity 1 could be faintly seen 
under the comparator but were also scratched 
in order to locate them. All lines with intensity 
greater than 5 probably show complete absorp- 
tion in the centers. Numbers above 5 merely 
indicate that the absorption is probably greater 
for the higher numbers, as the wings of the lines 
are better developed. It cannot be emphasized 
too strongly that the intensities given are only 
good for relative intensities of lines in the same 
region of the plate. Thus, in the regions of the 
plate where the background is weak due to lack 
of sensitivity of the plate, general absorption of 
the glass apparatus or to other causes, a line in 
which complete absorption takes place may be 
barely visible and therefore marked 2 or 3. 
The accuracy of measurement of the lines varies 
a great deal with the sharpness of the line, the 
region of the plate, etc. A general idea of the 
accuracy of measurement of each line can be 
- obtained from Table I. In general, however, the 
frequencies can be depended upon to about 2 
cm~!, The absorption lines seem to originate 
from at least three lower states located at 0, 
62 and 250 cm—. These lower levels were located 


1 Spedding and Bear, Phys. Rev. 42, 58 (1932). 


by two entirely independent methods. The first 
took advantage of the fact that the intensity of 
absorption line is proportional to the number of 
atoms in the lower state. These in turn are pro- 
portional to the temperature according to the 
Boltzman relationship. Therefore, the lines 
originating from a low lying excited state will 
suddenly fade out at some critical point as the 
temperature is lowered. From the temperature 
at which the lines fade out one can calculate 
roughly the separation of the levels. The second 
method takes advantage of the fact that if lines 
originating from the lower levels terminate in 
common upper levels the interval separations of 
the lower states will be repeated throughout the 
spectra. Tables II and III present some of the 
most striking cases of this constant interval 
repetition. The existence of the upper level was 


TABLE II. Neodymium chloride —62 cm™ levels. (Nitrogen 
conglomerate unless otherwise noted.) 








14,625 (x/) 
14,671 (x/) 
14,707 (x/) 
15,800 
15,813 
15,825 
15,861 
15,875 
15.959 
16,692 
16,705 
17,070 
17,099 
18,940 
19,400 
19,417 
20,949 
20,976 
21,017 
23,224 
23,699 
23,801 


— 14,688 (x/) 
— 14,733 (xl) 
— 14,770 (x!) 
— 15,861 
— 15,875 
— 15,887 
— 15,922 
— 15,937 
— 16.021 
— 16,755 
— 16,767 
—17,131 
—17,161 
— 19.001 
— 19,463 
—19,479 
— 21,009 
— 21,038 
— 21,080 
— 23,286 
— 23,759 
— 23,862 








xl =single crystal. 
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absolutely certain as it is plainly evident by 
method 1. But it should be pointed out that the 
constant interval separation for these high 
levels is very difficult to locate, for as a rule at the 
temperature at which the lines from the excited 
state become intense all of the lines have become 
diffuse due to temperature broadening. The 
constant interval separation is made even 
more difficult to determine by the fact that the 
excited states in the multiplet occur close to- 
gether and when the lines are broad the lines in 
the multiplets tend to fuse together. Neverthe- 
less, we feel fairly confident that the upper state 
is located at 250 cm“. 


DISCUSSION OF RESULTS 


Second-order terms in the potential equation 
would be manifested by a further splitting of the 
62 cm~! and the 250 cm™ levels. We were unable 
to detect any such splitting and unless unusual 
selection rules which would forbid all transi- 
tions to any upper state were operative, no 
splitting greater than 2 or 3 cm™ occurred. 
Such selection rules seem unlikely and we con- 
cluded, therefore, that any second-order terms 
which might exist in the potential equation 
must be small. The rhombic splitting could not 
be greater than 1 or 2 percent of the cubic 
splitting. The over-all splitting of the basic 
state as might be expected was less than that for 


TaBLe III. Neodymium chloride —250 cm levels. (169 
degrees unless otherwise noted.) 








( 15,663’ (200 degrees) 
‘15,678 
( 15,716’ 

15,746 

15,773 

15,802 

16,885 (nit) 


16,911 (nit) 
18,753 —18,999 
20,625 (nit) — 20,870 (nit) 
20,764 — 21,009 (nit) 

( 20,782’ 

{ 20,799 — 21,040 

| 20,813’ 
20,833’ 

20,856 

( 20,8837 
22,975 
23,040 
23,079 
23,100 


— 15,924 
— 15,937 
— 15,991 
— 16,021 
— 16,050 
— 17,131 (nit) 
— 17,161 (nit) 


— 21,079 


— 23,226 
— 23,287 
— 23,323 
— 23,347 








nit =78°K, 
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the sulphate. The octahedron of oxygens pre- 
sumably had expanded into the hole in the 
lattice and the fields about the Nd were thereby 
weaker. The relative separation of the lower 
levels was slightly different from that calculated 
by theory and found for the sulphate. The higher 
order terms in the potential equation, which it 
was found possible to neglect in the sulphate, 
were evidently more important here due to the 
distortion. 

The excited multiplets experimentally can be 
divided into two groups. The first, as exemplified 
by the 14,700 and 15,800 cm multiplets, con- 
sists of a few intense lines by themselves. The 
second group exemplified by the 17,000, 18,000 
and 19,000 cm= multiplets consists of a number 
of intense lines associated with a large number 
of fainter ones. These fainter lines are so close 
together that with thick conglomerates they 
tend to fuse together to give a continuum. 
They resemble the band lines which one observes 
in polyatomic molecules and presumably are due 
to superimposed vibrational frequencies. Even 
with thick conglomerates no evidence of these 
associated lines has been found for the red multi- 
plets. On the other hand, in the violet, certain 
multiplets which resemble the first type do show 
faintly some associated lines when very thick 
conglomerates are used. Whether or not these 
associated lines appear is not a matter of relative 
intensities, for the 14,600 multiplet is one of the 
most intense in the spectra, since it can be 
detected when only minute quantities of Nd 
salt are present and when most of the other 
multiplets are completely invisible. 

An excited state can arise in either of two ways. 
First it can be a ‘‘forbidden’’ transition of the 
type 4f*—4f*. Van Vleck" has discussed this type 
of transition in detail and believes that the ob- 
served transitions are all of this type. With the 
present state of theory a number of difficulties 
arise if one takes this position. For example, 
the number and position of the excited states 
are not in good agreement with it. Since the 
basic and excited states both arise from the 
same electronic configuration, the potential field 
equation for both states should be the same and 
as the number of excited states is limited by 


1 J. H. Van Vleck, J. Phys. Chem., Jan. (1937). 
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Pauli’s principle one can calculate the splitting 
patterns for these various states. In the sulphate 
the agreement with excited states was not good 
even though it was excellent for the lowest state. 
There were always too many lines in the multi- 
plet, and usually the intervals and over-all 
separations were wrong. In a few cases, e.g., in 
the 14,600 multiplet the splitting pattern of five 
of the six lines could be considered in very fair 
agreement with some of the possible states 
(?K1sy2 or *Zis/2 or 17/2) but the sixth line which 
had to be neglected was one of the most intense 
in the group and differed in no way from the 
others. Also, the matrix coefficients g were very 
different from that required. 

The second possibility is that the transition 
would be of the type 4f*—4/?5x. This supposition 
is attractive for the second type of multiplet as 
one would expect the vibrational frequencies to 
couple with the electron frequency more readily 
if one of the electrons were outside the completed 
5s 5p shells. This idea is further borne out by 


HOWARD 


the fact that so far we have not found any 
vibrational states associated with the lower 
states and that these associated lines are most 
pronounced in Pr where only two electrons give 
rise to the multiplets. On the other hand this 
supposition as pointed out by Van Vleck" is 
open to serious objections such as wrong order 
of intensity of lines, etc. 

We shall discuss the problem of the excited 
states in much more detail in a later paper as we 
feel that the problem requires more experimental 
data before it can be discussed profitably. We 
have photographed a number of salts in which 
the potential fields are slightly different and by 
studying how the excited levels vary from salt to 
salt we hope to be able to learn a good deal more 
about the nature of these states. 

We wish to thank Dr. H. N. McCoy for his 
generous gift of the Nd salt used in these in- 
vestigations and Professor Gibbs of the physics 
department for extending to us the facilities 
of his department. 
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An investigation is made of the vibrations, frequencies 
and selection rules of C2H¢, which is assumed to have an 
internal rotational degree of freedom subject to a restricting 
potential of an arbitrary magnitude. Making use of the 
fact that the total potential energy of such a molecule is 
invariant under a reflection in a plane perpendicular to the 
threefold symmetry axis, a set of vibrational selection 
rules is obtained which is more complete than that of 
Teller and Topley who made use only of the invariance of 
the potential energy under operations of the point group 
D;. The vibrational selection rules are found to be essen- 


N the present paper a theoretical study is made 
of the vibration spectrum of C2Hg in which 
there is assumed to be a potential of an arbitrary 


* A preliminary report of this study was given at the 
Washington meeting of the American Physical Society, 
April, 1936 (see Phys. Rev. 49, 881 (1936)) and in a Letter 
to the Editor, Phys. Rev. 51, 53 (1937). 

** Society of Fellows, Harvard University. 


tially the same for all degrees of restriction of the internal 
rotation except for the rules governing the appearance of 
the degenerate frequencies in the Raman spectrum, so 
that even in the limit of free rotation only one type of 
degenerate vibrational frequency is active in the infrared 
spectrum. A normal coordinate treatment based on a 
three-constant potential function of the valence force type 
is found to give a set of frequencies in good agreement on 
the whole with the observed frequencies. The fundamental 
region of the vibrational spectrum seems to afford no 
conclusive evidence for or against free internal rotation. 


magnitude restricting the internal rotation. Previ- 
ous to this, Sutherland and Dennison! have cal- 
culated the frequencies of the nondegenerate 
vibrations upon the assumption that forces 
between distant H atoms can be neglected, and 


1 Sutherland and Dennison, Proc. Roy. Soc. A148, 250 
(1935). 
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Fic. 1. (a) Diagram of x, y, 2 axes showing Eulerian 
angles. (b) Diagram of x, y plane showing relations of x’, 
y’ and x”, y” axes. x=(x’+ x”) /2 and y=(x’—x”’)/2. 


Teller and Topley” have assigned frequencies to 
the normal vibrations in the light of interpreta- 
tions of the spectra of related molecules and the 
specific heat of C,H... In the paper following, 
which we shall refer to henceforth as II, the 
rotational structure of the vibration bands is 
examined and an estimate is made of a lower 
limit to the potential restricting internal rotation. 


COORDINATE SYSTEM 


It will first be necessary to specify the rota- 
tional and vibrational coordinate systems to be 
used in the present and the following paper. 
Figs. 1a and 1b illustrate the rotational coor- 
dinates. Single and double primes are used 
throughout to distinguish coordinates referring 
to the two CH; groups. Two rotating systems 
of axes x’, y’, 2’ and x”, y’”’, 2’”’ are chosen with 
acommon origin at the center of gravity of the 
whole molecule, each system defining the equi- 
librium position of a CH; group. Both sets of 
axes are right-handed systems and the equilib- 
rium configurations of the CH; groups, even to 
the order of the numbering of the H atoms, are 
identically situated with regard to their own 
sets of axes. The 2’ and 2” axes are collinear but 
point in opposite directions along the symmetry 
axis of the molecule. The position of the 2’ axis is 
given by the polar angle 6 and the equatorial 
angle y; the orientation of the x’, y’ and x”, y”’ 
axes is given by the azimuthal angles x’ and x’, 
respectively, both being measured in the same 
direction from the same base line in the plane 
perpendicular to the 2’ axis. Thus, when y=0 


* Teller and Topley, J. Chem. Soc. 885 (1935). 








Fic. 2. Projection of H’ (H’’) plane onto x’, y’ (x’’, y’’) 
plane showing vibrational coordinates. 


(see below), the x’ and x” axes are parallel and 
the y’ and y” axes are antiparallel. Two other 
coordinates are defined: y=(x’—x’’)/2, the in- 
ternal angle; and x=(x’+x’’)/2, which is used 
to help define a third system of axes x, y, 2 
which is coincident with the x’, y’, 2’ system 
when y=0. The positive x axis always bisects 
the angle between the x’ and x” axes and the 
z axis is always coincident with the 2’ axis. 
(See Fig. 1.) 

The displacements of the ith atom relative to 
the x’, y’, 2’ (x’’, y’’, 2’) axes are measured along 
the Cartesian axes ;, 7/3, (5 (#7, 9%, £7) 
which have their origin at the equilibrium posi- 
tions of the ith atom and which are oriented 
parallel to the x’, y’, 2’ (x, y’”’, 2’) axes. The 
position chosen for the equilibrium configuration 
of a CH; group is suggested by Fig. 2. 


Point GROUP 


Regardless of the magnitude of the forces 
restricting internal rotation, it is evident that 
for an arbitrary value of the internal angle, the 
potential energy of a displacement of C2H, from 
its equilibrium configuration will be unchanged 
by a reflection of the molecule in a plane per- 
pendicular to the threefold symmetry axis. The 
transformation, in terms of the internal angle 
and the displacement coordinates, corresponding 
to this operation is 
(t", 


1’>1”, 


no — 7", (90, 
2'<3", 3'g0 2?” (1) 
(see Figs. 1 and 2; under the reflection the in- 


ternal angle behaves as a vector directed along 
the threefold axis). The abstract group under 


= 
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which the potential energy of C2H¢, with any 
sort of restriction on the internal motion, is 
invariant is thus D3,, i.e., the direct product 
group formed from D; and the group of order 
two consisting of the identity operation and the 
reflection in a plane perpendicular to the three- 
fold axis. Only when y=0, however, does the 
above transformation (1) reduce to the trans- 
formation which describes a reflection of the 
displacement coordinates alone and which is a 
point group transformation for a rigid C2H¢ 
molecule having a plane of symmetry perpen- 
dicular to the threefold axis. Because of this 
distinction in the transformations which describe 
the reflection we shall designate as D’;, the 
point group of CH, with an arbitrary value of 
the internal angle* to distinguish the present 
more general case from that of a rigid sym- 
metrical C,H, molecule with point group D3,. 
The derivation given by Teller and Topley? of 
the selection rules for C2.H, with free internal 
rotation makes use of the invariance of the 
potential energy under only the operations 
of the point group D;. The point group Ds, 
whereas it describes the symmetry of the 
molecule in the ordinary sense, i.e., gives the 
complete set of independent physical operations 
which transform the equilibriunt configuration of 
the molecule into a physically indistinguishable 
configuration, does not take full cognizance of 
the operations under which the potential energy 
is invariant, i.e., the operations which transform 
a displaced configuration of the molecule into a 
physically equivalent configuration. In other 
words, the point group D3, although it describes 
the symmetry of the molecule, does not fully 
describe the symmetry of the normal modes of 
vibration. 

By virtue of the transformation (1) the dis- 
placement coordinates form the basis for a 
representation of the group D’;,. By standard 


3 We may equally well have made use of the invariance 
of the potential of C.H¢, with an arbitrary restriction on 
internal rotation, under a reflection in the center of gravity 
of the molecule. We would then have built up a point 
group D’34 whose operations are described by transforma- 
tions which reduce to those of Dsz when y=7/2. The 
transformation (1) does not reduce to the operation of 
inversion of D3z when y=7/2 and the molecule has a 
center of symmetry because the former transformation 
involves a reorientation of the x, y axes with respect to the 
molecule. 
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methods‘ for reducing the representation we 
find that the fully reduced representation is® 


T=3A,+4A2+A:+342+4E+4E. 


SYMMETRY COORDINATES 


Our next step is to find a set of coordinates 
having the symmetry properties revealed in the 
last section. The normal coordinates are defined 
by the transformation 


B= 20 nQe, Wi= Lm'aQe, P= Linde (2) 


with similar expressions in 1’’;,, m”’ sx, n’’ sx for 
ad 
iy 1 y 7 
We shall find it convenient in obtaining the normal 
coordinates to make use of two other special systems of 
coordinates. Let one set of coordinates Z’m (Z’'m), referring 
to a single CH; group, be given by the transformation 


B= dimZ'm, 'i=LebimZ'm, F's =LovimZ'm. (3) 


The transformation from £;, 7/’;, ¢'; to Z’"m is given by 
an identical set of coefficients Xim, Mim, Vim. The summation 
over m extends from 1 to 3N/2 where N/2 is the number 
of atoms in the CHs group. Furthermore, it shall be 
required that the coordinates Z’, are normalized to } and 
are orthogonal, that they form the basis for a fully reduced 
representation of the point group C3, of the CH; group and 
that six of them are given by 


(Z'sa)Z' = No Do /mit's; 
(2' 35) Z'y= Nr Qo min’; 
(2'1)2's= No Lo / mit’; (4) 
(Z2'0)Z'we= Ned v/mil — tin’: +bit's); 
(—Z'ca)Z' m= Ne dV mi(—aik's+ ets) 
(2's)Z' ur = Nr mi(—bit's+a:7':). 
The alternative notation for Z’, given in parentheses may 
be ignored for the moment. Nr and Np are normalization 
factors; m; is the mass of the ith atom; ai, bi, c; give the 
equilibrium values of x’;, y’:, 2’; for the 7th atom; é; is the 
z’ coordinate of the equilibrium position of the 7th atom 
as measured from the center of gravity of the singly- 
primed CH; group but with the positive direction of the 
z’ axis unchanged, 

If we let D denote the representation of the point group 
Cs» formed by the ¢’:, 7’:, ¢’; coordinates, then we may 
denote the reduction of D effected by the transformation 
to the Z’, coordinates as the direct sum D =3a:+a2+4e5 
We shall designate the three coordinates belonging to the 


4E. Wigner, Gott. Nach. 133 (1930). 

5 The notation used is based on that of Mulliken, Phys. 
Rev. 43, 279 (1933). We have used bars where he uses 
primes (e.g., Ai, instead of A’’:) for his representations of 
the group D5,. 

6 Jn the notation of Mulliken (reference 5) the a1, 2, ¢ 
representations are Ai, Az, E, respectively. 





NORMAL VIBRATIONS OF C:zHe 


irreducible representation a, by m=1, 2, 3, the coordinate 
belonging to a2 by m=4, and the pairs of coordinates 
belonging to the degenerate representation e by m=5, 6, 7, 
8. Among the last type of coordinates we shall distinguish 
by the additional subscripts a and b the members of a pair 
of coordinates belonging to the two-dimensional e repre- 
sentation, and shall require that all the coordinates Z’ma 
have identical transformation properties under operations 
of the group and that all Z’,,., have identical transformation 
properties. Choosing Z’¢ and Z’, as Z's. and Z's», respec- 
tively, we thereby determine that Z'ma and Z'm» shall be, 
respectively, symmetric and antisymmetric with respect 
to reflection through the x’, 2’ plane (see Fig. 2). Denoting 
Z'ut by Z's we see that Z’y_ corresponds to —Z'¢q in 
order that Z'’sa be related to Z's as Z'sq is to Z's. It is 
readily verified that Z’=Z’; belongs to a; and Z’ug=Z", 
is the coordinate belonging to de. 

The second set of coordinates is given by the following 
linear combinations of the Z’», and Z’’» coordinates: 


Sn=Z'n+Z'"m, m=1, 2. 3,4, 
Sn=Z'm—Z''m, m=1, 2, 3,4, 
Sma =(Z'ma+Z"ma) COS ¥—(Z'mb+Z mb) sin Y, 
m=5, 6, 7, 8, 
Sp =(Z'ma— Z"'ma) Sin ¥+(Z'mb—Z"'mb) COS Y, 
Sna=(Z'ma+Z"ma) Sin y+(Z'mb+Z"'mb) COS , 
Sng=—(Z'ma—Z""na) COS ¥+(Z'mb—Z"'mb) Sin, 
Ssa=(1+d?)4{[(Z'cat+Z"6a) sin y+(Z'o+Zes) cos y] 
+d[(Z' sa+Z"'sa) sin y+(Z’H+Z"») cos y]}, 
Ssg= (1+?) 4{[—(Z'sa—Z""sa) cos y+(Z'eo— Zep) sin y] 
+d[—(2'sa—Z""ta) cos y+(Z'»— Z's) sin y ]}, 


(Sa) 
(Sb) 


(Sc) 


m=7, 8, 


(5d) 
Sca= (1+?) {d[(Z'sa+Z"sa) sin y+(Z'e+Z""e) cos y] 
—[(2Z'sa+Z" ta) sin y+(Z's»+Z"'s») cos y]}, 
Sog= (1+?) {dl —(Z'sa—Z""sa) COS Y+(Z' eo — Z's) sin y] 
—[—(2'sa—Z"sa) cos y+ (Z's — Z's) sin y]]}, 


where d= Npco/Nr and co is the distance between the 
centers of gravity of the CH; group and the molecule as a 
whole in the equilibrium configuration. The subscripts 
a, 8 differentiate the members of a pair of coordinates 
belonging to a two-dimensional representation. 


It may readily be verified that the S coor- 
dinates have the transformation properties 
required by the considerations of the preceding 
section.? The coordinates with m=1, 2, 3, 4 


"In performing the symmetry operations it is convenient 
to note that the transformation (1) has the following effect : 

min for nondegenerate coordinates; Z'ma<—>Z"'ma, 
Z' n> —Z"' my for degenerate coordinates ; y—>—. It may 
be objected that inasmuch as the coefficients of the trans- 
formation from the displacement coordinates £';, 9':, etc., 
to the S coordinates are not all constant under the opera- 
tions of the group D’3,, the standard methods of reducing 
the representation formed by the displacement coordinates 
do not apply. By setting y =0, however, in the expressions 
(S) for the S coordinates, we have a set of coordinates 
which are obtained from the original displacement coor- 
dinates by a transformation with constant coefficients and 
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belong to the A, and A? irreducible representa- 
tions of D’;,, those with m=1, 2, 3, 4 to A; and 
Az, those with m=5, 6, 7, 8 to E and those with 
m=5,6, 7, 8 to E. The physical nature of these 
coordinates is suggested by the diagrams of Fig. 
2 in the paper of Stitt and Yost.® 

The number of S coordinates is 3N whereas 
the number of degrees of vibrational freedom is 
3N—7. In II it is shown that by setting identi- 
cally equal to zero certain linear combinations of 
the displacement coordinates, &’;, ’;, etc., which 
correspond to incipient translations, over-all 
rotations and internal rotation of the molecule, 
the vibrational and rotational kinetic energies 
can be separated to a first approximation.® Com- 
paring the expressions in question (Eqs. (21) of 
II) with the S coordinates, we note the following 
identities : 


8:=(Q;, Ss=Qmy, Si=Qmz, Sse=Q;, 
Sss=Q,, Ssa=Qmz, Sss=Qmy 


where the Q’s are the Wigner‘ normal coordinates 
of over-all rotation, translation and internal 
rotation, relative to the x, y, z axes. By making 
these seven S coordinates identically zero we 
completely define our system of displacement 
coordinates. We shall call the remaining seven- 
teen coordinates symmetry coordinates." They 
form the following representation of D’3,: 
Tl =3A,+2A2+3E+3E. The normal coordinate 
of internal rotation Qy, belongs to the repre- 
sentation Aj. 


NORMAL COORDINATES 


The seventeen normal coordinates defined by 
the transformation (2) have the same trans- 
formation properties as the symmetry coor- 
dinates and the normal coordinates belonging to 


which fully reduce the representation. The further trans- 
formation involving y does not change the number of 
7 ee belonging to each irreducible representation 
1e) "she 

8 F. Stitt and D. M. Yost, J. Chem. Phys. 5, 90 (1937). 
We are indebted to Dr. Stitt for allowing us to see the 
manuscript of his paper before publication. He has pointed 
out to us two errors in his diagrams. In 6(c) of X Y3 an 
arrow has been omitted and in va(c) of X2Ys5 an arrow 
points in the wrong direction. 

9 See reference 4; also C. Eckart, Phys. Rev. 47, 552 
(936) and Wilson and Howard, J. Chem. Phys. 4, 260 

10 Howard and Wilson, J. Chem. Phys. 2, 630 (1934). 
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a certain irreducible representation will be 
formed out of orthogonal linear combinations of 
the symmetry coordinates of that representation. 
If the transformation from the symmetry coor- 
dinates to the normal coordinates does not 
involve y the dependence of both sets of coor- 
dinates on y will consequently be of the same 
nature. The transformation in question depends 
on y only if the coefficients in the potential 
energy expressed in terms of the symmetry 
coordinates are functions of y. We shall show in 
the following section that in the case of free 
internal rotation these coefficients are independ- 
ent of y. Consequently, we may, by virtue of 
Eqs. (5), write the coefficients of the transforma- 
tion (2) to the normal coordinates for the case 
of free internal rotation in the following way, 
allowing s’;, to denote 2’ ;,, m’;, or nm’ jx and s”’ ix 
to denote 1” ;,, m’’ 5, or n”” sx, 


k=1, 2, 3, (6a) 
k=4,5, (6b) 


, “ an 
Sik=Sizs So ig=Six, 


— os 
Sun=Siy Ss uK= —Siky 
S’ tka =Sika COS Y—Sixp SIN Y, 

, oa! . 

S ixp=Sika SIN Y+ Sixp COS Y, 

as ; k=6,7,8, (6c) 
S ika=Sika COS Y—Sixp SIN Y, 

a” ° 
S skp = —Sika SIN Y —Sixn COS Y, 

, . 

§ ika = Sing SIN y+ 8:5 COS Y, 


2 x= — 8iza COS Y+ S42 SiN Y) 


k=9, 10,11, (6d) 


8” ska = Sika SiN Y+ Sinn COS Y, 
§ ' kB = Sita COS Y— Sins SIN Y. 


The unprimed coefficients 5;4, Siza, Sixp are Con- 
stants and show the relation between the singly 
and doubly primed coefficients. The numbering 
used above has been discarded but the distinction 
between the coordinates of the two types E and 
E is still made by using k and k to denote coor- 
dinates of different types. The above coefficients 
will be used in JJ in evaluating the kinetic energy. 


POTENTIAL ENERGY 


In terms of the symmetry coordinates, Eqs. 
(5), the most general quadratic potential func- 
tion may be expressed as V=}3))Cmn(¥)SmSn 
+4(y7). The force constants Cn are functions 
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of y, and @ is the potential energy governing the 
internal rotation of the equilibrium framework. 
The only assumptions underlying this expression 
are that the equilibrium positions of the atoms 
do not change as y changes and that for all 
values of y the vibrations are of infinitesimal 
amplitude. Since the potential energy is invariant 
under the operations of the point group D,, 
which do not involve y, there will be no cross 
terms between S,’s of the A; and A, types or 
between either of these and the degenerate type. 
The question arises as to whether there are cross 
terms between the E and E coordinates. An in- 
vestigation of the degenerate coordinates, Eqs. 
(5c, d), reveals that when one or more are 
excited, an internal rotation by +27/6 produces 
a vibration configuration physically equivalent 
to the initial configuration. Consequently, Cnn(y) 
must be such that if we expand it in a Fourier 
series about the position y=0 


Cun=AnntA'mn cos 6y 
+A”mncos12y+--- (7a) 
or Cnn=B' mn sin 6¥+B"'m, sin 12y+++-. (7b) 


Since under the reflection (1), Sn—+5Sm or —Sm 
according as S» belongs to the E or E type, 
whereas the potential energy must be invariant, 
it is clear that between degenerate coordinates 
of the same type Cnn has the form (7a) and 
between degenerate coordinates of different 
types Cnn has the form (7b). The coefficients 
Cmn of the nondegenerate coordinates will have 
the form (7a). 


Case of free internal rotation" 


If there is no interaction between H atoms of 
different groups and consequently no cross 


1! We shall speak of a molecule as having free internal 
rotation if the molecule in its equilibrium configuration 
undergoes internal rotation without a change in potential 
energy. If a change in potential energy is involved the 
molecule will be said to have restricted internal rotation ; 
if the potential is of such magnitude that the internal 
motion is for practical purposes entirely a torsional vibra- 
tion, the internal rotation will be said to be completely 
restricted. This conception of free internal rotation, which 
seems to be the common one and implies the absence of 
direct forces between H atoms in different CH; groups, 
does not necessarily imply that the classical vibration fre- 
quencies are independent of the internal angle. Although 
the latter is found to be true in the case of C2He with free 
internal rotation, molecules in which the rotating parts are 
not symmetrical tops will have vibrations whose reduced 
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terms between the displacement of such atoms in 
the potential function, it can be shown by direct 
substitution of the expressions (5) for the S coor- 
dinates in the potential energy that the coef- 
ficients of the symmetry coordinates in the 
resulting expression do not involve the internal 
angle y. Although the interaction energy of a 
C atom of one group with the atoms of the other 
group depends upon the projection of the dis- 
placements of the former onto the coordinate 
system of the latter and thus depends upon y, 
this explicit appearance of y is removed when 
the symmetry coordinates are introduced. 

The normal coordinates for free internal rota- 
tion will thus have the same dependence on y as 
do the symmetry coordinates, Eqs. (5). The 
normal vibrations for any value of the internal 
angle will be the same as for a molecule restricted 
to an internal torsion-vibration about that value 
of the angle.'? In the nondegenerate vibrations 
the motion of the atoms of a CH; group with 
reference to the rotating axis system (x’, y’, 2’ 
or x’, y’’, 2’) of that group does not change as 
the molecule undergoes internal rotation. With 
the degenerate vibrations, however, it is other- 
wise. In these the two C atoms, which move in 
parallel or antiparallel directions, continue to 
move in the same direction relative to the x, y 
axes (see Fig. 1b), despite the relative motion of 
the two CH; groups.'* Furthermore, if we hold a 
degenerate normal coordinate at a fixed non-zero 


masses contain the internal angles (L. S. Kassel, J. Chem. 
Phys. 3, 326 (1935)). Even though in this case there is, 
dynamically speaking, never actually free internal rota- 
tion, even in the ground vibrational state, it seems to us 
that it will avoid confusion if we retain the initial meaning 
of the term free internal rotation. 

. '* The normal mode Qy, is the sole representative of the 
A, representation and hence cannot mix with any of the 
other normal modes. 

% The motion of the two C atoms in the same direction 
makes the frequency of vibration independent of the 
internal angle. The symmetry coordinates Sea, Seg, Sea, 

«8, Eq. (5), necessarily entail this sort of motion since 
otherwise the vibration would give rise to an over-all 
translation or rotation. In the remaining symmetry coor- 
dinates of the degenerate type, translation and rotation 
are conserved by the CHs groups separately. Nevertheless, 
only when Sea, Seg, Sea, Seg are correct normal coordinates 
and when we can neglect the difference in energy between 
motions of the C atoms in parallel and antiparallel direc- 
ions, in which case corresponding E and E vibrations 

ome accidentally degenerate, is it permissible for the C 
atoms to move in independent directions in a normal 
vibration. The proper vibrations for the lifting of the four- 
fold E, E degeneracy are those in which the C atoms move 
i parallel and antiparallel directions. Only the former of 
these motions involves a resultant electric moment. 
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value and vary the internal angle, the displaced 
H atoms in the groups will pulsate with the 
frequency of internal rotation, preserving at 
each moment translational and rotational mo- 
menta of the molecule as a whole. A characteristic 
difference between the E and E£ vibrations is that 
in the former the C atoms move in parallel direc- 
tions, in the latter they move in antiparallel 
directions. 


Case of restricted internal rotation 


When interaction terms between H atoms of 
different CH; groups are introduced the poten- 
tial energy coefficients of symmetry coordinates 
belonging to the same irreducible representation 
of D’;, become of the form (7a). Let us imagine 
that we have chosen a set of coordinates Q°;, such 
that 2V°= YA mnSmSn= >rx(Q;)?. If the poten- 
tial restricting internal rotation is small we may 
treat V’=(1/2) cos 6yD A mnSmSn= (1/2) cos 6y 
>’ 410°.0", as a perturbation. The most im- 
portant terms in the perturbation will be the 
squared terms, since the fundamental fre- 
quencies of vibrations of the same symmetry are 
widely separated. The restricting potential (7) 
may be represented by B cos 67. Consequently, 
choosing an arbitrary vibrational state specified 
by the vibrational quantum numbers n,;, we 
may express the perturbation as one in vy alone, 
namely, as 


V=cos 6y{ (1/2) Er’ cxL (Ox)? Inenc +B} 
= B’ cos 6y, (8) 


in which [(Q%,)? ]neng is the average value of 
(Q°,)? in the vibrational state n,. The problem 
of calculating the energy levels of the internal 
motion for a given vibrational state is thus 
reduced to the same problem as that for the case 
of rigid CH; groups." A calculation in which it 
is assumed that the forces between H atoms in 
different groups are repulsive and can be repre- 
sented by a fraction!’ of a Morse potential 
function shows that the value of >’ xx (Q°x)? Jnene 
with all 7;’s equal to zero is less than 10 percent 
of the value of B. The percentage is independent 
of the fraction of the Morse curve chosen. The 


14 See Nielsen, Phys. Rev. 40, 445 (1932). 

15 This is the assumption made by Eyring, J. Am. Chem. 
Soc. 54, 3191 (1932), and by Van Vleck and Cross, J. Chem. 
Phys. 1, 357 (1933). 
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TABLE I. Table of characters for the irreducible represen- 
tations of the abstract group D's, and the distribution of the 
components of electric moment and polarizability and of the 
normal vibrations among the irreducible representations. 








3C2| oh | 2S3| 3oy|  I.R. R 


1 1 1 1 

1j-1 1 1}/-1 

1 1j—-1}/—1|/—1 

1}/—1/-—1]/-1 1 vavs 
0 
0 





1 O22, @ zg tatyy 


—1 2|/-—1| O (azz +ayy,ary)*| vevivs 
—1 —2 1 0 Azz, Ayz 





veviovil 
































* Consult the text. 


energy levels of the internal motion are discussed 
further in IT. 

There is also a perturbation potential of the 
form 


V’ = (1/2) sin 67D B'mnSmSn 
= (1/2) sin 6yD\x10°.Q" (9) 


between E and E coordinates which is important 
only when the £& and E vibrations are almost 
degenerate. 


SELECTION RULES 


In deriving the selection rules we shall assume 
that the electric moment and the polarizability 
of each CH; group depend only on the coor- 
dinates of that group and that the electric 
moment and the polarizability of the molecule 
are the sums of the moments and polarizabilities 
of the two groups. It is convenient to focus one’s 
attention on the x, y, z system of axes since it is 
found that the components of electric moment 
relative to these axes involve only the normal 
coordinates and not the internal angle, and that 
the same is true with two exceptions in the case 
of the components of the polarizability tensor. 

Table I shows the essential facts regarding the 
vibrational transitions in the infrared and 
Raman spectra for the case of free internal 
rotation. The column under I.R. contains the 
allocation of yz, uy, uz the components of electric 
moment, to the irreducible representations of 
D’3,. Thus A? vibrations will give rise to parallel 
type bands and E vibrations to perpendicular 
type bands in the infrared.’ In the column R is 


16 Teller and Topley (reference 2) on the basis of the 
selection rules for a molecule with point group D3, which 
does not sufficiently describe the symmetry of the normal 
vibrations, concluded that all degenerate frequencies were 
active in the infrared. 
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the corresponding distribution of the components 
of the polarizability tensor relative to the x, y, z 
axes among the representations, indicating that 
the A,, E and E vibrations are Raman active. 
An unusual feature is presented by the com- 
ponents of the polarizability which fall into the 
E representation. The situation may be repre- 
sented as follows if we expand polarizability 
components in terms of the normal coordinates 
and retain only the linear terms: 


—A2.+ayy=Ccos 3y>D7.Oratsin 3yL7iQia, 
2a2y=Cos 3y>07.QOrg+sin 3y D7. Qis. 


In the last column of Table I the distribution 
of the normal vibrations among the representa- 
tions is given in terms of the frequencies. 

When a potential restricting internal rotation 
is introduced the vibrational selection rules 
remain unaltered except for the Raman activity 
of the E vibrations in the limit of complete 
restriction. This exception arises through the 
appearance of y in the polarizability components 
of Eq. (10). If, in the limit of complete restriction 
of the internal rotation, y=0, 2/3 or 27/3 and 
the molecule has a plane of symmetry perpen- 
dicular to the C—C axis, the E vibrations are 
active ; they alone contribute to the components 
(10). If, on the other hand, y=7/6, 2/2 or 52/6 
and the molecule has a center of symmetry, the 
E vibrations are inactive in the Raman spectrum 
since only the E vibrations contribute to the 
polarizability. The selection rules for the internal 
motion are discussed in the subsequent paper. 
Since the frequencies of the degenerate vibrations 
do not actually appear in the Raman spectrum, 
probably because of too low intensity, the Raman 
vibrational spectrum offers no clue as to whether 
there is small or large restriction of internal 
rotation. 

The statement that the vibrational selection 
rules remain unaltered with the exception just 
discussed requires amplification inasmuch as the 
perturbation (9), which appears only when there 
are forces restricting the internal rotation, would 
seem to couple E and E vibrations. The coupling, 
however, involves the eigenfunctions for the 
internal rotation and transitions to E vibrations 
from the ground vibrational state may occur only 
when accompanied by changes in the quantum 
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number of the internal rotation. Further dis- 
cussion of this point is postponed until II. It is 
concluded there that the infrared vibrational 
spectrum also offers no conclusive evidence re- 
garding internal rotation. 


FUNDAMENTAL FREQUENCIES 


There is a twofold purpose in attempting to 
apply a normal coordinate treatment with a 
simple potential function to such a complex 
molecule as CsH¢. One of these is to determine an 
approximate set of normal coordinates with 
which the vibrational angular momenta may be 
estimated ; these quantities have an important 
use in II. The other purpose is to compute a set 
of vibration frequencies which may serve as a 
guide in the interpretation of regions of the vibra- 
tional spectrum where assignments of fre- 
quencies are uncertain. 

To calculate the vibrational frequencies we 
have chosen the following valence-force-type 
potential function, which is equally well suited 
to free and restricted internal rotation, 


2V=Kiy (Ar; +Ar',) 


+ Kor'o{ Disj(Aa” i+ Aa”; 


+3 :(AB";+48'";)}+KsAR*% (11) 
The single and double primes refer to different 
CH; groups and i, j refer to the three H atoms of 
a group. K,, Ke, K; are force constants; Ar’; is 
the change in the C’—H’; bond distance, Aa’ ;; 
is the change in H’;—C’—H’; bond angle, AR 
is the change in the C’—C” bond distance, Ap’; 
is the change in the H’;—C’—C” bond angle; 
r is the equilibrium value of the C’—H’ bond 
distance. It is to be noted that the force constants 
for the distortion of all bond angles are assumed 
to be the same, an assumption which can, per- 
haps, be justified only by the agreement with 
observed frequencies to which it leads. It is also 
assumed that the tetrahedral angles are pre- 
served in CHs. 

Following are the equations giving the fre- 
quencies of vibration in terms of the force con- 
stants of (11). The equation for the three A; 
frequencies y1, v2, v3 is 


w®—w*(K,D+ K’,E+ K’s) 
+ w(K, K'2F+ KiK'3+ K’'2K’s) 
— K,K’,K’;=0, 
where w=47’mv?, D=(3m7?/M)+1, 
E=(3mp?/M)+1, F=(3m/M)+1, 
K';=(2m/M)Ks3, K’:=(Z+1)Ke, 
Z=127?/(4—3y?); 


m and M are the masses of the H and C atoms, 
respectively ; 4=sin 6° and r=cos 6° where P° is 
the equilibrium value of the bond angle 
H’—C’—C”. The equation for the A» frequen- 
cies v4, vy; may be obtained from Eq. (12) by 
letting K’;=0. The E frequencies v¢, v7, vg are 
the roots of the equation 


w§ —w* {KL /2+K"20/2+K[2(F+1) 
+Gr?]/2L}+o{K,K"2N+K,K2(F+1)/2 
+K"",Ko[4F+G(1+7") ]/2L} 
—K,K",K,F=0, 
Q=[(3mp?/M) —2]u?+4, 
N=L—p?, K",=3Ke/(4—3y?) 


(13) 
where L=E+1, 
G=(3mp/M)’, 


and the other quantities are given above. The 
equation for the E frequencies 79, v1, v11 is too 
complicated to be reproduced here. 

Table II gives the results of the calculation. 
The *‘calculated”’ frequencies enclosed in paren- 


TABLE II. Observed and calculated frequencies in cm and 
force constants in dynes/cm for C,H». The observed fre- 
quencies were obtained from the following sources: Infrared 
(gas), Raman (gas),!* Raman (gas),° Raman (lig.).” 








CALc. Oss. CALc. 


is70 bR v6 840 LR. 





oF 1480 
ie 3020) (R-) 
vg 1005 
(1380) | oe 1515}R 
(2900) {ER | a 3025 


1380 
2926+} 1-R- 








Ki =4.79 X10, Kz =0.46 X 105, K3 =5.62 X 105 








* y3 = 2927 cm~ is the mean of the two Raman frequencies 2899 cm=~! 
and 2955 cm™=. 

T vs =2926 cm~! is the mean of the two infrared frequencies 2896 cm=! 
and 2955 cm-! 


17 Levin and Meyer, J. Opt. Soc. Am. 16, 137 (1928). 
18 Lewis and Houston, Phys. Rev. 44, 903 (1933). 

19 Bhagavantam, Ind. J. Phys. 6, 595 (1932). 

2 Daure, Ann. de physique 12, 375 (1929). 
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theses were used to evaluate K,, Ko, K3. The 
other frequencies calculated with the values of 
the force constants so obtained agree surprisingly 
well with the remaining eight observed fre- 
quencies except for v2, the calculated value of 
which is 8 percent higher than the shift of 1460 
cm~! observed in the Raman spectrum” of 
liquid C2H.. We assign this strong Raman line 
tentatively to v2 following Sutherland and Den- 
nison.! The pair of Raman frequencies 2899 and 
2955 cm! probably arises from resonance 
between v3 and 2»; in close analogy to the 
resonance proposed by Barker and Adel*! for 
the methyl halides. The overtone corresponding 
to 271 likewise has an A; component which could 
resonate with v3; but, lacking other evidence, we 
shall have to assume there is sufficient difference 
between the values of 2»; and 2y19 to explain the 
appearance of two rather than three Raman 
lines. Similarly the pair of infrared frequencies 
2896 and 2955 cm! probably arises from reso- 
nance between vy; and v7+ 49. The v7 and vy and 
also the vg and », vibrations are very similar 
except for a phase difference of z in the vibra- 
tions of one CH; group, and the vibration cor- 
responding to v7-+ v1 has an Az component which 
may resonate with v;. The correctness of the 
first interpretation could be tested by polariza- 
tion measurements on the pair of Raman lines 
in question. It is possible that the weak Raman 
line of frequency 975 cm-! found by Bhaga- 
vantam” corresponds to v9. Kemp and Pitzer?? 
have found that the heat capacity of C2Hg in 
the range 140 to 400°K is well reproduced with 
statistical-mechanical calculations based upon a 
restricting potential of about 3150 cal. and a 
value of 1160 cm! for vg. 
~ 4 Adel and Barker, J. Chem. Phys. 2, 627 (1934). 

22 We wish to thank Doctors Kemp and Pitzer for per- 


mitting us to see a copy of their paper on the entropy of 
C:H¢ before publication. 


In the infrared rotation-vibration spectrum 
obtained by Levin and Meyer" there is scarcely 
more evidence for two perpendicular type bands 
in the v; (1480) region, differing by about 30 
cm~', than in the very similar band of CH;F. 
The same may be said of the band corresponding 
to vg= 3000 cm. Yet Bartholomé and Sachsse,”* 
using less resolving power, which revealed only 
the band envelopes, found distinct evidence of 
two bands of approximately equal intensity at 
1465 and 1495 cm~'. We have seen that through 
the perturbation (9) there may be a coupling of 
E and E vibrations whereby the latter may 
become active in the infrared, but the selection 
rules governing the appearance of the E vibra- 
tions involve a change in the quantum number 
of the internal rotation (or torsion oscillation). 
A further discussion of this point is deferred to 
IT where it is concluded that the second band 
found by Bartholomé and Sachsse cannot be 
satisfactorily explained as a fundamental EF 
frequency. 


CONCLUSION 


The fundamental region of the vibrational 
Raman and infrared spectra of C2H¢ is satis- 
factorily accounted for with the selection rules of 
the point group D’;, and the frequencies cal- 
culated with a three-constant valence-force type 
of potential function, without knowledge of the 
magnitude of the restriction of the internal rota- 
tion, except for a doubtful point introduced by 
the two infrared bands found by Bartholomé and 
Sachsse in the 1480 cm~! region. This point is 
discussed in the subsequent paper along with 
additional evidence bearing on the magnitude of 
the potential between CH; groups. 


23 Bartholomé and Sachsse, Zeits. f. physik. Chemie B30, 
40 (1935). 





Ift 
struct 
woulc 
metri 
for th 
sary t 
2000 
of Cz 
tial o 
vibra 
a dyn 
vibra 
toa 
appre 
is H 
+ (P 
angle 
are d 


JUNE, 1937 


JOURNAL OF CHEMICAL PHYSICS 


VOLUME 5 


The Rotation-Vibration Spectrum of C,H; and the Question of Free Internal Rotation 


J. B. Howarp* 
Mallinckrodt Chemical Laboratory, Harvard University, Cambridge, Massachusetts 


(Received December 18, 1936) 


If there were free internal rotation in C,H,g the rotational 
structure of certain perpendicular type infrared bands 
would be very different from that for the customary sym- 
metrical top molecule without internal rotation. To account 
for the fact that this difference is not observed it is neces- 
sary to assume that there is a potential difference of at least 
2000 cal. (700 cm~) between the two symmetrical forms 
of C,H, differing by an internal rotation of 27/6. A poten- 
tial of this magnitude corresponds to an internal torsion 
vibration of 230 cm~. The above conclusion is based upon 
a dynamical treatment of C2H¢ in which it is assumed that 
vibration, over-all rotation, and internal rotation subject 
to a restricting potential may occur simultaneously. An 
approximate form of the Hamiltonian expression obtained 
is H = 3{(Pz = p:)?/A + (P,—p,)?/A + (P.—pz)?/C 
+ (P, — py)?/C+ > p27} + V, where y represents the 
angle of internal rotation. The rotational selection rules 
are determined and it is found that under ordinary circum- 


stances the internal rotation when free is inactive in the 
infrared rotation-vibration spectrum. However, when there 
is accidental degeneracy of certain pairs of twofold degen- 
erate vibrational levels, the internal rotation becomes 
active in the infrared bands for these vibrations. In such a 
case of accidental vibrational degeneracy, which is approx- 
imated to by at least two sets of vibrations in C2He, the 
rotation-vibration frequency for the infrared bands involves 
the quantity (h/4x*)[(K+K’)(1-¢)/C—K/A] if the 
internal rotation is free; K and K’ are the quantum num- 
bers of over-all and internal rotation about the threefold 
symmetry axis and ¢ is a quantity depending on the angular 
momentum of vibration. The observed rotational spacing, 
however, is well reproduced by a frequency containing 
instead the quantity (h/4x*)K[(1—¢)/C—1/A ], which is 
to be expected if C2H¢ is an ordinary symmetrical top 
molecule without internal rotation. 





INTRODUCTION 


HE study of the infrared bands of C2H¢ 

presented below affords strong evidence for 
the presence of a potential of at least 2000 cal. 
restricting internal rotation. Kemp and Pitzer! 
have also found from statistical mechanical cal- 
culations that with a potential of about 3000 cal. 
they can explain the results of various experi- 
ments on the entropy and specific heat of CsHg, 
and the heat of reaction and the equilibrium 
constant for the CsH,+H2=C2eHg reaction. It 
should be pointed out that Smith and Vaughan? 
in discussing the discrepancy between their 
statistical mechanical calculation of the equi- 
librium constant based on the heat of hydro- 
genation of C2H, and the assumption of almost 
free internal rotation of C2H¢ concluded that 
the principal source of uncertainty lay in the 
analysis of the problem of free internal rotation. 
In contrast to these results stands the theoretical 
value of about 360 cal. calculated by Eyring? for 
the restricting potential; the configuration of 
highest potential energy is that in which there is 
a plane of symmetry perpendicular to the C—C 


LS 
* Society of Fellows, Harvard University. 
, Kemp and Pitzer, J. Chem. Phys. 4, 749 (1936). 
Smith and Vaughan, J. Chem. Phys. 3, 341 (1935). 
*Eyring, J. Am. Chem. Soc. 54, 3191 (1932). 


axis. The contribution of the vibrational zero- 
point energy to such a potential is negligible 
according to the results of the preceding paper. 
The only remaining terms which may contribute 
to the potential are of the type suggested by 
Penney‘ in his considerations of the electronic 
energy of C2H¢s. In the method of molecular 
orbitals these terms arise from the integrals 
involving the overlapping of the orbitals of a C 
atom and the orbitals of the H atoms of one CH; 
group together with the distances to the H atoms 
of the other group. An estimate of the effect of 
such terms on the restricting potential has not 
yet been made but their contribution to the 
potential must far outweigh the other contribu- 
tions if the discrepancy between the theoretical 
value for the magnitude of the potential and the 
values determined from thermodynamic and 
spectroscopic data is to be removed. 


GENERAL CONSIDERATIONS 


Before proceeding to the mathematical treat- 
ment of the rotation-vibration energy of C2Hg, 
we shall present, from a slightly different view- 
point from that adopted in the main body of the 
paper, the essential ideas which lead one to 


4 W. G. Penney, Proc. Roy. Soc. A144, 166 (1934). 


451 





452 SS DR, 


conclude that there cannot be free internal 
rotation in C,.H.. There are two types of degener- 
ate vibrations in C2H., one in which the C atoms 
move in parallel directions while the two CH; 
groups rotate relative to one another about the 
symmetry axis, and one in which the C atoms 
move in antiparallel directions. The former type 
is active in the infrared, the latter inactive. In 
both types of vibration the internal rotation is 
inactive since the electric moments of the CH; 
groups perpendicular to the symmetry axis do 
not take part in the internal rotation ; the relative 
motion of the C atoms is the same when the CH; 
groups are rotating and when they are not. Ina 
special case of accidental degeneracy of vibra- 
tions of different types, however, the electric 
moments can be regarded as fixed in the CH; 
groups, whereupon the internal rotation becomes 
active in the infrared. We shall consider an ideal 
situation which is approximately realized sepa- 
rately by the v; (1480) and vy (1515) and the 
vg (3020) and v1; (3025) sets of vibrations as the 
work of the preceding paper shows. Let us 
assume that in these degenerate vibrations, 
angular momentum and translational momentum 
are conserved in each CH; group separately, and 
that the accidental degeneracy of vibrations of 
different types is complete (i.e., v7=vi9 and 
vg=vi1). The latter signifies that the frequency 
of vibration is independent of whether the C 
atoms move in parallel or antiparallel directions. 
Consequently, in the resulting fourfold degener- 
ate vibrational level it is possible to construct 
vibrations in which the direction of the electric 
moment produced in one CH; group is inde- 
pendent of the relative orientation of the other 
CH; group.® This situation has been discussed 
by Nielsen ;* the selection rules for K and K’, the 
quantum numbers of over-all and internal rota- 
tion about the symmetry axis, respectively, are 
AK=+1, AK’=+1, the changes being inde- 
pendent of one another. The rotation-vibration 
frequency corresponding to the zero branches 
(AJ=0) in the infrared band resulting from a 
transition from the ground vibrational state to 
the fourfold degenerate vibrational level is thus 


VKK! = Vy — (h/82?)(2/C—1/A) 
+(h/4n*)|[(K4K’)/C—K/A], 


5 See footnote 13 of the preceding paper. 
6 Nielsen, Phys. Rev. 40, 445 (1932). 
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where »y, is the vibrational frequency and the 
sign combinations are four in number. When the 
coupling of rotation and vibration is taken into 
consideration the fourfold vibrational degeneracy 
is lifted and the expression for the frequency 
becomes 


VKK! =» — (h/8x?)(2/C—1/A) 
+ (h/4n*)[(K4K’)(1—5)/C—K/A], 


where ¢ is a quantity which is determined by 
vibrational angular momentum directed along 
the symmetry axis of the molecule. The rota- 
tional structure of the infrared band correspond- 
ing to this expression consists of a series of lines 
of spacing (h/4m?)[2(1—¢)/C—1/A ] about each 
of which appears a second series of spacing 
(h/4x?)1/A. The rotational structure actually 
observed in the C2H¢ spectrum is that of a single 
series of lines with a spacing corresponding to 
Av=(h/4x?)[(1—¢)/C—1/A ], which is the spac- 
ing to be expected if C2H, is an ordinary sym- 
metrical top without internal rotation. The mag- 
nitude of the restricting potential which is 
necessary in order that a distortion of the rota- 
tional structure of the v; and vs bands by internal 
rotation would probably just escape observation 
is about 2000 cal. (700 cm=!). 


APPROXIMATE HAMILTONIAN EXPRESSION’ 


In the appendix of this paper it is shown that 
the approximate form of the Hamiltonian of 
C:H, corresponding to the form used by Johnston 
and Dennison® for symmetrical and spherical top 
molecules is 


=3{(P.—p:)?/A+ (Py—py)?/A 
+ (P.—p.)*/C+ (P,—p,)?/C+ > p.*} + V. (1) 


The notation and coordinate system used is fully 
explained in the appendix and in the preceding 
paper,? and the following explanations will 


‘suffice here. A and C are equilibrium moments of 


inertia of C2H¢ about axes perpendicular to and 


7 The present study is related to that of Nielsen (refer- 
ence 6) in the following way. Nielsen developed the dynam- 
ical theory of a rigid symmetrical top the two halves of 
which may undergo a constrained relative rotation about 
the axis of symmetry. The model of C2Hg studied here 1s 
one in which vibration may occur as the molecule undergoes 
internal and over-all rotation. ¥ 

8 Johnston and Dennison, Phys. Rev. 48, 868 (1935). 

9 The preceding paper will henceforth be referred to as I. 
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collinear with the symmetry axis, respectively ; 
P,, P,, P. are the components of the total over- 
all angular momentum (see Eqs. (30) in appendix) 
and pz, py, pz are the corresponding components 
of the vibrational angular momentum (Eggs. 
(34)) ; px is the momentum conjugate to the kth 
normal coordinate, Q, (Eq. (32)). V is the 
potential energy. 

Special notice should be taken of the fact that 
P, and p, do not correspond to the total internal 
angular momentum and the vibrational internal 
angular momentum. Their expressions, to the 
approximation with which we are dealing, are 
(see Eqs. (31), (34)) 


Py=C¥t Ti(B'et+ B’ YOt Didi, (2) 
by =X B' e+ 3B" YQe+ LIA: (3) 


where 3x, 3”; and A; are given in Eqs. (25), 
(27), (28). The last term }°A,Q, which is common 
to both expressions distinguishes P, and p, from 
the total and vibrational internal angular 
momenta, respectively. It has its origin in the 
fact that when a degenerate vibration is excited 
the kinetic energy relative to the rotating axis 
systems of the individual CH; groups depends 
upon the velocity of internal rotation, in other 
words, the normal coordinates for the degenerate 
vibrations contain the internal angle implicitly. 
The additional term arises only through the 
interaction of two degenerate vibrations of dif- 
ferent symmetry types (i.e., E and E vibrations). 


ENERGY MATRIX 


Case of free internal rotation 


In setting up the energy matrix for the Hamil- 
tonian operator (1), it is convenient to use a set 
of wave functions ¥° which diagonalize the 
Hamiltonian 


H’=}{P2/A+P,/A+P.*/C+P,*/C 


+2 pet DAs}. (4) 


The remaining terms 
H’= — {P.p./A +P,p,/A 
+P.p./C+P,p,/C} (5) 


May be considered as a perturbation. We have 
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neglected squares of the vibrational angular 
momentum since their contribution to the vibra- 
tional energy is negligible. It is evident from the 
expressions for P,, P,, P. in Eq. (30) that the 
first three terms of Eq. (4) are identical with the 
Hamiltonian of a rigid symmetrical top. We may 
therefore, for the case of free internal rotation, 
write the wave functions® which diagonalize H° 
(except for a normalization factor) as 


¥° = Osxm(d)e™ re*KxeiK' vy, (Q) 
M,K=—J, —J+1---+J, (6) 


where @;xye™ %e**x is the wave function for a 
symmetrical top and J is the total quantum 
number. y, is the vibrational wave function 
involving Hermitean polynomials. 

In order that ¥° be single valued it must 
remain unchanged under the transformation 
x’ x'+27 or xX’ x"'+27, each of which 
restores the molecule to its initial configuration 
if the displacements of the atoms relative to the 
equilibrium framework are held fixed. The trans- 
formations of the angles are equivalent to 
x—-x+7, y>v+7. The interesting feature in 
this connection is that the normal coordinates 
transform differently under the operation in 
question. From Eqs. (5) of I it is seen that when 
y—y-+7 and the displacements of the atoms are 
held fixed Q—0Q if the normal coordinate is non- 
degenerate and Q——(Q if the normal coordinate 
is degenerate. Consequently, under the opera- 
tion, ¥».-—¥»- if the number of quanta in excited 
degenerate vibrations is even and WP .—— poo if 
this number is odd. These cases will be designated 
as V, and V,, respectively. Furthermore, e‘** 
—(—1)Xe*®x and e**’1-(—1)*’e**’? under the 
transformation. Consequently, given a value of 
K it is evident that the choice of K’ is limited by 
the fact that the following equations must be 
satisfied: (—1)*+*’=1 in the V, case and 
(—1)*+*’+!=1 in the V, case. It is evident that 
the following wave functions meet these require- 
ments of single valuedness 


ye -_ Osx (d)e™ ve!Kxei2S+K) Woe 
Yor = Osx (d)e™ vetKxei@St+K+) vy, 
S=0, +1, +2:--. (7) 


With these wave functions it is possible to 
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Fic. 1. Diagram of certain energy levels as functions of 
g and 2B for internal rotation in C2Hg, and related eigen- 
functions cép(x), se:(x), etc., where x=3y. 
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write down the energy matrix corresponding to 
the operator H°+H’. The eigenvalues of H° are 
evidently 


W= (h?/8n?) {J(J+1)/A 
+K?(1/C—1/A)+K"/C}+W,, (8) 


where K’ is given by 2S+K and 2S+K+1 in 
the V, and V, cases, respectively, and W, is the 
vibrational energy. If we let R, R’ and V, V’ 
denote two sets of rotational quantum numbers 
and two sets of vibrational quantum numbers, 
respectively, a typical element of the perturba- 
tion matrix H’ may be written 


(H’)ev; r'v'=—DalPa)r; x (Pa)v; v'/Ta (9) 
where a=x, y, 2, y and J,=J,=A, I,=I,=C. 


Case of restricted internal rotation 


The portion of the Schrédinger wave equation 
of the molecule which depends on the internal 
angle may be written 


[(P,—p,)?/2C+B cos 6y ]¥(y) = W,y(y). 


In this expression it is assumed that the potential 
energy between CH; groups may be expressed in 
the form B cos 6y. In I it was shown that this 
form of the potential is not changed even if we 
include the dependence of the normal vibrations 
on the internal angle. 

Let us break the expanded Hamiltonian of 


(10) 


HOWARD 


(10) into 


H,°=P,,?/2C+B cos 67 (11) 


and a perturbation Hamiltonian 


H’,=—P,p,/C+p,’/2C. (12) 


The wave functions and energy levels as func- 
tions of B for the equation H,°y(y) = W,°v(y) 
have been discussed by Nielsen, who considered 
the equation as a special form of the Mathieu 
equation 


y’’ (x) + (a—16q cos 2x) y(x) =0, (13) 


where 
x= 37, a= (82?C/9h?)W,° and 16g = (82?C/9h?)B. 


The latter equation has been studied extensively 
by Goldstein,'’® among others. 

In Fig. 1 is reproduced a diagram of the energy 
levels corresponding to Eq. (13) for different 
values of g. We have omitted for the sake of 
simplicity the energy levels for values of K’ 
which are not multiples of 3. The omitted levels, 
doubly degenerate when g=0, retain their de- 
generacy when g becomes finite and do not cross 
the other levels. When g=0 the eigenfunctions 
cén(x) and se,(x) (in the notation of Goldstein) 
reduce, except for a constant factor, to cos 3ny 
and sin 3nmy, respectively. The correlation of 
wave functions and energy levels given in the 
diagram is for g>0, which corresponds to a 
molecule in which the configuration of lowest 
potential energy has a center of symmetry. When 
q<0 and the configuration of lowest potential 
energy has a plane of symmetry perpendicular 
to the C—C axis, the same diagram obtains but 
the proper wave functions are obtained by 
making the substitution y=y+7/6, ie., x=* 
+7/2. 


SELECTION RULES 


It was explained in I that if the components 
of the electric moment u and the polarizability 
tensor a are referred to the x, y, z axes carried by 
the molecule (see Fig. 1b of I) the components 
then involve only the normal coordinates, with 
two exceptions in which the internal angle 


1S, Goldstein, Trans. Camb. Phil. Soc. 23, 303 (1927). 
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appears as follows : 


—Ar2+ayy=cos 3y> 7. Oia tsin 37L7iQia, 
2azy=cos 3y>>71Oistsin 3yD7.Qis. 


Inasmuch as the part of the nuclear wave func- 
tions depending on 0, yg, x and determining the 
motion of the x, y; z system of axes are identical 
with rigid symmetrical top wave functions, and 
since electric moment and polarizability can be 
referred to the x, y, z axes without employing 
6, y, x, the selection rules for J, K, M will be 
identical with those for a rigid symmetrical top. 
The internal rotation will be inactive in the 
infrared spectrum except in the case of accidental 
degeneracy of an E and an E vibration as dis- 
cussed below. It will also be inactive in the 
Raman spectrum with the exceptional case 
arising because of the appearance of y in the 
expressions (14) ; the selection rules correspond- 
ing to these components of the polarizability, 
which involve E and E normal vibrations, are 
AK=+3. It is to be noted that the selection 
rules for K and K’ are compatible with the 
values of the quantum number K’ allowed by 
boundary conditions, Eq. (7). 

When a potential restricting the internal 
rotation is applied, only those vibrational transi- 
tions, with one exception, are permitted in which 
the state of the internal motion is the same in the 
initial and final states of the transition, since the 
internal angle does not enter in the electric 
moment and polarizability. The exception once 
again concerns the polarizability components 
(14). In these components the E vibrations have 
as coefficient cos 3y, typical matrix elements of 
which occur between states connected by the 
dotted vertical lines of Fig. 1. The # vibrations 
have as coefficient sin 3, typical matrix elements 
of which are represented by the dot-dash vertical 
lines of Fig. 1. Thus, in the limit g= ©, —azz:+ay,, 
and 2a,, may be expanded in terms of states 
involving E vibrations plus odd multiples of the 
normal coordinate of internal torsion vibration 
Qu, and in terms of E vibrations plus even mul- 
tiples of Qyy. The limit g= © in the case repre- 
sented by Fig. 1 corresponds to a molecule with 
acenter of symmetry. When g<0, the situation 
is reversed. The dotted lines represent matrix 
elements of sin 3y and the dot-dash lines ele- 
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ments of cos 37, so that in the limit g= — ~, the 
E vibrations are associated with even multiples 
of Qu, and the E vibrations with odd multiples 
in the expansion of —a,;+a,, and 2azy. This 
case corresponds to a molecule with a plane of 
symmetry. These selection rules for the internal 
motion when |g|=« are identical, as they 
should be, with the selection rules derived for a 
molecule in which the internal motion is regarded 
as a normal coordinate vibration. 


ROTATIONAL STRUCTURE OF INFRARED BANDS 


P.p. coupling 

The effect of introducing the z coupling term 
in H’, Eqs. (5), (9), will be the same as in the 
case of a symmetrical top without internal 
rotation. This coupling is of greatest importance 
in the case of a pair of degenerate vibrations. 
The rotational spacing in the infrared perpen- 
dicular type band arising from degenerate vibra- 
tions has been fully discussed by Johnston and 
Dennison.’ We shall give only the expression for 
the rotational spacing: Av=(h/4x?)[(1—)/C 
—1/A]. The z component of the angular mo- 
mentum of vibration in the pair of vibrational 
states resulting from the rotation-vibration 
coupling is given by p.=+¢h/27; ¢ is a positive 
or negative quantity according as the sense of 
rotation of the electric moment and the direction 
of the angular momentum of vibration are 
parallel or antiparallel. Transitions from the 
ground state to a degenerate-type vibration 
occur with AK=+1 or —1 according as the 
vibration is such that the + or — sign appears 
before ¢ in the expression for p,. With the use 
of the normal coordinates obtained in I the 
quantity ¢ has been computed for the three 
perpendicular-type bands from the expression 
for p. given in Eqs. (34), (24), (25) of the ap- 
pendix. The comparison of the observed and 
calculated"! rotational spacings is shown in 


TABLE I. Rotational spacing in cm of perpendicular type 
infrared bands of CoH. 








v f Avobs Avealc 





2.63 
5.60 
2.98 


ve (827) 0.218 2.6 
v7 (1480) — 0.368 4.9 
vg (3000) 0.150 3.3 











11The values used for the moments of inertia were 


C=10.94X10-" g cm? and A=41.88X10~- g cm’. All 
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Table I. The agreement is surprisingly good in 
view of the simplicity of the normal coordinate 
treatment given. In the absence of rotation- 
vibration coupling we would expect a rotational 
spacing Avy=3.74 cm™. It can be shown that 
the sum of the ¢’s for the three E vibrations is 
> ¢.=0, so that the sum of the calculated rota- 
tional spacings for the corresponding infrared 
bands should be three times the normal spacing, 
i.e., 3X3.74=11.22 cm—. 
Pp, coupling 

If the matter of rotation-vibration coupling 
ended at this point the agreement between the 
observed and calculated rotational spacing would 
be gratifying. The matrix elements of p, con- 
necting E and E vibrations, however, may be 
quite appreciable and in view of the approximate 
degeneracy’? of v; (1480) and vy (1515) and of 
vg (3020) and v1; (3025), the coupling terms in 
Eq. (12) must be considered. It is not difficult to 
obtain the effect of the coupling on the appear- 
ance of an infrared band in the case discussed 
at the beginning of the paper, namely where 
there is complete degeneracy of an E and an E 
vibration and where there is complete freedom 
of internal rotation. As a result of the rotation- 
vibration coupling, Eq. (12), the fourfold degen- 
erate vibrational state, for a given value of K 
and K’, is split into four components which are 
characterized by the four possible different 
combinations of signs in the expressions p,= 
+fh/2r and py=+ph/2r. In such a case the 
expression for the rotation-vibration frequency, 
corresponding to the zero branches (J—J) of 
the perpendicular type band, assumes a par- 


bond angles were assumed to have the tetrahedral value 
and C was chosen as twice the moment of inertia of CH, 
as given by Johnston and Dennison (reference 8). To 


calculate A the following distances were assumed: C—C 
=1.54A and C—H=1.11A. The former value was taken 
from Pauling and Huggins, Zeits. f. Krist. A87, 205 
* (1934), and the latter from Johnston and Dennison. 

2 The values given for the frequencies are those cal- 
culated in the preceding paper. Since the magnitudes of 
the v7, vio and vs, v1: separations are important for what 
follows, a word may be said concerning them. If the forces 
between distant H atoms are neglected, v7 and vs should 
be less than 19 and vy, respectively, since in the former, 
the motion of the C atoms in parallel directions produces 
less change in potential energy than the antiparallel 
motion of the C atoms in the latter. A change of only a few 
cm in the separations is produced by introducing a 
repulsion between distant H atoms which is represented 
by a fraction of a Morse potential and which gives 350 cal. 
for the potential restricting internal rotation. 
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ticularly simple form, namely, 
KK’ = vy — (h/8n*) {(1—p*)/C—1/A} 


at (h/4n*){K[(1—$)/C—1/A]¥K'p/C}, (15) 
where the quantum numbers K and K’ refer to 
the final state in the transition. Since the electric 
moment does not involve the ‘internal angle, as 
it does x, the duplicity in signs in p, appears in 
the frequency. In the special case of vibrational 
degeneracy which we are discussing, p= {—1, so 
that the expression for the rotational frequency 
in the perpendicular type band assumes the 
form!* 


VKK' >= vy — (h/8x?)(2¢/C— 1/A) 


+(h/4n*){(K+K’)(1-—§)/C—K/A} (16) 


if we neglect squares of ¢. 

Whereas the E and E vibrations are not ac- 
tually degenerate, the proximity of v7 and vy 
and of vg and v1; is enough to produce a marked 
effect of the P,p, coupling on the rotational 
structure. The infrared band structures for CoH, 
are not, however, discernibly different from those 
of such molecules as the methyl halides, which 
have no internal rotation. The fact that the 
secondary structure depending upon different 
values of K’ is not observed can only mean that 
there is present a potential restricting internal 
rotation to such an extent that the internal 
angular momentum of rofation is quenched in 
all those levels of the internal motion which have 
an appreciable relative Boltzmann factor. By 
quenching of the internal angular momentum is 
meant that the matrix for P, is altered to such a 
degree that the perturbation P,p,/C has an 
imperceptible effect on the energy. . 

In the following paragraphs we give the 
method used for making a quantitative estimate 
of a lower limit to the magnitude of the restrict- 
ing potential B cos 6y below which the structure 

13 From the derivation of this expression it appears as if 
the term K’(1—¢)/C arose purely out of the coupling of 
internal angular momentum and the vibrational angular 
momentum. However, even if the vibrational angular 
momentum is absent, i.e., ¢=0, the contribution of the 
term P,p, in the Hamiltonian does not vanish. This illus- 
trates the fact mentioned above that P, and p, do not 
correspond simply to the total internal angular momentum 
and the internal vibrational angular momentum. The dif- 
ference between expression (16) and that obtained for 


vex’ earlier is that in the present instance K’=2S+K+1 
whereas in the earlier expression K’=2S+K. 
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TABLE II. Relative displacements Avy of frequencies in 
cm= due to the perturbation Pp,/C, relative energies Wy 
in cm~ and relative Boltzmann factors at T=300°K for the 
three lowest levels of the internal motion with B=364 cm™, 








—20 e-WnlkT 


—40 Wn 
0 1.00 
0.33 
0.13 


y— vl 0 
Avo 0 0 


An —0.25p? 
Ave 3.68 p? 





0 
0.76p? 
5.25p? 


























p7,10 = — 1.37; 
p3,ur = —0.85 


of the perpendicular type bands of C2H¢ cease 
to resemble those of a molecule with completely 
restricted internal rotation. 


For this purpose it is necessary to evaluate the matrix 
elements —(P,)re(py)vv:/C of the perturbation Hamil- 
tonian (12). We shall confine our attention to the elements 
of p, connecting the almost degenerate vibrational states 
corresponding to v7 and v9 and to vg and 7. From the 
normal coordinates obtained for these vibrations in I and 
the expression (3) for p, we find that p7, 1:.=—1.37h/2r 
and ps, 1= —0.85h4/2x. Certain of the matrix elements of 
P, can be calculated using the solutions ceo(x), seo(x) and 
ce(x) of the Mathieu equation (13) as obtained by 
Goldstein. Another pair of solutions se4(x) and ce,(x), 
which reduce to sin 12 and cos 12y (except for a constant 
factor) when B=0, have been obtained from the ortho- 
gonality relations with the above solutions. Solutions of 
higher energy, see(x), ces(x), etc., have been assumed to be 
well represented, within the range of values of B in which 
we are interested, by their values when B=0, namely 
sin 18y, cos 18y, etc. In Fig. 1 typical matrix elements of 
P, (for either of the cases g>0O and g<0) are represented 
by the solid vertical lines. Having obtained the matrix 
elements of P, connecting the states in question it is 
possible by a second-order perturbation treatment to 
evaluate the perturbation energy corresponding to 
P,p,/C for the states ceo(x), see(x) and ce2(x). When B is 
reasonably large these states become components of the 
three lowest levels of the internal torsion oscillation (see 
Fig. 1). . 

The perturbation treatment has been made for two 
magnitudes of the restricting potential, B=182 cm™ and 
B=364 cm~. Table II gives the results of the calculation 
for the latter case. With such a value of B the three lowest 
energy levels closely correspond to an internal torsion 
vibration. In Table II Av, represents the perturbation 
energy of the mth level minus that of the ground level, 
n=(. Consequently, Av, gives the spacing of the secondary 
structure about each zero branch of the perpendicular type 
bands where m denotes the particular level of the internal 
motion which is involved in both;the initial and final states 
of the transition. The energy of the nth level relative to 
the level n=0 is given under W,, in the table. In the last 
column of the table are given the relative Boltzmann 
factors of these levels at T=300°K. Below the table are 
given the values of p connecting the v7 and v9 and the vgs 
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and »1; vibrations. To make the perturbation calculation 
it is necessary to know the separations v7— v9 and vg— v1. 
The values obtained in the preceding paper for these 
separations are —35 cm and —5 cm™, respectively. 
Although the sign of these values is probably correct the 
magnitudes may be in error. Hence the calculation has 
been carried out for three values of the separation of the 
E and E frequencies, ».—%,=0, —20 and —40 cm. 


From Table II we may conclude in the case 
of the perpendicular type bands corresponding 
to v7 (1480 cm-!) and vg (3020 cm-') that the 
effects of the coupling term —P,p,/C are, 
respectively, as follows (we assume for explicit- 
ness that v3=1520 cm= and »;;=3020 cm~'): 
of the molecules in the three lowest levels of the 
internal torsion oscillation 9 percent give rise to 
lines displaced by 10 cm~! and 2.7 cm~' from the 
zero branches of the two bands and 23 percent 
give rise to lines which are displaced by 1.4 cm™ 
and 0.2 cm™!. This is the situation with B= 364 
cm~!, With the lower value B=182 cm~ the 
displacements are far greater. We would probably 
be justified in stating that the internal potential 
must be at least as high as 546 cm™ since the 
C:H, perpendicular type bands closely resemble 
those of an ordinary symmetrical top molecule 
but it was not thought worthwhile to repeat the 
perturbation calculations with this higher value 
of B. The value 2B=728 cm (2070 cal.) may 
be taken as a reasonable lower limit for the mag- 
nitude of the restricting potential. This value of 
the potential corresponds to an internal torsion 
frequency of 230 cm~!; when B=546 cm“ the 
torsion frequency is 300 cm. 

The above considerations concerning the 
coupling of E and E vibrations are complicated 
by the fact that there exists a second type of 
coupling between such vibrations (see Eq. (9) 
of I) which may arise when there are forces re- 
stricting internal rotation. The effect of this 
second type of coupling on the selection rules for 
the E vibrations is similar to that produced by 
the presence in the electric. moment of such a 
term as sin6y>7.Q, where Q is an E 
vibration. Typical nonvanishing matrix elements 
of sin 6y are represented by the solid vertical 
lines in Fig. 1. The frequency in the infrared 
spectrum associated with an FE normal vibration 
will be the Z fundamental frequency zugmented 
or diminished by the energy difference of states 
of the internal motion connected by the solid 





458 J. 


vertical lines. The resulting band would be very 
complex in the limit of small g whereas in the 
limit g= © the active frequency would be #,+7,, 
where >, is the FE fundamental frequency and v, 
is the frequency of the internal torsion oscilla- 
tion. The two infrared bands found by Bar- 
tholomé and Sachsse“ at 1465 and 1495 cm“! 
cannot, however, be explained with any value of 
q. If q is large, then, since the E and E funda- 
mental frequencies in this region, v7 and vo, are 
almost degenerate, the two bands should be 
separated by the frequency of the internal torsion 
oscillation, instead of by the small difference of 
30 cm calculated for the separation in the pre- 
ceding paper. If g is small, say of such a mag- 
nitude that 2B = 350 cal., then instead of a single 
E frequency there should appear several fre- 
quencies separated from this by about 25 cm™, 
50 cm—!, 100 cm™!, etc. 

The presence of the second type of coupling 
between E and E vibrations represented by Eq. 
(9) of I does not seriously alter the conclusions 
reached concerning the P,p, coupling of such 
states. The former coupling should be of the 
same order of magnitude as the similar coupling 
terms in Eq. (8) of I. The latter have been cal- 
culated and for a potential which gives a dif- 
ference of 125 cm! (350 cal.) between the Dz, 
and D3a configurations of CsH, this type of 
coupling is less important than the rotation- 
vibration coupling. When the potential difference 
reaches 2000 cm! the former coupling may be of 
the same order of magnitude as the rotation- 
vibration coupling for the v7, v9 pair but is still 
much less than the rotation-vibration coupling 
for the vs, vi: pair. 


Pz, p, coupling 

Because of the symmetry relations involved, 
pz and p, may have matrix elements connecting 
only Ewith E or A, with E£ or Az with E vibrations. 
In order for coupling to occur the vibrations so 
connected must be approximately degenerate. 
Fortunately, because of the similarity of those 
E and E vibrations which are quasidegenerate, 
the elements of p, and p, connecting them should 
be vanishingly small. The A» vibrations are 
separated from the E vibrations by about 100 


14 Bartholomé and Sachsse, Zeits f. physik. Chemie B30, 
40 (1935). 


B. HOWARD 


cm~! and we should not expect coupling here, at 
least for the lower values of K’, since it is found 
that (p:)x%h?/41?A is only equal to 0.066 cm 
and 0.80 cm~! for the v4, v7 and v;, vg combina- 
tions, respectively, when internal rotation is free. 
Similarly vg is separated by about 100 cm" 
from the combination bands of ve, v4 and of »,, 
vio. Consequently, we should not expect the 
structures of the infrared bands of the E vibra- 
tions to be seriously perturbed by coupling 
through p,, p, with other vibrations. 

In conclusion I would like to thank Professor 
E. Bright Wilson, Jr., for suggesting the problem 
of the ethane type molecule to me and for his 
invaluable advice during the course of this study. 


APPENDIX: THE KINETIC ENERGY OF C2He 


Classical kinetic energy 


The method used to obtain the Hamiltonian form of the 
kinetic energy is very similar to that used by Wilson and 
Howard," and we shall present here only the more im- 
portant equations and expressions which appear in the 
derivation. Whereas the complete Hamiltonian expression 
has been derived, only the equations leading to the sim- 
plified form used in the present paper will be given. To 
obtain the simplified Hamiltonian from the complete 
expression one neglects linear and quadratic terms in the 
normal coordinates Q; except for the terms in QQ, which 
appear in the vibrational angular momenta. 

The kinetic energy T prior to the introduction of the 
normal coordinates is, to the approximation with which 
we are dealing, 


2T=Aw/?+Aw/+CwZ+Cy? 
+2(w2:M,+0,M,+w.M,+yMy,) 

+ iE +97) + Dist Hit"), (17) 
where A and C are the equilibrium moments of inertia of 
C:He¢ about axes perpendicular to and collinear with the 
symmetry axis, respectively; wz, Wy, Wz are the components 
relative to the x, y, z axes (see Fig. 1 of I) of the angular 
velocity of these axes; y is the time derivative of the 
internal angle. The expressions for the latter quantities in 
terms of the x’, y’, 2’ and x”, y’”, 2’ components of the 
vector angular velocities w’ and w”, respectively, of the 
primed sets of axes are 


Wz = (1/2)[(w's+w"’z) cos Y—(w’y+w"y) sin YJ; 
Wy = (1/2) [(w'’2— wz) sin y+(w’y—w"’y) cos J; 
W2=(1/2)(w':— wz); Y=(1/2)(w’z+w"’2). 


M,, M,, M; are the x, y, z components of the vibrational 
angular momentum and M, is the internal angular mo- 
mentum; they are given by the following expressions 1n 


(18) 


16 Wilson and Howard, J. Chem. Phys. 4, 260 (1936). 
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terms of the displacement coordinates (see Fig. 2 of I) 


M,=(M’',+M",) cosy—(M',+M”",) sin ¥; 

M,=(M',—M";z) sin y+(M',—M",) cos ¥; 

M,=(M',—M";); M,= (M’,+M"). 
where 


M'e= D(a fit’; My = Le Fit’); 

M',= Loe in'i— F'n’) (20) 
and M",, M”,, M’’, are given by similar expressions in 
£5, 9s, Fs. 

The transformation (2) of I to the normal coordina tes 
is next made. The displacement coordinates £’;, 7';, etc., 
are completely defined by the following seven conditions 
on the normal coordinates 


Q:= (Q'2+ Q"’z) cos Y— (Q’y+O"y) sin y =0; 

Qy = (Q’z—-Q"z) sin Y+(Q’y—Q”y) cos y =0; 

0.=Q’.—Q”".=0; 
QOur= (O'mz+Q" mz) cos Y— (Q'myt+Q”" my) sin Y =0; 
Quy =(QO’mz—Q" uz) sin Y+(Q’my—Q” uy) cos y =0; 
Ome = Q'mz _ Q"'Msi QOmy = QO'uzet+QO"'mez; 


where 


O2=NrDLvmk'i; Oy=Nr UV man's: 

O2=NrDvmit'i; O'uz=Ne DV milbif'i—cin’s); 

O'uy= Nerd Vmi(cit'i—ait’s); 
Q'uz=Nr div mi(ain's—bié'i), (22) 


with similar expressions in £”;, 9/";, €"; for Q”z, Q”y, Q”’2, 
Q"' uz, QO’ my, O’' wz. Nrand Neare normalization constants, 
a;, b;, ¢; are the equilibrium values of x’;, y’:, 25 (xi, "i, 
z”;) for the ith atom, and m;, is the mass of the ith atom. 
To evaluate the terms which appear in the kinetic energy 
(17) we note that from Eq. (2) of /, f';= Dl neOet+ Do linQr, 
etc., and that from Eq. (6) of I, #ika=—Ss'ixpy, $ ike 
=s"npy, 8 ixp=S'ika, 8" ikg=—S"ika’Y, where S'ikay S” ikas 
etc., represent the coefficients of the transformation (2) 
of J to the degenerate type normal coordinates. Using this 
information we have, from Eqs. (19), (20), 


Mz= DXQe; = My= DD; 
M.=D3Qi; My= DT Qs; 


(19) 


(21) 


(23) 

where 
Xe = (X'- +X") cos ¥—(Y’e + Ye) sin Y; 
Du = (XE —-*X"e) sin Y+(Y'c-— Ye) cos Y; 
Be=(3%—-3"e);  Te=(3%4+3"s), 


(24) 


and 
X'e = Doialmn’ yun’ in —m' xn’ ia) Qu; 
De = Desa(n' sal’ in —' sad’ 11) Qh; 
Be= Liall'um'a—Vinm' in) Qu. 
Similarly, 
Lilet H+ Fs) + Dil H+ 0%) 
= DiQe+2y DiGi ds, (26) 


where 


Ap= A444"; 

VA = Dial ial’ int’ sum’ int’ an’ ix)Qu. (27) 
A, is different from zero only between normal coordinates 
of different degenerate types (E and £). Its nature is 


more completely revealed by the expression 
Dr AQe = DitArata{QraQia + Qis018— CraVia 
—QipQis}, (27a) 


where k refers to an E coordinate and / to an E coordinate, 
and 
Avata= 22 i(likalita + MikaMita+NikaNita). (28) 


The coefficients liza, lita, etc., correspond to the constant 
coefficients Sjxa, Sita, etc., of Eq. (6) of I and the summation 
is over all the atoms of the molecule. 

Substituting the Eqs. (23), (26) into the kinetic energy 
(17) we obtain 
2T =AwZ+Aw2+Cw2+Cy?+ DQ? 

$2wz DEQ t2ey DL Die t+202 Dd Bie 
+27 D0 (Ti t+dn)Qe. (29) 


Hamiltonian form 


The next step is to obtain the Hamiltonian form of the 
kinetic energy. The components of the total angular 
momentum are given by 


P,=OT/0w2=Awz+ LXQk:; 
Py=Awyt+ DQ; P2=Cort+ D3Qe. 
The momenta P, and px conjugate to y and Q are 


(30) 


Py=9T/d¥ =C¥+ DL (Ti+ An)Q: 


(31) 
and 


be= OT /OQk = XxW2 t+ Yuwy t+ Brwet+(Te+Avy¥+Qx. (32) 
P, is not identical with the total internal angular mo- 


mentum given by Cy+)_I'.Q;. By means of Eqs. (30), 
(31), (32) the kinetic energy (29) may be rewritten 


2T=(Pz—pz)?/A +(P2—py)?/A +(P:—p:)?/C 
+(Py—by)?/C+ Lip, (33) 


br= Libe, py= LVibe, 
be= DLabe, Py= Le (Tet+ Andon. (34) 


The transformation of the classical Hamiltonian ex- 
pression into the corresponding Schrédinger equation in 
operator form has been discussed in reference 15. The 
momenta P,, Py, Pz are given by Eq. (30) of reference 15 
in terms of the momenta conjugate to the Eulerian angles 
6, ¢, x. The operators pe, Py, Px, Py, Px are obtained by 
replacing po, Py, Px, Py, Pe by h/2mi times 0/00, 0/d¢, 
0/0x, 9/dy, 0/AQx, respectively, in the classical expres- 
sions for the momenta. The quantum-mechanical analog 
of (33) is thus found to be identical in form with it but 
Pz, Py, Pz, Py, pz, Py Pe: by, Pk are to be construed as 
operators. 


where 
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TARTING with some investigations on the 

rotation of anions in cubic crystals we had the 
opportunity of studying the crystal structure of a 
series of nitrates including CsNO; in the tem- 
perature interval between room temperature 
and the melting point. The results of these 
investigations have been or will be published 
elsewhere, but a brief account on the caesium 
nitrate work is given in the present article 
because our results contradict those published 
in this journal by L. Waldbauer and D. C. 
McCann.! 

Beside the x-ray investigation, an optical 
examination of the crystals in polarized light 
was carried out, and the correctness of the result 
of Gossner? and also Wallerant* definitely con- 
firmed, CsNO; indeed being cubic between the 
transition point at 161° and the melting point. 
X-ray data of the cubic form of CsNO; have 
recently been published by the present authors 
in a paper dealing with cubic nitrates of mono- 
valent cations.* 

Single crystals of CsNO; are not destroyed 
when heated above the transition temperature 
(to 200°C) and then cooled down to room 
temperature. Rotation photographs of the same 
crystal taken (a) at room temperature (bd) at 
200°C and (c) after cooling back to room tem- 
perature are shown in Fig. 1.5 From the reversible 
character of the transition of single crystals and 
the fact that diffraction patterns at ordinary 
temperature and at 200° are nearly identical 
(except for the weakening of the reflections at 
greater angles at 200°) the conclusion must be 
drawn that the positions of the Cs* ions are very 


1L. Waldbauer and D. C. McCann, J. Chem. Phys. 2, 
615 (1934). 

2 Gossner, Zeits. f. Krist. 38, 144 (1904). 

3 Wallerant, Bull. Soc. fr. min. 28, 325 (1905). 

4 C, Finbak and O. Hassel, Zeits. f. physik. Chemie B35, 
25 (1937). 

5 The photographs reproduced here are taken with Cu- 
radiation. Close to the incident beam, layer-lines due to the 
secondary emitted Cs K radiation may be observed. See 
Finbak and Hassel, Norsk. geol. Tidsskr. 16 (1936), 
Nature 139, 194 (1937), Avh. Oet. Norske Vid. Akad. 
Oslo I Mat-natv. KI. (1937) No. 2. 


little altered during the process of transition. 
The Cst ion lattice in the high temperature 
form is a simple cubic one with a lattice constant 
of about 4.49A, and so we must assume it to bea 
pseudocubic lattice with ~4.45A in the low 
temperature form. 

It seems extremely difficult to determine the 
true symmetry of the caesium nitrate crystals in 
the low temperature form. Apparently no re- 
liable observations exist indicating a_ biaxial 
character of the crystals, but the close resem- 
blance with rubidium nitrate crystals which are 
no doubt orthorhombic makes the assumption 
of hexagonal symmetry rather problematic. 
If this assumption is made, however, we are 
able to show that the most probable space group 
is C3,”. The only possible coordinates for the 
caesium ions having hexagonal symmetry and 
leading to the pseudocubic arrangement men- 
tion above are: 


420 230 x02 Oxz £02 

OZZ xxzZ and #Z:z 
x being nearly 3 and z nearly 3%. Possible space 
groups are: C3! C3;! C3,? D3! and Da. The crystal 
classes C3; and D3q possessing both a center of 
symmetry must be rejected, however, because 
CsNO; crystals according to our observations 
are strongly pyroelectric (the same result was 
obtained with RbNO; crystals). A considerable 
number of CsNO; crystals was examined under 
the microscope, the development of crystal 
faces indicating that the class D; has to be ex- 
cluded also. The distinction between the two 
remaining classes C; and C3, is not so easily 
performed, but it seems at least very probable 
that under the condition in question the di- 
trigonal-pyramidal class is the right one and the 
space group of CsNO; C;,2. It is interesting to 
notice that our result refering to caesium nitrate 
is just the result to which Pauling and Sherman 
were led, though in a somewhat different way, 
in the case of rubidium nitrate.® 


6 Pauling and Sherman, Zeits. f. Krist. 84, 213 (1933). 
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STRUCTURE OF CAESIUM NITRATE 


Fig. 2 shows part of a rotation photograph of 
CsNOs, the orthohexagonal a axis being the axis 
of rotation. The weaker layer-lines indicate 
that the true period in the direction of this axis 
is not given by the period of the Cs+ but is three 
times as large. In the paper of Waldbauer and 
McCann are to be found reproductions of 
powder photographs of CsCl, CsI, KIO; and 
CsNO;. The apparently very high degree of 
resemblance between the photograph of CsI and 
CsNO; is rather misleading, however. 
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HE Tammann concept of the crystallization 

process as one taking place in two stages, 
(a) the formation of crystal nuclei, and (0b) the 
subsequent growth of these nuclei, has met with 
general success in dealing with all crystallization 
phenomena.! The number of atoms required for 
the formation of such a nucleus has not been 
determined, but it will be shown in this paper 
that existing data provide a means of placing 
an upper limit upon this number for solid metal 
reactions. 

Consider the formation of a new crystal B 
from its parent lattice A. In the simplest case of 
the recrystallization of a cold-worked pure 
metal, B may differ from A only in orientation. 
However, if an allotropic transformation in a 
pure metal is involved B will have a different 
lattice from that of A. The crystal B may also 
be a new phase precipitating from its solid 
solution in A, or may be formed by a eutectoid 
decomposition of A; in these cases it may differ 
from A in composition as well as in orientation 
and lattice type. Whatever the type of phase 
change, the general nature of the process is the 
same. The thermal vibration of the atoms will 
allow a number of them to form the lattice of B; 
such a cluster may either continue to grow as a 
new crystal or it may decompose again into A. 
Statistically speaking, when a cluster attains a 
certain size its tendency to grow will be greater 
than its tendency to decompose. It is this 
critical size, which may be called an effective 
nucleus, which we seek to limit. 

The orientation relationships resulting from 
the formation of a new phase B from a matrix A 
have been determined for a wide variety of metal 
systems by Mehl and his co-workers.? A brief 
summary of these and other studies has been 
given by Sachs.* From this work it is evident 


1G. Tammann, Lehrbuch der Metallkunde (Leopold Voss, 
Leipzig, Germany, 1932). 

2 R. F. Mehl and co-workers, ‘‘Studies upon the Widman- 
statten Structure,” A. I. M. M. E. Trans. 1-9 (1931 and 
following). 

3G. Sachs, Praktische Metallkunde, 3rd Part (Julius 
Springer, Berlin, 1935), p. 25. 


that the orientation of B is always dependent 
upon that of A. Just what determines this orien- 
tation relationship is not yet completely under- 
stood, but the near matching of atomic positions 
on specific planes of the two phases is certainly 
a principal factor. In the series of papers by 
Mehl, it has been frequently pointed out that 
the orientation of B is probably determined by 
the small number of atoms which form its 
nucleus, and that atomic matching is not im- 
portant in the subsequent growth of this nucleus. 
The same conclusion was reached by Sloat and 
Menzies‘ in a study of oriented overgrowths from 
salt solutions. That is, the orientation of the 
entire B crystal is determined by the orientation 
of the nucleus from which it grows, and this 
nucleus must be relatively small to avoid the 
creation of excessive internal stresses within 
the lattice. Therefore, by determining the num- 
ber of atoms of B which can agglomerate into a 
single cluster before the geometric disregistry 
becomes so great that the positions of the A 
atoms can no longer influence the positions 
taken by the B atoms, a limit may be placed on 
the size of effective nuclei. The entire argument 
which follows is based upon experimentally 
determined orientation relations and neglects 
strains resulting from the complete or partial 
accommodation of one lattice to the dimensions 
of another,®»* as data on this are still very 
meager. 

As a first approximation, geometrical consider- 
ations lead to the selection of 50 percent as an 
arbitrary but reasonable upper limit to place 
upon the amount of disregistry which can occur 
between the atomic positions of the nucleus 
and those of the parent phase. This is illus- 
trated by Fig. 1, in which the atoms of the 
matrix A on a plane with a cubic array are 
represented by dots; the atoms of the new 

4C, A. Sloat and A. W. C. Menzies, J. Phys. Chem. 35, 
2005-2021 (1931). 

5G. I. Finch and A. G. Quarrell, Proc. Roy. Soc. A141, 
398 (1933). 


6R. F. Mehl, E. L. McCandless, R. N. Rhines, Nature 
134, 1009 (1934). 
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sol. s 
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SOLID METAL REACTIONS 


phase B, also with a cubic array on the composi- 
tion plane but with a 10 percent greater spacing, 
are represented by crosses and numbered. If 1 
is the first atom of the new phase, the atoms 2, 
can form about it with only 10 percent disregis- 
try; all of the 3 atoms will have a 20 percent 
disregistry; etc.; the 6 atoms will all have a 
disregistry of 50 percent. All of the B atoms 
numbered below 6 fall nearer to one particular 
A atom than to any other and their positions 
and stability are probably influenced by these A 
atoms; however the 6 atoms are equidistant 
between at least two A atoms and it is reasonable 
to assume that their positions are determined 
by the B atoms already present rather than by 
the A lattice. Thus 50 percent may be safely 
selected as the maximum permissible dis- 
registry in the nucleus. 

There are reasons for supposing that the allow- 
able disregistry is actually much lower than this. 
The orientation studies in alloy systems are 
listed in Table I ; the amount of disregistry in two 
important directions of the composition plane 
is given in column 2; the maximum is 13.5 per- 
cent while the average is much lower, indicating 
that the fit between the two lattices must be of 
this order for a stable nucleus to form. Hume- 


TABLE I.* 








3. 
Atoms along 
direction in 
nucleus with 
50% dis- 
registry 


4. 
Atoms along 
direction in 
nucleus with 
50% dis- 
registry 


2. 
Y% Disregistry 
1. in the given 
System direction 





Fe, allotropic trans-| 13.5 [100] a@ 9 3 
formation f.c.c. y| 1.6 [11l1la@ 63 21 
b.c.c. @ 


Cu-Zn, pptn. of a] 4 


‘ 110) a 25 
from B 10.9 


110) a 11 


Cu-Sn, pptn. of a] 1. [110]a@ ; 101 
from B 12.5 [110)a 9 


Ag-Zn, pptn. of a| 3.6 [110]a 29 

from B 10.4 [110)a 11 
Al-Cu, pptn. CuAl: | 12.6 [210] CuAle 9 
from Al sol. soltn. 


Au-Cu, transf. f.c.c. | 2.9 


100] tet. 35 
—f.c. tet. 3.9 


001] tet. 27 
Cu-Ag, pptn. of Cu | 11.5 All directions 9 
sol. soltn. from Ag 
sol. soltn. 


Cu-Ag, pptn. of Ag 
sol. soltn. from Cu 
sol. soltn. 


13.0 All directions 

















, * Many other systems have been studied which involve practically no 
ti nge of interatomic dimensions, or for which the orientation rela- 
lonships are not entirely certain. 


7 ? 
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Fic. 1. Matching between atoms of a matrix A and a 
new phase B. The interatomic distances on the match plane 
of B are 10 percent greater than those on A. The dots are 
atoms of matrix, A. The crosses are atoms of new phase, B. 


Rothery’ finds that appreciable solid solution 
does not occur when the normal spacing of the 
two components differs by more than 14-15 per- 
cent, indicating that greater strains require the 
formation of a new lattice. Royer,* from a con- 
sideration of over 80 different examples of salt 
overgrowths, concludes that oriented over- 
growths of different crystal species may occur 
when the geometrical distribution of atoms on 
the two cooperating planes is similar and the 
interatomic distances coincide within 10-15 
percent. Sloat and Menzies are in substantial 
agreement with Royer, although they found 
exceptional cases where the parameters differed 
by as much as 30 percent. Thus, a large body of 
experimental evidence indicates that orienting 
forces are actually ineffective when the dis- 
registry is much more than 15 percent. This is 
based upon interatomic distances only and if 
we allow that this is the total disregistry which 
may build up over a series of atoms it will only 
affect the final limit of nuclear size in the con- 
servative direction. Column 3 of Table I gives 
the number of atoms in a given direction of the 
nucleus if 50 percent disregistry is allowed. This 
number is 11 for the case illustrated in Fig. 1, 


7 William Hume-Rothery, The Structure of Metals and 
Alloys (Inst. of Metals Monograph and Report Series, 
No. 1), (Institute of Metals, London, 1936), p. 52. 

( 728) L. Royer, Bull. Soc. Franc. Mineralogie, 51, 9-159 
1928). 
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since the atoms may build up to both the left 
and right of the initial one, 50X2/10+1=11. 
Similarly column 4 gives the number of atoms 
along a chosen direction of the nucleus if a 
disregistry of only 15 percent is allowed. 

By the reasoning already outlined, the nu- 
clues in these solid metal reactions would not 
contain more than 9 atoms in a given direction 
if we consider a disregistry of 50 percent as the 
limiting value, if the more probable value of 
15 percent is chosen a stable nucleus is formed 
when only 3 atoms align themselves in the new 
lattice. The low values have been selected from 
each column since we are seeking to limit the 
size of the nucleus and it is obvious that when the 
lattice matching is good the new nucleus may 
have formed before any appreciable disregistry 
has been built up. For example, in the Cu-Sn 
system one hundred and one atoms of the a phase 
may form before a disregistry of 50 percent has 
been built up, but the Cu-Ag system indicates 
that all of these were not required for the 
nucleus and that nine would have been sufficient. 
Apparently for a cubic array of atoms, as illus- 
trated by Fig. 1, a group of 9 atoms, 3 in two 
mutually perpendicular directions would con- 
stitute a stable nucleus for the new phase. 

It is recognized that these ideas do not consti- 
tute a complete interpretation of nuclear forma- 
tion. Other factors, such as chemical forces, all 
of which may be included in the free energy of 
the two phases involved, undoubtedly play an 
important role. However, in the metal reactions 
with which this discussion is primarily concerned 
the two phases A and B are in equilibrium with 
each other so that AF=0 and, experimentally, 
departures from this condition need be only 
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infinitesimally small. Furthermore, the orienta- 
tion relations described represent the result of 
the simultaneous operation of all such factors 
and, even though the relative importance of 
each factor cannot be determined, the end result 
must be accepted as an experimental fact. 

The probable mechanism for the growth of a 
Na crystal from the vapor phase has been con- 
sidered theoretically by Taylor, Eyring and 
Sherman,? who conclude that a three-dimensional 
group of eight atoms of the lattice would not 
be as stable as a massive crystal, but would have 
about the same energy as four molecules of the 
vapor. Thus the tendency for further growth of 
this cluster should be about equal to its tend- 
ency to decompose. The same condition was 
found for a group of four atoms at the corners of 
a square. The orientation studies in metals’ 
as well as the overgrowth investigations’: ® indi- 
cate that good matching in two dimensions only 
is sufficient to produce definite orientation 
relations between the phases involved. Indeed 
it seems highly probable that when an atom of a 
new phase is surrounded by all the atoms which 
it would normally have as nearest neighbors in 
this plane of the lattice, the aggregate is suff- 
ciently stable to act as a nucleus for crystal 
growth. 

Therefore, from a consideration of the geo- 
metric matching and orientation relationships 
found in metal systems it is concluded that in 
such systems a stable nucleus does not contain 
more than about 100 atoms, while it is quite 
probable that about 10 atoms are actually 
sufficient. 


9H. S. Taylor, H. Eyring and A. Sherman, J. Chem. 
Phys. 1, 68-76 (1933). 
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Expressions are derived for the vibration frequencies of asymmetrical collinear molecules of 
the X2:Y and XZY types. They are applied to the calculation of the frequencies of the N,O' 
molecule using an appropriate approximate potential fynction. The ratio of the distribution 
functions for N,O'* and N,O'8 and the value of the equilibrium constant for the reaction 


N,0'%+H,O82N,0!8+H,0" are also given. 





HILE vibrations of three particle systems 
have been studied by Cross and Van 
Vleck,! their general formulas are not suitable 
for the particular case of the collinear molecule. 
Since molecules of this type might be of some 
interest, however, expressions are derived here 
for their vibration frequencies. 

According to group theory or symmetry 
considerations two of the vibrations of the 
X-Z-Y molecule are along the molecular axis, 
and the frequencies are the roots of a quadratic 
equation. The vibration perpendicular to the 
axis is double and the corresponding frequency 
is a linear function of the force constants. 

Explicit formulas will be derived chiefly for 
the special case of the X-X-Y molecule, since 
the more general expressions are rather cumber- 
some. The degree of symmetry of the molecule is 
unchanged by this simplification so that the 
discussion concerning the special types of po- 
tential energy could also be applied to the 
X-Z-Y case. 

Consider the X2Y molecule. We denote by s 
the mutual displacement of the X atoms and by 
x and y the components of the displacement of 
the Y atom relative to the center of the X-X 
distance; x being in the direction of the molecu- 
lar axis and y perpendicular to it. The most 
general quadratic potential function consistent 
with geometrical symmetry is written in terms of 
four force constants: 


V=}(Ax?+Bs?+Cy?+2Dxs). 


Let m be the mass of the X atoms, M that 
of the Y atom, gxx the (equilibrium) distance 
between the X atoms, gxy the distance be- 
tween the Y atom and the X atom nearest to 


‘ P. Cross and J. Van Vleck, J. Chem. Phys. 1, 350 (1933). 


it, and g=qxx+qxy. If a=qxx/(2qxy+qxx) and 
u=M/(M+2m) the kinetic energy has the form: 


T =3m[2ua?+38+ 2077?(1+07/p)—*]. 


If in the more general case we let be the mass 
of the Z atom, m and &M still referring to the X 
and Y atoms, respectively, the kinetic energy is 
expressed as: 


T=3{(m+n)p'#?+4[ (m+n) —(m—n)*p’/M]?* 
+(m—n)p'és+4mne?y| (m+n) (1+a?/y’) 
+2a(m—n) —(m—n)?0?/M }"} ; 

pu’ =M/(m+n+M). 


For X2Y the parallel frequencies w; and ws; 
are the roots of : 


md? —m(2A /u+2B)+(AB—D*)/u=0, 
and the perpendicular one wz is given by: 
mr —43C(1/o?+1/p) =0. 


In the latter case the isotopic shift can be found 
directly. If asterisks refer to the less abundant 
isotope, then: 


A2o/Ao* = we?/wo*? = (u*/u)(u+a’)/(u* +a”). 


The structural constant a can in principle be 
obtained from the observed values for the 
moment of inertia J and the length gq of the 
molecule. The three quantities are related by: 


I=2m@q(o?+y)/(i+a)?. 


To determine the isotopic shifts for the parallel 
frequencies a simplifying assumption concerning 
the intramolecular forces is necessary, since it is 
impossible to obtain the three constants A, B 
and D from the two experimentally observed 
frequencies. As a first approximation it would be 
natural to suppose that there is no component 
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of the force between the end atoms parallel to the 
molecular axis and write 


V parallel = 3 (Rxxdqxx?+kxvdqxy’), 


where the notation is self-explanatory. This as- 
sumption is equivalent to letting D= —3A. 
However, when an attempt is made thus to 

determine the constants A, B and D for N,O 
complex values are obtained. All calculations are 
based on the following set of experimental 
data? 

w,= 1288.7 cm, 

we=588.3, I=66.010- gem’, 

w3 = 2237.9. 


Also electron diffraction experiments® give 
g= (2.38.08) X 10-8 cm. 


Since our first approximation does not hold for 
NO, we write 


V parallel = 3(RxxOq’xx +kxydgxy?+2udqxxdgxy) 


and assume that the interaction term u has the 
smallest possible value which gives rise to real 
values of A, B and D. This assumption has the 
further advantage of removing the usual am- 
biguity in the case when the force constant are 
calculated from a quadratic equation,‘ for it 
leads to an equation with a double root. The 
numerical values obtained on this assumption for 
the force constants of NO are: 


A=14.72X10' dynes/cm, B=17.20, D=—7.08, 
or kyn=13.80, Rno=14.72, u=0.278. 


From these values the parallel frequencies of 
N,0'8 are calculated to be 


wi*=1252.7 cm, ws*=2219.2. 


2E. F. Barker, Phys. Rev. 41, 369 (1932). 
3R. Wierl, Ann. d. Physik 8, 521 (1931). 
4 J. E. Rosenthal, Phys. Rev. 49, 535 (1936). 
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The numerical evaluation of a is necessary to 
find the isotope shift for the perpendicular 
frequency. It so happens, however, that for 
N.O the experimentally observed values of J 
and g give a complex value for a. Since the 
moment of inertia is known quite accurately, it 
is necessary that g=2.31X10-* cm in order that 
a be real. If g has its largest possible value, 
a=4/11. This gives gyn >gno by about 14 per- 
cent which may be compared with gyn = 1.094 
X10-§ cm and gno=1.146 in the diatomic case. 
In view of the uncertainty in the value of g it was 
considered best to assume gnn=Qno, i.e, 
a=1/3. This corresponds to a value of g which 
is smaller than the maximum value by only a 
few units in the third decimal place. The results 
are not affected appreciably by any small change 
in a. If a=1/3, [*=69.83X10- gem? and 
we* = 582.4 cm. 

These values of the isotopic shifts may be used 
to calculate the ratio of the distribution func- 
tions f for NO" and N,O', also the value of the 
equilibrium constant K for the reaction 


N,O'%+H,0"2N,0'*+H,0", 


This might be of some interest for the separation 
of oxygen isotopes. The necessary formulas have 
been derived by Urey and Greiff.5 With the use 
of their formulas we find that at 273.1° abs.: 


f(N20'8) /f(N20") = 1.346. 
Combining this result with the value5 
f(H,0") /f(H,0"*) = 1.274, 


we find K = 1.056. 
In conclusion I want to thank Professor Urey 
who suggested these calculations. 


5H. C. Urey and L. J. Greiff, J. Am. Chem. Soc. 57, 
321 (1935). 
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A theory of surface tension of solutions of the dipolar ions is proposed. The theory is based on 
the idea of ‘‘image force’ at the boundary of air and water. The experimental facts are satis- 


factorily accounted for by the theory. 





1 


T is well known that the surface tension of 
solutions of inorganic salts is greater than 
that of the solvent.! To explain the phenomena 
various theories most of which are based on the 
Debye-Hiickel theory of strong electrolyte have 
been proposed.?-* The solutions of inorganic 
acids behave differently from the solutions of 
inorganic salts in that the acid solutions give 
rise to a decrease of surface tension of the solu- 
tion. This phenomenon was explained quantita- 
tively by the assumption that the hydrogen ions 
of the acid solutions are adsorbed at the surface 
of the liquid due to the “hydrogen bond” 
formation with molecules of water.’ The surface 
tensions of aqueous solutions of practically all 
organic compounds is less than that of water, 
though a curious exception is afforded by certain 
sugars.* Now there is a class of organic molecules, 
most familiarly represented by the amino acids, 
which exist in solution preponderantly as dipolar 
ions, or zwitter ions.? The surface tension of 
aqueous solutions of dipolar ions may be either 
greater or smaller than that of water depending 
largely on the magnitude of the electric moment 
of the dipolar ions.!° The aqueous solutions of 
dipolar ions are different from the solutions of 
nonpolar organic compounds particularly in the 
fact that the increment of surface tension per 


1 Heydweiller, Ann. d. Physik 33, 145 (1910). 

* Wagner, Physik. Zeits. 25, 474 (1924). 

* Onsager and Samaras, J. Chem. Phys. 2, 529 (1934). 

‘Oka, Physico-Math. Soc. Jap. 14, 649 (1932). 
sage Bull. Inst. Phys. Chem. Res. Tokyo, 13, 109 

* Ariyama, Bull. Chem. Soc. Jap. 11, 687 (1936). 

’ Ariyama, Bull. Chem. Soc. Jap. 12, 109 (1937). 

*Traube, J. Prakt. Chem. 31, 177 (1885); Clark and 
Mann. J. Biol. Chem. 52, 157 (1922). 

‘For a discussion of dipolar ions, see Cohn, Am. Rev. 
Biochem. 4, 93 (1935). 

‘0 J. A. Pappenheimer, Lepie and Wyman, J. Am. Chem. 
Soc. 58, 1851 (1936). 


mole of solute is very small, even smaller than 
that of the solutions of inorganic salts. No 
theory has yet been proposed to explain the 
surface tension behavior of the solutions of the 
dipolar ions. The present paper gives a theory 
which explains quantitatively the surface tension 
of such solutions. 


2 


The most important characteristic of the 
dipolar ions is their extremely large electric 
moment, which accounts for much of their 
behavior. Thus it is natural to suppose that the 
surface tension of the solutions of the dipolar 
ions is also greatly influenced by the electric 
field due to the large dipole moments of the ions. 

Now let us consider the dipolar ion of electric 
moment yu situated in the liquid at a distance r 
from the surface of the water. There will be a 
force acting on the ion due to the image dipole 
of moment ju situated at a distance r above the 
water surface, where j= (D—1)/(D+1), D being 
the dielectric constant of the solution. The 
potential energy of the interaction of these 
dipoles is given by 


u= (ju?/8r?D)(2 cos? 6+sin? 8), 


where @ is the angle the dipole makes with the 
normal to the surface of the water. The proba- 
bility of the dipole lying at a distance between 
r and r+dr, and at an angle @ and @+<d@ will be 
proportional to 


2re—“!*T sin 6 drdé, 


where @ can vary from 0 to z. 

If mo is the total number of dipolar ions per 
cm’, then the number of dipolar ions having an 
orientation between @ and 6+dé@, and lying at 
a distance from the surface between r and 
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r+dr is 
2arnye—“!*T sin 6 drdé. 


Thus the number of ions adsorbed at the surface 
will be given by 


fo) 0 
r= 2 f f [e~ (in?/8r°DkT) (14008? 6) _ 1 |d Cos 6dr, 
a ® 


where a is the distance of nearest approach of a 
dipolar ion to the surface. If w<kT then the 
above integral can be approximated by 


co 0 jeu’ 
T= — 2am f f | oe to0st ofa cos 6dr 
a %, L8r2DkRT 


= 2rno ju? 
~~ 6a2DkT 


The assumption that u<kT is justified may be 
seen as follows: Assuming the magnitude of the 
electric moment »=20X10-! e.s.u. at 300°K, 
D=80, j=1, the value of u/kT becomes 2, 1, 0.6 
and 0.37, respectively, as the value of 27 takes 
on values 4, 5, 6, 7A. Since for glycine yu is 
evaluated" to be w=15X10-* e.s.u. and the 
radius of the dipolar ion a=2.8A, the condition 
of u<kT is satisfied even for the distance of 
nearest approach. 

According to the theorem of Gibbs the ad- 
sorption I’) which is expressed in moles per cm? 
is related to the surface tension by the following 
equation. 

C /900 


get emg ——— Bi, 
RT\9@ 
where o is the surface tension of the solution, C 
the molar concentration of the solute per liter 
of the solvent. Comparing the expressions for 
I’ and Ip we obtain 
Oo 2nrju?N 


dC = 6a*D 


x 10-%, 


where N is Avogadro’s number. The factor 
10 is due to the change from the number of 
dipolar ions per cm* to the number per liter. 
Now, for glycine we have »=15X10-'8 
e.s.u. @2=2.8A. Assuming D=80, we obtain for 


11 Kirkwood, J. Chem. Phys. 2, 351 (1934). 
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the right-hand side of the above equation the 
value 2.24. The experimental value” for Ao/AC 
is 0.92, which is of the right order of magnitude. 
The difference of 1.32 between the theory and the 
experiment may be explained in the following 
manner. In the above discussion we have en- 
tirely neglected the effects other than the 
repulsive force due to the mirror image of the 
dipolar ions. As we have stated before almost all 
organic compounds are positively adsorbed at 
the surface of water. Thus it is reasonable to 
suppose that there are attractive forces acting 
on the dipolar ions in addition to the repulsive 
force which we have considered previously. The 
magnitude of the attractive force which the 
organic molecules experience at the surface of 
water can be estimated in the following way. 
We have known from the experimental researches 
that the logarithms of the activity coefficients of 
amino acids and peptides are as a first approxi- 
mation proportional to their dipole moments." 
It is also known from experiments and from the 
theory which we have just given that the effect 
of increasing the dipole moment without other- 
wise altering a molecule is to increase the molar 
increment of the surface tension of the solution. 
This may be seen from Table I for a and 8 
alanine, a and 8 aminobutyric acid, or better 
still, a and € aminocaproic acid. Thus we can 
extrapolate the curve which relates the molar 
increment of the surface tension and the loga- 
rithm of the activity coefficient to unit activity 
coefficient, this point corresponding to the zero 
value of the dipole moment of the dipolar ion. 
The molar increment of the surface tension 
formed by this method is always negative indi- 
cating a decrease of the surface tension of the 
solution if a dipole moment is absent provided 
that the molecule has not been changed otherwise. 
Using the solubility data listed in Table I, we 
get Ac/AC= —0.35 for alanine and Ao /AC= —43 
for aminocaproic acid. Since we have no surface 
tension data for diglycine or triglycine we cannot 
estimate the molar increment of surface tension 
for these molecules without dipole. However, 
it may be expected that the molar increment of 

12 J. A. Pappenheimer, Lepie and Wyman, J. Am. Chem. 


Soc. 58, 1851, (1936). 
13E. J. Cohn, Chem. Rev. 19, 241 (1936). 





THERMODYNAMICS OF GASEOUS HYDROCARBONS 


TABLE I.* 








INCREMENT OF 
SURFACE TENSION 
PER MOLE/LITER OF 
SOLUTE Ao/AC 
¢@ in dynes/cm 


+0.58 
+0.77 
+0.92 
—23 
—0.25 
—0.41 
+0.05 


Loc or SOLUBILITY 
RATIO IN WATER- 
ETHANOL SYSTEM 


NAME Loc N/No 





a Alanine 

6 Alanine 

Glycine 

a Aminocaproic acid 

e Aminocaproic acid 

a Aminobutyric acid 
8 Aminobutyric acid 


— 2.856 
— 3.139 
—1.414 
—2.972 








* Taken from Pappenheimer, Lepie and Wyman, J. Am. Chem. Soc. 
58, 1851 (1936); Cohn, McMeekin, Edsall, and Weare, J. Am. Chem. 
Soc. 56, 2270 (1934); 57, 626 (1935); 58, 2173 (1936). 
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surface tension without dipole for glycine will 
be about the same or little larger than that of 
alanine. Thus the difference of 1.32 for glycine 
between the theoretical and experimental values 
may be due to the positive adsorption tendency 
of the molecules without the dipole, and this 
value may be considered quite reasonable. Thus 
we may consider that the theory of surface 
tension of the dipolar ions based on the image 
force idea explains the experimental facts quite 
satisfactorily. 

In conclusion the writer wishes to thank Dr. 
H. A. Erikson for his kind encouragement. 
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The partition function is considered for molecules having restricted internal rotations, and 
expressions are obtained which are reasonably accurate for most actual molecules. Tables are 
presented which list the contributions of a single restricted rotational degree of freedom to the 


entropy, energy, free energy, and heat capacity. 


HE presence of a potential barrier of about 
3000 cal./mole restricting rotation about 

the single bond in ethane, which was shown to 
exist by Kemp and Pitzer? and confirmed by 
Howard,’ suggests that the internal rotations 
of a large number of molecules may be appre- 
ciably hindered. It is therefore desirable that as 
general and simple a procedure as possible be 
developed for calculating the thermodynamic 
functions of these molecules. Assuming a 
reasonable shape of restricting potential, the 
pertinent theory will be briefly discussed and 
tables presented, which make possible easy 
and quite accurate calculations of the complete 
rotational contribution to the entropy, energy, 
and heat capacity of almost any molecule. 
The moments of inertia and potential barriers 
must, of course, be known, unless the calcula- 
tion is to be reversed, and one or more of these 
quantities derived from thermodynamic data. 

1 Shell Research Fellow, Academic Year 1936-37. 
* Kemp and Pitzer, J. Chem. Phys. 4, 749 (1936); J. Am. 


Chem. Soc. 59, 276 (1937). 
* Howard, Phys. Rev. 51, 53 (1937). 


In a second paper the method here developed 
will be applied to a number of molecules. 

Little is known concerning the exact shape of 
the restricting potentials, except that they must 
be the same qualitatively as that expressed by 
3v(1—cos md) where v is the height and m the 
number of potential maxima. This, moreover, is 
the only form for which the mathematics has 
been even partially developed, and must, con- 
sequently, be adopted. For low barriers the ex- 
act shape should make little difference, while for 
higher barriers the shape near the minimum is 
the important element so that, although a some- 
what incorrect height may need to be used, 
the thermodynamic functions should be quite 
accurate. 

It is, of course, necessary to use approximate 
methods if results of general applicability are 
desired. In the case of high potential barriers, 
when the restricted rotation becomes essentially 
a torsional oscillation, the method commonly 
used with vibrating molecules is applicable. The 
entropy (or other thermodynamic quantity) is 
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TABLE I. (S;—S) cal./deg. mole. 





S. PIT-ZER 


TABLE II. (F—F;)/T. 














10-%n2/TV 

V/RT 0 1 2 4 8 16 32 64 128 
0.0 | 0.00) 0.00) 0.00} 0.00} 0.00) 0.00} 0.00} 0.00) 0.00 
0.5 | 0.03) 0.03) 0.03} 0.03) 0.03) 0.03) 0.03) 0.03} 0.03 
1.0 | 0.12) 0.12) 0.12) 0.12) 0.12] 0.11] 0.11] 0.10} 0.09 
2.0 | 0.42) 0.41) 0.41) 0.41) 0.40) 0.38) 0.36} 0.29) 0.21 
3.0 | 0.79) 0.77| 0.76) 0.75) 0.74| 0.68) 0.62) 0.47 

4.0 | 1.13) 1.11] 1.10} 1.08} 1.05) 0.97) 0.84) 0.61 

5.0 | 1.42) 1.39) 1.37) 1.35) 1.29) 1.18) 0.98 

6.0 | 1.66] 1.62) 1.60) 1.57) 1.49) 1.34) 1.08 

7.0 1.87} 1.82} 1.79) 1.74] 1.63) 1.44) 1.12 

8.0 | 2.04) 1.98) 1.95) 1.88) 1.74) 1.50) 1.12 

9.0 | 2.19) 2.11) 2.07) 1.98) 1.81] 1.54 

10.0 | 2.32] 2.21) 2.16} 2.06] 1.86) 1.55 

12.0° | 2.53) 2.37) 2.32) 2.17) 1.91] 1.53 

14.0 | 2.69) 2.51) 2.42) 2.23] 1.91) 1.46 

16.0 | 2.83) 2.63) 2.50) 2.27) 1.89) 1.36 



































10-%n2/TV 

V/RT 0 1 2 4 8 16 32 64 128 
0.0 0.00} 0.00} 0.00} 0.00} 0.00) 0.00} 0.00} 0.00} 0.00 
0.5 0.47} 0.40] 0.38) 0.36] 0.32) 0.29) 0.23) 0.16) 0.08 
1.0 0.87] 0.77| 0.73) 0.68} 0.61] 0.53] 0.42) 0.28) 0.12 
2.0 1.52] 1.35] 1.28) 1.18] 1.04) 0.86) 0.63] 0.35) 0.11 
3.0 1.98) 1.73] 1.63} 1.49} 1.29) 1.03] 0.70) 0.32 

4.0 2.33} 1.99) 1.85) 1.67] 1.43] 1.10) 0.70} 0.26 

5.0 2.60} 2.18) 2.00) 1.78] 1.50) 1.11] 0.65 

6.0 2.81] 2.30) 2.10} 1.85] 1.52] 1.08} 0.58 

7.0 2.98} 2.39] 2.16] 1.88) 1.51] 1.03] 0.49 

8.0 3.13) 2.45] 2.20} 1.89) 1.48] 0.96] 0.38 

9.0 3.26} 2.50] 2.22) 1.89) 1.45] 0.88 

10.0 3.38} 2.53) 2.24] 1.88} 1.40] 0.82 

12.0 3.57| 2.57) 2.23) 1.83] 1.31] 0.69 

14.0 3.72} 2.59) 2.21] 1.76} 1.20) 0.57 

16.0 3.86) 2.59) 2.18} 1.68) 1.08) 0.43 
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taken as the sum of the translational and rota- 
tional entropies of the rigid molecule, and the 
entropies due to vibration, torsional or otherwise. 
With very high potentials one may use the 
harmonic oscillator or Einstein functions in 


which: 


hv /kT =0/T =(nh/2xkT)(v/2D1)' 
=4.463(n/T)(V/10*°F)}, 


where J is the reduced moment of inertia 
(1iI2/Ii+J2), » the number of potential max- 
ima, v the height of the potential maxima in 
ergs/molecule, and V, the same in cal./mole. 
For moderately high potentials it is preferable 
to use the values obtained with the above 
potential function itself. 

The quantum mechanics of the one dimen- 
sional restricted rotator has been discussed by 
Nielsen.‘ The wave equation in this case is 
easily transformed into Mathieu’s differential 
equation : 


M"+[a+16q cos 2x]|M=0, (1) 
where g=7°lv/n*h? and E-—v/2=n*h?a/32r°I. 


The single value condition requires, in general, 
solutions for which the characteristic values a 
are not known; however, it can be shown that 
the characteristic values for these solutions 
must lie in regions which are closely enough 
bounded so as to allow a reasonably accurate 


‘ Nielsen, Phys. Rev. 40, 445 (1932). See also Pauling, 


Phys. Rev. 36, 430 (1930); Teller and Wiegert, Nachr. Ges. 
Wiss. Gottingen. Math. physik. Klasse. (1933) p. 218. 


partition function to be calculated. It is con- 
venient to take the ratio of this function to the 
partition function of the free rotator, since this 
ratio depends on only two variables (V/RT) 
and (n?/IV). By means of numerical sums the 
above partition function ratio and its first two 
temperature derivatives were calculated for a 
range of values of each of the two variables. 
(These calculations were actually made for the 
case nm=2 and J;=0, J,=IJ, which involves 
only the ordinary Mathieu functions, for which 
some characteristic values have been tabulated 
by Ince® and Goldstein® and others were calcu- 
lated as needed. The results, however, are quite 
accurately applicable to the general case, as 
stated above.) The results thus obtained for the 
quantities (S;—S), (F—F;)/T, H/T and C are 
listed in Tables I, II, III and IV. The absolute 
values of S and F/T are given by the equations: 


S=R(—0.767+3 In T+3 In [X10—In n) 

~— F/T=R(—1.267+3 In T+3 In TX10” 
—Inn)—(F-F,)/T, (3) 

where is the symmetry number of the free 

rotator which will ordinarily be the same as the 


n in the potential function. If there are ” — 


potential minima, at least approximately equal, 


yet the molecule is not identical in the various 


equilibrium positions, an approximate treatment 


may be obtained with the n’s not the same. A 


6 Ince, Proc. Roy. Soc. Edinburgh, 46, 316 (1925-26). 
® Goldstein, Trans. Camb. Phil. Soc. 23, 303 (1927). 
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case of this sort, m-butane, will be discussed in 
the following paper. 

As the potential barrier becomes lower the 
uncertainty in the above treatment becomes 
greater, since the molecule spends an increasing 
fraction of the time in configurations appreciably 
different from the equilibrium one. In order to 
investigate this situation a study will be made of 
the limiting high temperature (or large moment 
of inertia) form of the partition function: 


1 ++oo +00 Bm Bi 
o-—f mm ff f = f e-W/kT(K.E.+6) 
h™ a —o am ai 


Xdqu:- ° -ddmd °° ‘Pm, (4) 


where K.E. and ® are the kinetic and potential 
energies, respectively, m the number of rota- 
tional degrees of freedom, and a, 8; the range 
of the 7th angular coordinate. Edinoff and Aston’ 
have shown that this form gives a very satis- 
factory approximation in the case of free rota- 
tion, while for small barriers the degree of 
approximation may be estimated by noting the 
variation of the functions in Tables I to IV with 
(n?/IV), holding (V/RT) constant. The first 
column (”?/JV=0) was calculated with the aid 
of this limiting function as is explained below. 
Using the results of Edinoff and Aston’ who 
discussed the integration with respect to the 


TABLE III. H/T. 








10-%n2/IV 


momenta, one obtains: 


gett Fay 


Xe-*/kTdq,- -+ddm; (5) 
where [A ] is the determinant of 
2K.E.= £ Asis 
and ® may be expressed : 
p= Ydou(t — COS 4q;). 


It may be noted at this point that the limits of 
integration of all internal coordinates will be 
0 and 27 and that by substituting g;’=1q, the 
n’s may be removed except possibly for the 
factor [A ]!. For many molecules one may take 


[A ]=sin’q, II J; 
i=1 


in which the /’s are all constants, moments of 

inertia. This gives: 
(29r7k®T 3] Tol3)* m 
= Il 
h3 i=4 


2r 
xf e—(vi/kT) (1—cos ds). (6) 
0 


TABLE IV. C. 
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? Edinoff and Aston, J. Chem. Phys. 3, 379 (1935). 
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In (6) the first factor pertains to the free rota- 
tion of the molecule as a whole while each of the 
other factors pertain to an internal rotation with 
restricting potential v;. The integral in the latter 
factors has been evaluated by suitable expan- 
sions for various values of (v/kT), the results 
being used to obtain the contribution of a 
single degree of freedom to the functions (S;—S), 
(F—F;)/T, H/T and C as listed in the first 
columns of Tables I, II, III and IV, respectively. 
It is apparent from Eq. (6) that for this group 
of molecules, the treatment of the entropy as a 
sum of independent contributions is valid for all 
magnitudes of restricting potential. 

Where this treatment is not exact, it is, 
nevertheless, a good approximation, particu- 
larly for high potential barriers. This can be 
seen from Eq. (5) in which the principal contri- 
bution to the integral will be from configurations 
for which © is small. Therefore, if [A] varies 
only slowly with the coordinates, it can be re- 
moved from the integral and given the value 
corresponding to the configuration of minimum 
potential. The partition function will be most in 
error under this procedure in the case of free 
rotation, when, however, an exact value for the 
integral in Eq. (5) can often be obtained.’: ® 
Thus an upper limit can be set to this error for all 
values of the potential. For the temperature 
derivatives of the partition function no such 
simple relationship holds; however, an analysis 
of their behavior with a continuous and slowly 
varying [A] indicates that the limiting error 
in —F/T will apply in order of magnitude at 
least to the other thermodynamic functions. 
Fortunately in most actual molecules the limit- 
ing error in —F/T will probably be small, of 
the order of 0.1 cal./deg. mole. If the uncertainty 
of this method is too great the proper procedure 


. 8 Kassel, J. Chem. Phys. 4, 276 (1936); 4, 435 (1936). 
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appears to be the further analysis of Eq. (5) for 
the individual molecule or type of molecules at 
hand. | 

The accuracy of the data in Tables I to IV is 
about 0.02 cal./deg. mole except for certain 
portions of Table IV which may contain values 
erroneous by 0.05 cal./deg. mole. However, 
considering the arbitrary form of the potential 
function and the approximate methods involved 
in application to actual molecules, the results 
obtained with the aid of these tables cannot 
ordinarily be considered significant beyond 0.1 
cal./deg. mole. It should also be emphasized that 
this treatment will fail at very low temperatures. 

As a summary, the methods of calculating 
thermodynamic quantities for molecules having 
restricted internal rotations will be _ briefly 
reviewed. 

1. If (V/RT) is of the order of one or greater, 
the desired function is calculated for the rigid 
molecule and to this is added contributions from 
the various oscillational degrees of freedom. 
Unless (V/RT) is very large the contributions 
from torsional oscillations should be calculated 
from Eqs. (2) and (3) and Tables I to IV. 

2. If (V/RT) is fairly large (greater than about 
three) this result may be considered accurate; 
however, if (V/RT) is smaller the result may be 
somewhat in error. An upper limit to the error in 
—F/T may be found by comparing the result 
obtained by this method for a hypothetical 
molecule having free rotation, with the accurate 
value for that molecule.’: * The limiting error 
thus obtained for — F/T applies approximately 
for S, H/T and C. 

3. For very small values of (V/RT) it is 
preferable to obtain S or — F/T by applying a 
small correction taken from Table I or II to the 
value calculated for the freely rotating molecule. 
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It is pointed out that the assumption of completely free 
internal rotation in the simpler hydrocarbon molecules is 
probably responsible for the discrepancies between the 
results of previous statistical mechanical calculations and 
the experimental data. Using the formulas and tables of 
the preceding paper, calculations are presented which 
show that, for reasonable values of rotation restricting 
potentials, complete agreement can be obtained with all 
experimental results. The uncertainty as to the exact 
height and shape of these potential barriers, together with 
the possible errors in estimated vibration frequencies make 


highly precise calculations of thermodynamic functions 
out of the question at present. Nevertheless the general 
agreement with experiment indicates that the potentials 
and frequencies selected must be approximately correct. 
These molecular structure data together with the avail- 
able values of heats of combustion and hydrogenation are 
then employed in calculations which yield thermodynamic 
constants and the free energy of formation as a function of 
the temperature in the range from 300 to 1500°K. The 
various calculations have been made for all of the hydro- 
carbons listed in the title. 





HE rotational partition functions for several 
of the simpler hydrocarbons have been cal- 

culated with the assumption of completely free 
rotation about single carbon—carbon bonds.?: * 
The results of these calculations are not, how- 
ever, in accord with experimental data, and in 
the case of ethane the error has been shown to 
be the assumption of free internal rotation.*: ® 
These results strongly suggest that a situation 
similar to that in ethane exists in many other 
molecules. In the preceding paper® the procedure 
is given for treating molecules having restricted 
internal rotations; however, moments of inertia, 
potential barriers, and vibration frequencies need 
to be known. The moments of inertia for the 
simpler hydrocarbons can be calculated with 
sufficient accuracy by using the reasonably well 
established values of the interatomic distances, 
while the vibration frequencies are known or 
can be satisfactorily estimated in many cases. 
The potential barriers are not known inde- 
pendently for any case, but if they are obtained 
from thermodynamic data for a few molecules, 
values can sometimes be interpolated for others. 
It is thus apparent that purely theoretical- 
spectroscopic calculations of thermodynamic 

‘Shell Research Fellow, academic year 1936-1937. 

* Edinoff and Aston, J. Chem. Phys. 3, 379 (1935). 

* Kassel, J. Chem. Phys. 4, 276 (1936); 4, 435 (1936). 

‘Kemp and Pitzer, J. Chem. Phys. 4, 749 (1936); J. Am. 
Chem. Soc. 59, 276 (1937). 


$ Howard, Phys. Rev. 51, 53 (1937). 
* Pitzer, J. Chem. Phys. 5, 469 (1937). 


functions are not possible at present; neverthe- 
less in many cases the procedure and formulas for 
such calculations are useful as a framework for 
the correlation of all experimental data available, 
whether thermodynamic or spectroscopic in 
nature. If all of the various molecular constants 
can be determined by this procedure, then 
accurate calculations of thermodynamic func- 
tions can be made just as if the spectroscopic 
data were complete. In the present paper the 
various paraffins and olefins having less than 
four carbon atom and tetramethylmethane are 
discussed from this point of view. It is found 
that for reasonable values of potential barriers 
and vibration frequencies complete agreement 
with all experimental data can be obtained. 
While it is not possible at present to make precise 
calculations of the free energy or other functions, 
reasonably accurate values of thermodynamic 
constants are given and approximate values are 
tabulated for the free energy in the region from 
300 to 1500°K. 


MOLECULAR STRUCTURE DATA AND CALCULATED 
ENTROPIES 


In the following calculations the C—C dis- 
tance was taken as 1.53A, the C=C distance as 
1.36A and the C—H distance as 1.11A. The 
angle between single bonds from a given carbon 
atom was assumed to be the normal tetrahedral 
angle. These data suffice for the calculation of 
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TABLE I. Translation-rotation entropies for rigid molecules. 








SUBSTANCE Styr at 298.1°K 


52.50 
58.62 
60.51 
59.53 
61.62 
62.69 
61.05 


Stir 


7.21+4R In T 
13.33+4R In T 
15.22+4R In T 
14.24+4R In T 
16.33+4R In T 
17.40+4R In T 
15.76+4R In T 





Ethane 
Propane 
Isobutane 
Neopentane 
(St)n-butane 
(Be)n-butane 
Isobutene 








moments of inertia and thereby translation- 
rotation partition functions for either a rigid 
molecule or a freely rotating one. The resulting 
entropies for the latter case have been presented 
by Kassel* while those for the former appear in 
Table I. 

The vibration frequencies of the simpler 
hydrocarbons have been discussed by Kassel*: 7 
and the treatment used here will be very similar, 
including, however, more recent experimental 
results. The vibrations of the hydrogens are 
grouped into three classes: those involving 
primarily C—H bond distances, H—C—H bond 
angles, and H—C—C bond angles. The fre- 
quencies of vibrations of the first type are always 
very near 3000 cm and may be taken as such 
without appreciable error. Each hydrogen con- 
tributes one such frequency. The H—C—H 
bending frequencies are 1306 (triple) and 1536 
(double) in methane ;° 1460, 1370, 1480 (double), 
and 1460 (double) in ethane ;' 1342 and 1443 in 


7 Kassel, J. Chem. Phys. 3, 326 (1935). 
8 Childs, Proc. Roy. Soc. A153, 555 (1936). 
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ethylene. For these vibrations an averaged 
frequency of 1440 cm will be used. Each 
methyl group contributes three such frequencies, 
while each methylene group contributes one. 
The third type of vibrations, which depend 
essentially on the H—C—C angle, have the 
lowest frequencies and are therefore the most im- 
portant. Ethane has two such frequencies, each 
double. The value 827 cm can be definitely 
assigned to one of these. The other has been 
estimated as 1005 cm by Howard’ from a 
force constant calculation, and as 1160 cm~ by 
Kemp and Pitzer‘ from a consideration of gas 
specific heat data. In ethylene® the frequencies 
of this group have the values 1100, 950, 950, and 
940 cm~!. Although the frequencies for ethylene 
appear to be slightly higher than those for 
ethane, the difference is insignificant for the 
present purpose and the value 950 cm™ will be 
used throughout. Each methyl group has two 
such frequencies, each —CHe— group three, 
each =CHe group two, and each CH group 
two. The total number of degrees of freedom in 
each class is shown in Table II for a number of 
molecules. 

The vibrations of the carbon skeleton are 
easily classified as bending or stretching modes. 
From both the available spectral data and the 
calculations of Kassel,’ it is apparent that for 
each C—C bond there is a frequency near 
1000 cm-'. The data on ethylene® suggest that 


® Bonner, J. Am. Chem. Soc. 58, 34 (1936). 


TABLE II. Data concerning internal degrees of freedom. 








HYDROGEN 
VIBRATIONS 





SUBSTANCE CARBON SKELETON VIBRATIONS 950 


SAT 


RESTRICTED Rot. 
1440 | 3000 298.1°K Vv, I X10 





1000 (1) 
380 (1), 1000 (2) 
380 (3), 1000 (3) 
380 (5), 1000 (4) 
320 (2), 1000 (3) 
380 (1), 1000 (1), 1600 (1) 
320 (2), 1000 (2), 1600 (1) 
320 (2), 1000 (2), 1600 (1) 
320 (2), 1000 (2), 1600 (1) 
380 (3), 1000 (2), 1600 (1) 


Ethane 
Propane 
Isobutane 
Neopentane 


n-Butane 
Propylene 
1-Butene 


Cis 2-butene 
Trans 2-butene 
Isobutene 











6 0.62 
8 2.12 
10 4.44 
12 6.65 


10 4.14 
2.38 
4.4 


5.4 
5.4 
4.6 


570 (1) 
570 (1) 


270 (1) 
270 (1) 
570 (1) 





SAD TH FF CO NOAA 


1800, 




















The numbers in parentheses or in the columns under ‘‘Hydrogen Vibrations” indicate the number of degrees of freedom. The contributions = 
thermodynamic quantities may be calculated using tables of Einstein functions for the vibrational degrees of freedom, and using the "7 
and tables of the preceding paper® for the restricted rotational degrees of freedom. The symmetry number for the restricted rotations is three, 
except for the central bond of m-butane and 1-butene. These two rotations are discussed in the text. 
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for the C=C bond the value should be about 
1600 cm~!. The bending frequencies are much 
lower and consequently much more important. 
The values from Raman spectra’® are for pro- 
pane 374; for n-butane 222, 320 and 428; for 
isobutane 370, 438; and for tetramethylmethane 
330, 416 cm. The data for the series propane, 
isobutane, neopentane are thus reasonably well 
known and the experimental frequencies may be 
used; or an averaged value, 380 cm~!, may be 
taken for each of the one, three, and five degrees 
of freedom, respectively, which are present in 
these molecules. The case of n-butane is less 
certain, since two isomers are probably present 
in equilibrium. This situation will be discussed 
below. In any event no gross error would be 
made if the two expected frequencies are assigned 
the value 320 cm. Unfortunately data are not 
available for propylene or the various butenes; 
consequently it was necessary to make some as- 
sumption. Comparison of the bending frequen- 
cies of ethane and ethylene, as mentioned above, 
indicates that the carbon skeleton bending 
trequencies of the olefins are probably but slightly 
higher than those of the corresponding paraffins, 
and consequently the same values will be used. 
The selected vibration frequencies are summar- 
ized in Table II. 

The only remaining data needed are those 
concerning the internal rotational oscillational 
degrees of freedom. Unfortunately these fre- 
quencies are active as fundamentals in neither 
the Raman nor the infrared spectra. Thus their 
determination by these methods is difficult at 
best. In the case of the double carbon — carbon 
bond the rotation restricting barriers are so 
high that the harmonic oscillator treatment is 
satisfactory. Bonner, in discussing ethylene, 
gives 825 cm-! as the most probable, though 
not completely certain value of this frequency. 
Since better data are not available this value will 
be used to determine the force constant for all 
the olefins. The frequency then becomes about 
570 cm! when heavy groups are substituted at 
one end as in propylene, 1-butene and isobutene, 
and about 270 cm- for both of the 2-butenes. 
Fortunately this frequency appears but once, 
so that any moderate error would not be serious. 
The frequency cannot be much smaller than the 


” Landolt-Bornstein, Tabellen. 
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value given in the case of ethylene, for the total 
vibrational heat capacity of the gas is only 0.08 
cal./deg. at 143°K." 

The heights of potential barriers restricting 
rotation about single bonds have, as yet, been 
determined only from thermodynamic data, 
although Howard® has employed spectral data 
to set a lower limit of 2000 cal./mole for the 
barrier in ethane. Previous calculations‘ have 
shown that the various thermodynamic data 
yield a value of 3000 cal./mole for ethane, while 
an application of the formulas and tables of the 
preceding paper® to the accurate third law 
entropy of tetramethylmethane, which was 
obtained by Aston and Messerly,” gives 4200 
cal./mole for that case. Both of these values are 
probably correct within about 300 cal. The 
interpolation of 3400 cal. for propane and 3800 
cal. for isobutane should be a safe procedure. 
The situation of the end methyl groups in 
n-butane and 1-butene is so similar to that in 
propane as to allow considerable confidence in 
the use of the same height of barrier. The central 
bond in n-butane does not have exact threefold 
symmetry, although there are presumably three 
maxima and minima. About all that can be said 
is that the potential maxima are probably about 
3800 cal. high and that the minimum correspond- 
ing so the straightened position is most likely 
lowest. 

The single bonds adjacent to a double bond 
will have a plane group on one end and a group 
with threefold symmetry (at least approxi- 
mately) on the other end. As the two sides of 
the plane group become more equal, the three 
potential barriers will tend to be canceled out, 
eventually leaving six much lower ones. Conse- 
quently one would expect in propylene, 1-butene, 
and the 2-butenes a much lower barrier than in 
ethane. Actually heat and free energy of hydro- 
genation data indicate quite free rotation, the 
potential maxima being not more than 800 cal. 
high. Isobutane, however, has two methyl groups 
at the same end of the double bond, and their 
mutual restriction should predominate over any 
from the other end of the molecule, giving a 


higher barrier in this case. The experimental 


1 Eucken and Parts, Zeits. f. physik. Chemie B20, 184 
(1933). 
12 Aston and Messerly, J. Am. Chem. Soc. 58, 2354 (1936). 
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TABLE III. Comparison of calculated and observed free ener- 
gies for hydrogenation reactions. 


TABLE IV. Comparison of calculated and third law entropies 
for olefin hydrocarbons at their respective boiling points 











AF/T alc 
(V =0) 


AF/T calc 


AF/Texp (V =800 cal.) 


OLEFIN 





Scale 
(V =0) 


Scale 
(V =800 cal.) 


SUBSTANCE b.p. Sexp 





Propylene 12.16 12.26 | 12.37 

1-Butene 12.16 12.53 12.64 

Cis 2-butene 11.90 12.06 12.28 

Trans 2-butene 11.02 11.24 11.46 

Isobutene 9.15 (8.54) 9.38 — 
cal. 

















value is 1800 cal./mole, obtained chiefly from the 
heat and free energy of hydrogenation, but giving 
some weight to the less accurate third law 
lentropy. The resulting data regarding potential 
|barriers are listed in Table II, while the calcula- 
tions involving heat and free energy of hydro- 
'genation data are summarized in Table III 
_and the comparison with third law entropies in 
' Table IV. 

Before considering in detail these comparisons 
with experiment, the calculations for n-butane 
and 1-butene should be further discussed. All 
the other molecules have internal rotations 
involving only symmetrical methyl groups; 
consequently the simple treatment given in the 
preceding paper® is at once applicable for any 
height of potential barrier. The torsional oscilla- 
tions about the double bonds are not included 
as rotations in the preceding statement; how- 
ever, their treatment as harmonic oscillators is 
satisfactory. 

Rotation about the middle bond in 1-butene 
seems to be so slightly restricted that the free 
rotation calculation of Kassel’ should be quite 
satisfactory. A small correction can be made for 
a low barrier if desired. 

In n-butane, on the other hand, the potential 
is large compared to RT at ordinary tempera- 
tures. Consequently, the rotational partition 
function should be set up for the rigid molecule 
in the equilibrium positions. Of these one may be 
described as a configuration in which the molecule 
is straightened out and the other two as “‘bent” 
configurations which are mirror images of each 
other. The translation-rotation entropies for 
these molecules are listed in Table I, wherein 
an amount R In 2 has been added to the entropy 
of (Be) n-butane because of the two optically 
isomeric forms present. Strictly, the internal 
entropy contributions would be different for the 





Propylene 225.3 | 60.4 61.8 {61.5 

Cis 2-butene 276.8 | 72.7 72.4 171.9 

Trans 2-butene | 274.1] 70.5 7.0 Wi 
Isobutene 266.0} 67.8 | (70.5) |68.8(V=1800 
cal.) 




















In Tables III and IV, V is the potential barrier restricting rotation 
about bonds adjacent to the double bond. 


(St) and (Be) forms, however, this difference 
will be neglected since it is probably small but 
not readily ascertained. We may then write for 
the reaction: 


(St) n-butane = (Be) n-butane 
Rin K= —AF°/T=1.07 —AH,°/T, 


where AH,° is probably positive and not more 
than a few hundred calories. Assuming for the 
moment that AH,° is known, then the mole 
fractions Ns and Nx. can be obtained and the 
entropy of the mixed gas written: 


S=NsSsit+NeseSpe 
—R(Ns: In Nsi+Noze In Np). 


Although the magnitude of AH,° is not known, 
for temperatures near 300°K, values of AH,’ 
up to 300 cal. have a negligible effect on the 
entropy while a value of 600 cal. reduces the 
entropy by less than 0.3 cal./deg. mole from 
the result for AH,° equal to zero. Since the tem- 
peratures of interest are near or above 300°K 
and it seems unlikely that AH,° is more than 
600 cal. one may use the result for a zero value 
with considerable confidence. Note should be 
made of one additional element concerning the 
calculation of the entropy contribution from the 
torsional oscillation about the central C—C 
bond. While the symmetry number for a rotator 
would be one, nevertheless a term (—R In 3) is 
introduced because only the energy levels corre- 
sponding to oscillation about one of the three 
minima are desired. For calculation of the 
quantity (10-*67?/TV) or the equivalent har- 
monic oscillator frequency, ” should be given 
the value three. If the existence of the different 
forms of n-butane had been neglected, and 
averaged values of the moments of inertia used, 
then the (—R In 3) term would be omitted as 
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THERMODYNAMIC FUNCTIONS FOR MOLECULES 


would the entropy of mixing terms which have as 
a maximum value, (+R In 3). This treatment, 
however, would be less accurate. 


COMPARISON WITH EXPERIMENT 


The experimental data with which comparison 
can be made are entropies obtained from low 
temperature heat capacities and combinations 
of heat and free energy data for hydrogenation 
reactions. The entropies of all of the paraffins 
here considered except propane are known experi- 
mentally, however the more accurate values 
which are for ethane and tetramethylmethane 
have been used to fix the heights of potential 
barriers. The assumptions made in the calcula- 
tions for propane and isobutane were reasonably 
safe and very similar; consequently a satisfac- 
tory agreement in the case of isobutane will 
serve as confirmation of the values for both 
molecules. Parks, Shomate, Kennedy, and Craw- 
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ford" obtained 67.2+1.1 cal./deg. mole for 
the entropy of isobutane gas at its boiling point 
(260.9°K) while the calculated value is 67.7 
cal./deg. mole. 

Huffman, Parks, and Barmore'™ obtained 
72.5 cal./deg. mole for the entropy of n-butane 
at its boiling point. Recently the extropolation 
below liquid-air temperatures has been recon- 
sidered by Parks and co-workers,'* who give a 
revised value of 73.7 cal./deg. mole. The calcu- 
lated result 72.8 cal./deg. mole lies between 
those obtained from the experimental data. 
This is a very satisfactory confirmation of the 
calculated value and indicates that the rather 
uncertain assumptions were at least approxi- 
mately correct. 

The heats of hydrogenation at 355°K of 
ethylene, propylene, and the various butenes 


13 Parks, Shomate, Kennedy and Crawford, J. Chem. 
Phys. 5, 359 (1937). 

14 Huffman, Parks and Barmore, J. Am. Chem. Soc. 53, 
3876 (1931). 


TABLE V. Thermodynamic constants for twelve hydrocarbons in the gaseous state. 








S° 208.1 AS°298.1 


SUBSTANCES cal./deg. mole 


CONSTANTS OF FORMATION FROM Ha(g) AND Cig. 


cal./deg. mole 


graphite) 
4H° 298.1 AF ° 208.1 
kcal./mole kcal./mole 


AH? 
kcal./mole 





44.60+0.0 
54.82 +0.2 
64.8 +0.5 
75.1 +1 
70.8 +0.8 
73.7 +0.5 
52.75+0.1 
65.1 +0.7 
75.4 +1 
73.6 +1 
73.0 +1 
71.3 +1 


—19.22 
—41.59 
— 64.2 
— 86.5 
—90.8 
— 120.5 
— 12.43 
—32.7 
—55.0 
— 56.8 
—57.4 
—59.5 


Methane 
Ethane 
Propane 
n-Butane 
Isobutane 
Neopentane 
Ethylene 
Propylene 
1-butene 

Cis 2-butene 
Trans 2-butene 
Isobutene 


— 18.07+0.12 — 12.34 
— 20.60 +0.23 — 8.20 
— 25.39+0.32 — 6.25 
— 30.57 +0.43 — 4.78 
—32.20+0.43 — 5.13 
—40.7 +1.2 —4.8 
+12.09+0.25 +15.80 
+4.48+0.38 + 14.23 
—0.41+0.5 +15.99 
—2.14+0.5 + 14.79 
—3.09+0.5 +14.02 
—4.02+0.5 +13.72 


— 16.15 
— 16.86 
— 20.14 
— 23.90 
—25.45 
—32.4 
+14.06 
+8.12 
+4.72 
+2.92 
+1.97 
+0.85 








The uncertainty in S°298.1 applies also to AS°29s.1 and the uncertainty in AH°298.1 to AF°2s.1 and AHo°. 


TABLE VI. Values of AF°/T of formation for twelve hydrocarbons in the gaseous state. (Units: cal./deg. mole). 








METHANE* ETHANE PROPANE 1%-BUTANE ISOBUTANE 


1-Bu- 
TENE 


Cis 2- Trans 2- Iso- 
BUTENE BUTENE BUTENE 


PROPYL- 
ENE 


ETHYL- 
ENE 


NEo- 
PENTANE 





—15.2 — 16.4 
— 0.5 — 0.9 
+10.9 +11.2 
20.0 20:7 
27.4 28.4 
38.7 40.2 
47.1 49.0 
53.6 55.9 
58.8 61.2 
62.6 65.1 
67.2 69.8 
68.8 71.8 
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—15.1 
+ 4.5 
19.8 
31.7 
41.5 
56.4 
67.5 


52.8 
47.2 
43.0 
39.9 
37.6 
34.0 
31.7 
30.0 
28.7 
27.6 
25.9 
22.8 


47.7 
45.8 
44.5 
43.6 
43.1 
42.4 
42.0 
41.9 
41.9 
41.8 
41.3 
39.0 


53.7 
54.1 
54.6 
55.2 
55.8 
56.9 
57.9 
58.9 
59.7 
60.1 
60.0 
58.1 


49.7 47.2 
51.0 48.8 
52.1 50.4 
53.2 51.7 
54.2 53.0 
56.0 55.1 
57.6 56.8 
59.0 58.3 
60.1 59.6 
60.7 60.4 
61.1 61.0 
59.7 59.6 








* The values for methane are taken from Kassel, J. Am. Chem. Soc. 55, 135 (1933). 
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Fic. 1. The free energy of formation of gaseous hydrocarbons. 


have been accurately measured by Kistiakowsky 
and co-workers.'!> The equilibrium constants of 
the same reactions have been obtained by Frey 
and Huppke!* for several temperatures, includ- 
ing 673°K. Table III gives a comparison of the 
experimental values of (—R In K=AF/T) for 
673°K with those calculated with the aid of the 
heat data. In all the olefins except isobutene, the 
potentials restricting rotation should be about 
the same, and rather small. Table III shows that 
the agreement is satisfactory for values up to 
about 800 cal., since the experimental errors 
may be taken as at least 0.4 cal./deg. mole. 
With isobutane a higher potential is expected, 
and a value of 1800 cal. gives a good agreement. 

The experimental entropies of the olefins are 
all from the work of Parks and co-workers!*: !7 
and have been increased over the originally 
published values by 10 percent of the extro- 
polated portion as has been recently recom- 
mended."* The comparison with calculated 


6 Kistiakowsky, Romeyn, Ruhoff, Smith, and Vaughan, 
J. Am. Chem. Soc. 57, 65 (1935); Kistiakowsky, Ruhoff, 
Smith, and Vaughan, ibid. 57, 876 (1936). 

16 Frey and Huppke, Ind. Eng. Chem. 25, 54 (1933). 

17 Todd and Parks, J. Am. Chem. Soc. 58, 134 (1936). 


values in Table IV shows complete agreement 
within the experimental errors. 


THERMODYNAMIC FUNCTIONS FOR TWELVE 
HYDROCARBONS 


While the partition functions set up in the 
preceding paragraphs are not very precise, the 
general agreement of thermodynamic quantities 
calculated from them with experimental values 
indicates that they must be approximately 
correct. These partition functions appear to be, 
in fact, accurate enough for use with the best 
heat of formation data now available without 
significantly increasing the uncertainties except 
at high temperatures. Table V contains the 
values of several thermodynamic functions at 
298.1°K and the values of the heat of formation 
at the absolute zero for twelve hydrocarbons. 
In Table VI the free energies of formation are 
listed for various temperatures in the range from 
300 to 1500°K. The data of Table VI are presented 
graphically in Fig. 1. 

In the various calculations the heats of forma- 
tion of the paraffins are taken from the work of 
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Rossini,!® while the values for the olefins are 
obtained by combining the heat of hydrogena- 
tion! with the heat of formation of the resulting 
paraffin. In the case of ethylene, precise heat 
of combustion data!’ are available and the value 
used is a compromise one. The remaining calcula- 
tions were made using the data and methods 
described in this and the preceding paper.® All 
values of the constants of formation are based 
on He gas and §-graphite. The contribution due 
to nuclear spin is omitted from all entropies. 
In obtaining the values listed in Tables V and 
VI the following constants were used either in 
the present work or that of Rossini. 


Hog) +1/202(9) =H20 2, 
AH 298.1 = —63.313+40.01 kcal. /mole, 


C (g-graphite) +O2(9) _ CO2), 
AH o93.15= —94.24 +0.10 kcal./mole, 


For 


C (diamond) = C (g-graphite)s 
AH°o93.1= — 0.22 +0.07 kcal./mole, 
18 Rossini, Nat. Bur. Stand. J. Research 13, 21 (1934); 


15, 357 (1935); J. Chem. Phys., 3 438 (1935). 
19 Rossini, Nat. Bur. Stand. J. Research 17, 629 (1936). 


1 kcal. = 1000 cal. = 4183.3 int. joules; 
Hag, S° 298.1 = 31.23 cal. /deg. mole 
(H° 998.1 — H°) = 2.028 kcal. /mole ; 


for 

and 

C (g-graphite)S 298.1 = 1.36 cal./deg. mole 
(H° 093.1 —Ho°) =0.25 kcal. /mole. 


for 


and 


In Table VI some of the values have been ob- 
tained by graphical interpolation. The values 
for 450, 1000 and 1500°K were directly calcu- 
lated while those calculated for 298.1 and 763°K 
(in Tables III and V) were also used in making 
the interpolations. The slope of the curve at 
298.1°K was made to correspond to the known 
AH® at that temperature. It should be noted 
that the values in Table VI are not sufficiently 
precise to allow accurate differences to be taken. 
Thus heat contents and heat capacities must be 
calculated separately if other than very rough 
estimates are desired. 

The data in Table VI should be useful in ob- 
taining equilibrium constants for a large number 
of hydrocarbon reactions. 
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The Born theory of optical activity in quantum-me- 
chanical form is simplified with the aid of certain approxi- 
mations. It leads to a simple expression for the rotatory 
parameter of an active molecule in terms of the geometrical 
configuration and the polarizability tensors of its consti- 
tuent groups. Optical anisotropy of the component groups 
and inhibited internal rotation are found to play an 


I 


PHYSICAL theory of optical activity was 

first formulated by Fresnel, who attributed 
the phenomenon to circular double refraction. 
In seeking a structural explanation in crystals 
he postulated a helicoidal arrangement of the 
atoms, anticipating the screw axis revealed by 
modern x-ray investigations of crystal structure. 


‘Fresnel, Bull. Soc. Philomat., p. 147 (1824). 


important role in determining rotatory power. The pro- 
posed theory has points of similarity both with the 
polarizability theories of Gray, de Mallemann, and Boys 
and also with Kuhn’s specialization of Born’s classical 
theory of optical activity. To illustrate its use, the absolute 
configuration and the specific rotation of d-secondary 
butyl alcohol are calculated. 


This type of structural explanation was in- 
adequate to account for the optical activity of 
liquids and solutions, discovered by Biot.? It was 
necessary to attribute the optical rotatory power 
of a liquid to a characteristic structure of its 
component molecules, themselves, rather than 
to their arrangement. The principles of stereo- 
chemistry, enunciated by Le Bel and van’t 


2 Biot, Bull, Soc. Philomat., p. 190 (1815). 
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Hoff,’ led to the important empirical rule that 
the absence of a plane or center of symmetry 
was a necessary condition for molecular rotatory 
power. Drude* made an attempt to develop a 
theory of optical rotatory power both in crystals 
and liquids, based upon the classical theory of 
dispersion. However, he was forced to postulate 
the existence of electric charges constrained to 
vibrate in helicoidal paths, a point of view not 
substantiated by modern views of molecular 
structure. 

A satisfactory molecular theory of optical 
rotatory power was first formulated by Born’ in 
the frame of the classical oscillator theory of 
dispersion. In Born’s theory, optical rotatory 
power is to be found in a second-order term of 
the dispersion formula, arising from the retarda- 
tion of the radiation field over the space occupied 
by an active molecule. A theory similar to that 
of Born was almost simultaneously proposed by 
Oseen® and certain refinements were introduced 
by Gans.’ The classical theory has been ex- 
tensively applied by Kuhn,’ using a special 
model consisting of a pair of anisotropic dis- 
persion oscillators. Recently Born® has applied 
the theory to a model consisting of four isotropic 
oscillators. With the advent of quantum me- 
chanics, Born’s theory was reformulated on the 
basis of the quantum-mechanical theory of 
dispersion.!° It is here that an adequate theory 
of rotatory power, free from the defects of the 
artificial oscillator theory, is to be sought. We 
shall endeavor to put the quantum-mechanical 
theory into manageable form with the aid of 
certain approximations. 

Paralleling the Born theory, a theory of 
rotatory power, similar in principle, but starting 


3 Le Bel, Bull. Soc. Chim. 22, 337 (1874); van’t Hoff, La 
Chimie dans L’ Espace (1875). 

4 Drude, Theory of Optics, English translation (Longmans, 
1902), p. 400. 

5 Born, Physik. Zeits. 16, 251 (1915); Optsk (Springer, 
Berlin, 1930). 

6 Oseen, Ann. d. Physik 48, 1 (1915). 

7 Gans, Zeits. f. Physik 17, 353 (1923); 27, 164 (1924); 
Ann. d. Physik 79, 548 (1926). 

8 W. Kuhn, Zeits. f. physik. Chemie B4, 14 (1929); Ber. 
63, 190 (1930); Trans. Faraday Soc. 26, 293 (1930). 
Kuhn and Freudenberg, Drehung der Polarizationsebene des 
Lichtes (Leipzig, 1932). 

® Born, Proc. Roy. Soc. London A150, 84 (1935); Oke, 
ibid. 153, 339 (1935). 

10 Rosenfeld, Zeits. f. Physik 52, 161 (1928); Born and 
Jordan, Elementare Quantenmechanik (Springer, Berlin, 
1930), p. 250. 
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directly from the forced vibrations produced in a 
molecule by the radiation field, has been de- 
veloped by Gray," de Mallemann,” and Boys." 
We shall refer to this theory as the polarizability 
theory of optical activity, since it allows the 
expression of the rotatory power of a molecule 
in terms of the configuration and polarizabilities 
of its constituent groups. We shall show how the 
quantum-mechanical formulation of the Born 
theory leads directly to the polarizability theory 
when certain reasonable approximations are 
introduced. The initial term in the polarizability 
theory, which we believe to be chiefly responsible 
for rotatory power, has not, however, been con- 
sidered by other writers on the polarizability 
theory, since they have either treated the groups 
constituting an active molecule as optically 
isotropic or as possessing optical axes of sym- 
metry along the bonds linking them to an 
asymmetric carbon atom. The formula, which we 
shall obtain involves the interaction of pairs of 
optically anisotropic groups. Its analog in the 
oscillator theory is to be found in Kuhn's 
specialization of Born’s classical formula. How- 
ever, anisotropic polarizable groups replace the 
hypothetical dispersion oscillators, and_ the 
coupling parameter is explicitly calculated from 
the electrostatic interaction of the groups. 


Il 


Optical rotatory power in a dispersive medium 
can be formally attributed to a difference in its 
refractive indices, m, and m,, for right and left 
circularly polarized light. A beam of plane 
polarized light may be regarded as a superposition 
of two right and left circularly polarized com- 
ponents of equal intensity. A phase difference 
between the two circular components is set up 
in an optically active medium, which is equiva- 
lent to a rotation of the plane of polarization of 
their resultant plane polarized wave. The angle, 
8, through which the plane of polarization is 
rotated per centimeter of path is given by 


0=(r/do)(M,—N-), (1) 


where Xo is the wave-length of the light in 
vacuum. 


11 Gray, Phys. Rev. 7, 472 (1916). 
12 de Mallemann, Rev. Gen. Sci. 38, 453 (1927). 
18 Boys, Proc. Roy. Soc. London A144, 655, 675 (1934). 





OPTICAL ROTATORY POWER 


From the standpoint of the electromagnetic 
theory,® !° the optical properties of a substance 
may be characterized by the manner in which 
its electric polarization P and magnetic polariza- 
tion M are related to the field vectors of an 
electromagnetic wave. In an isotropic optically 
active medium these relations have the following 
form 

P= x.E+oH — (p/c)dB/dt, (2) 
M = xnH+cE+(p/c)dE/dt, 


where E is the electric vector, H the magnetic 
vector and B the magnetic induction. x, and xm 
are the ordinary electric and magnetic sus- 
ceptibilities, and p is a constant which determines 
the rotatory power of the medium. The constant 
o does not influence the rotatory power and is of 
no importance for our purposes. The rotation in 
radians per centimeter of a plane polarized wave 
is given by 


3 = 167? p/d,?. (3) 


It is associated with a corresponding difference 
in the refractive indices for right and left 
circularly polarized light, but the decomposition 
of the plane polarized wave into circular com- 
ponents is unessential. The specific rotation, 
[a], in degrees per decimeter per gram of active 
substance per cubic centimeter is equal to 
1800v3/2M, where M is the molecular weight 
and v is the volume occupied by a mole of the 
substance. 


[a ]=2.880 X10*(2?pv/ MQ”). (4) 


The constant p can be related to a molecular 
rotatory parameter g. We shall presently show 
that the average electric moment, woo’, induced 
in an active molecule by a plane electromagnetic 
wave can be expressed in the following form 


Uoo =aF+ (ai XF)+2VXF, (5) 


where a; is a unit vector normal to the wave 
front and F is the internal electric vector of the 
light. The Lorentz field, equal to (n?+2)E/3 
where n is the refractive index, is a fairly good 
approximation to F, even in polar liquids for 
frequencies equal to or greater than those of the 
visible spectrum. From Maxwell’s equation, 
VXE=—(1/c)éB/dt, and the definition of P as 
the density of electric moment, we see that the 
rotatory part of the electric polarization is equal 
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to —[(n?+2)/3v](Ng/c)dB/dt. By comparison 
with Eq. (1), we obtain 
n?+2 Ng 
p= ei 
3 ov 

where. N is Avogadro’s number. The specific 
rotation may then be written in the form 

r2N n?+2 

[a ]=2.880 x 104 g. 
Md 3 


(6) 


(7) 


If we insert numerical values for the constants, 
[a]p, the specific rotation for the D line of 
sodium, \»=5893A, may be calculated from the 
formula 


n? 


+2 
[a]p = 4.960 X 107——-g, 
3M 


(8) 


If the angstrom instead of the centimeter is 
employed as the unit of length in the calculation 
of the rotatory parameter, g, which has dimen- 
sions of length to the fourth power, we may 
write 
alo =4.960X 10 (9) 
a |pD=*. 3M g, 
g, of course, depends upon the frequency of the 
light, but varies slowly outside regions of 
anomalous rotatory dispersion. 


Ill 


We shall now undertake the calculation of the 
molecular rotatory parameter g, following the 
general outlines of the theory of Born.!° We con- 
sider a polyatomic molecule situated in a Lorentz 
cavity in a dispersive medium of refractive index 
n, through which a plane electromagnetic wave 
of frequency, v, is passing. We suppose that the 
ground electronic state of the molecule is non- 
degenerate, although the ground state as a whole 
may have vibrational degeneracy, which is 
unimportant for the dispersion. The orientation 
of the molecule, that is to say the orientation of 
the average configuration of its atomic nuclei, is 
assumed to be fixed relative to a set of mutually 
orthogonal unit vectors, a1, a2, and a3, specifying 
the directions of the wave normal, electric vector, 
and magnetic vector of the wave. Later we 
average over all molecular orientations. By the 
principle of spectroscopic stability, this is equiva- 
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lent to averaging over spatial quantum numbers. 
The Lorentz field F at a point, R, referred to 
some convenient origin, may be written 


F =a2F cos 2z[ vt—R-ai/d ], 


where the amplitude F is equal to the product of 
(n?+2)/3 and the amplitude E of the electric 
vector. The field F may be derived from the 
following vector potential 


F = —(1/c)dA/dt 
A= -—a2(cF/2zrv) sin 27[vt—R-a;/d]. (11) 


From the quantum-mechanical theory of dis- 
persion,'‘ we obtain the following expression for 
the electric moment induced in the ground state 
of the molecule by the electromagnetic field. 


(10) 


UnoPon* Ae 
YVnotv 
Xexp (2ri[ vt —Ro: a;/d ]) 
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xXexp (—2zi[_vt—Ro-a;/d ]) 9 (12) 
where Ro specifies the position of the molecular 
center of gravity and the sum extends over all 
excited states of the molecule, associated with 
the spectroscopic frequencies vj». An integral 
over continuous parts of the spectrum is implied 
in the summation. The constants h, e, and m are 
Planck’s constant, the electronic charge, and the 
electronic mass. The quantities, uno, are the 
matrix elements of the electric moment of the 
molecule, and p,ot and p,o are matrix elements 
of operators defined below. 


u=Der.=Lu., 
p+=)>> exp (—2zir,-a:/d)p, 


2m1 
= p ~~ IPs, 


p-= > exp (+2zir,-a;/d)p. 


(13) 


21 
= pt da ‘TDs, 


144Sommerfeld, Atombau und Sphektralinien, Wellen- 
mechanischer; Ergdnzunsband, p. 193, Vieweg, Braun- 
schweig (1929); Dirac, Quantum Mechanics, Chap. XII, 
(Oxford, 1930). 
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where the sum extends over all electrons of the 
molecule, r, is the position of electron s relative 
to the molecular center of gravity, p, is its 
momentum operator, and p the total electronic 
momentum. It is sufficient to retain only the 
first two terms in the expansions of pt and p-. 
The second terms are responsible for optical 
activity. Substitution of the expressions (13) in 
Eq. (12) yields after some algebraic simplification 


Woo =[e-ast+y-a2|F cos 2x[vt—Ro-ai/d] 


+(27/d)g-acF sin 2x[vt—Ro-ai/d |, (14) 


where the tensors a, y, and g are written in 
dyadic form below. The expression for @, the 
familiar polarizability tensor, is simplified by use 
of the relation, epno=27imvynowno, 


2 , Vrn0VonBno 
e=— oat a arcaed 
h n V, o- —_ p2 


p ap 2y 


Ltr) ona (r.Ps) no 
"Sai ® 8 Vnor — yp? 
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We need not concern ourselves further with y, 
since it does not contribute to the rotation but 
simply gives rise to the term oH in Eq. (2). The 
tensor g gives rise to the rotatory power. We now 
average woo’ over all orientations of the molecule 
with respect to the fixed set of axes (a1, a2, 4s). 
We make use of the formulas 
((v1-@1)(V2-a1)(V3-a2))w=0, 

((Vi-@2)(V2-a1)(V3-a2))w =O, (16) 


(Vi-@3)(V2-a1)(V3-@2) = —§Vi- (V2 X Vs), 


where Vj, V2, and v3 are any set of vectors fixed in 
the molecule. Thus the vector (g-as)a, is equal to 
(a3-g-A2)na3 and (y-as)a is equal to (a3: 7° a2) Was. 
From Eq. (11), we may calculate 


VXF,= (27/d) Fas sin 2n[vt—Ro-ai/d ], 
a XFo= Fa; cos 2a[vt—Ro-ai/d]. 


(17) 
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Denoting (a3-g-a2) by g and (a3: a2) by y, we 
obtain from Eqs. (14) and (16) 


(woo )av=aFo+ (ai XFo)+2V XFo, (18) 


which is identical with Eq. (5). The constant a is 
the mean polarizability of the molecule, equal to 
one-third of the sum of the diagonal elements of 
a. In carrying out the averaging of a3-g-as, we 
may first express the tensors (r.P,)no in terms of 
an orthogonal set of unit vectors fixed in the 
molecule and then sum the result. 
e? 
eater sam , 
, 12rimh"* ” 


(r,) On* (re XPs)no— (rr) no° (T,X Ps) on 
Xx : 





(19) 


If we remember that the magnetic moment m of 
the molecule is given by 


m= (e/2mc)>-r. XP; (20) 


we may write g in a slightly different form 
Cc , Mon’ Bno— Mno- Bon 


oe 
6rih * 





ae (21) 
An analysis similar to the preceding one except 
for the fact that the retardation of the wave over 
the molecule may be neglected entirely yields for 
Moo, the average magnetic moment induced in 
the ground state of the molecule. 


(Mo0')w = (g/c) OF 0/dt+ YF o. (22) 


Eqs. (19) and (21) are Born’s equations!® for the 
optical rotatory parameter, put in a slightly 
more explicit form. 

We shall attempt to simplify the general 
formula for g with the aid of certain approxi- 
mations, which will allow its calculation from the 
properties of the groups or radicals constituting 
the molecule. We suppose that the molecule 
consists of N groups coupled to an inactive 
central group by valence bonds. The central 
group may be the asymmetric carbon atom in 
simple optically active organic compounds or it 
may be a hydrocarbon radical of rigid configura- 
tion as in the spirane compounds. The subsidiary 
groups may themselves be optically active as in 
the sugars or other compounds containing two or 
more asymmetric carbon atoms. When this is 
true, the group in question may be further 
decomposed into secondary groups. 
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The sum over all electrons in Eq. (19) may be 
replaced by a sum over the N+1 groups by 
means of the following relations 


N+1 


D (ur) on = ; & Yon", 
r i=l 


N+1 


2mc 
Dr. XPs)no= pm | Rixpest +m o | (23) 
° é 


k=1 
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where yw“ is the electric moment of group 7, 
p“ is the total electronic momentum of group 
k, and m) is its total magnetic moment re- 
ferred to the center of gravity of group , 
situated at a point R; from center of gravity 
of the molecule as a whole. Since nondiagonal 
matrix elements of any constant vanish, the 
shift in origin from the center gravity of the 
molecule to the center of gravity of the group 
does not affect the matrix elements uo, “. The 
replacement of the sums over electrons by 
sums over groups is strictly valid only when 
electron exchange between groups can _ be 
neglected, since otherwise the assignment of 
a definite number of electrons to a given group 
is ambiguous. However, when structural reso- 
nance involving two or more of the groups 
is absent, it is an adequate approximation to 
neglect exchange between groups except for 
the bonding electrons between each subsidiary 
group and the central group. The ambiguity in 
the assignment of electrons to the various groups 
may then be removed by including the bonding 
electrons between a subsidiary group and the 
central group in the sums (23) for both groups 
with a factor, 4, in each case. In the absence of 
structural resonance, electron exchange between 
subsidiary groups can be neglected. From 
Eqs. (19), (21) and (23) and the relation, 
€pno = 2rimynotno™, we obtain 
N+1 


g=g+eP4+ > i, 
k=1 


1 
go =— 


N+1 Vn 
» ae ay 
6h itk=1 


0 
[Re- (won X tno) 
v 


Ynor = 


(24) 
+Ri- (uno X ton) J, 


1 Mon) Bao — Ming Bon? 


g 


Orth ifk=1 n Yao? — v? 











484 


where g; is the internal rotatory parameter of 
group , itself. In simple optically active com- 
pounds the g; vanish. If the retardation of the 
electromagnetic wave over all parts of each 
group is approximated by its value at the center 
of gravity of the group, g“) vanishes, and the 
rotatory parameter reduces to g®. We shall 
make this approximation in the present article, 
remarking that it is common to all previous 
theories of optical activity based upon localized 
oscillators. 

For the calculation of g, we start with ap- 
proximate molecular wave functions y,°, which 
are the eigenfunctions of a Hamiltonian includ- 
ing the interactions of the subsidiary groups 
with the central group, but not the interactions 
of the subsidiary groups among themselves. 
Because of the interaction between the subsidiary 
groups the wave functions will undergo a 
perturbation. We suppose that the subsidiary 
groups are sufficiently distant from each other 
that it is sufficient to retain only the dipole term 
in the potential, V, of their interaction 


N 
V= XY y- Ty, 


>i=1 


1 
[1-3 
i 


The use of this potential, of course, requires the 
neglect of electron exchange between the sub- 
sidiary groups. If any of the states m are de- 
generate, we select for the corresponding y,°, a 
set of linear combinations of the eigenfunctions 
of the degenerate state, which diagonalize V. 
This can in general be done with real linear 
combinations and it will be convenient to have 
all the y,° real in subsequent calculations. 

The spectrum associated with the approxi- 
mate wave functions y,° is, of course, not the 
actual spectrum of the molecule, since the mutual 
perturbation of the secondary groups has been 
neglected. However, in the absence of structural 
resonance the two spectra will not be expected 
to differ much. Thus the spectrum of an organic 
radical retains to a large extent its identity in 
different compounds of which it is a substituent 
and is influenced considerably only by groups 
which are its nearest neighbors, in this case the 


(25) 
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central group. The approximate -additivity> of 
atomic refractions and atomic volumes of organ 

compounds are related to this fact. Moveove:, 
for the same reasons, the zero-order spectrum 
can be characterized by sets of quantum numbers 
M1, Ne***Nyx41 associated with the individual 
groups of the molecule, corresponding to a 
set of normalized orthogonal wave functions, 
Wn = Wns, no...nx41 With the following property 


fla) Inn = [/ao) e's IL duran (26) 


where f(q;) is any function of the coordinates, g;, 
of the electrons of group 7 alone. This amounts to 


assuming that the wave functions, y,°, can be 
N+1 


expressed in the form, I gni(qi), where gni(q;) 


depends only on the enteme of the electrons 
of group 7. The function gn;(qi) may be regarded 
as a generalized “‘self-consistent field’ function 
of group 7 as a whole in the presence of the 
central group. Thus exchange between the sub- 
sidiary groups and the central group is really 
neglected. Accordingly the above wave func- 
tions would be poor in the neighborhood of the 
valence bonds and quite unsuitable for the 
calculation of bond energies. However, since 
the number of bonding electrons between the 
central group and the subsidiary groups is small 
in comparison with the total number of electrons 
in the molecule, these wave functions should be 
adequate for the calculation of the optical 
properties of the molecule, unless the bonding 
electrons make abnormally large contributions. 
It is to be remarked that electron exchange within 
the groups themselves is not neglected. The 
perturbation of the wave functions of the mole- 
cule resulting from the mutual interaction of the 
subsidiary groups may be calculated by the 
usual methods. The perturbed wave functions 
Wn1, 2,...mx41 May be written to the first order 
in the following form when use is made of 
Eqs. (25) and (26). 


1 
“ans 3 ay 
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Cal-ulation of uno’? Xun with these wave 
f ictions leads to the result, 
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With the wave functions (27), the sum in 
Eq. (24), defining g®, of course, becomes a 
multiple sum over 1, M2,°*+My4; and vp0 be- 
comes ymo-+ y+ +++vnyy.0, Where vnjo is a 
frequency of group 7. Substituting Eq. (28) in 
Eq. (24), and making use of the fact that all 
uno? are real and thus equal to won‘, since the 
vn" have been chosen real, we obtain after some 
algebraic simplification 
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Actually the initial substitution of (28) in (24) 
yields two sums, one over »; and n,’ and one 
over n;’ and n,. Since the labeling is entirely 
arbitrary, both are relabeled as sums over n; and 
n,, and combined. We remark that the polariza- 
bility tensor of group i has the form 


_ 2 ynop nop nso 
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so that we may ~vrite 
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From Eqs. (16), (29) and (31), we see that g™ 
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may be expressed in the following form 


N 
gP=— DF ((as-a-Ty,-a -ae)(Re-a1)), (32) 
ifk=1 

a formula which allows the calculation of g 
from the polarizability tensors of the subsidiary 
groups and the geometry of the molecule. Eq. (32) 
would have been the first term in Boys’ polariza- 
bility theory, had he not assumed the groups to 
be optically isotropic. By a very tedious extension 
of the perturbation calculation, the next approxi- 
mation of the polarizability theory, considered by 
de Mallemann, involving sets of three groups has 
been verified, although small additional terms 
connected with frequency shifts caused by the 
perturbation appear. The Boys term would 
appear only if third-order terms were included in 
the perturbed wave function (27). If the groups 
are optically isotropic, the Boys term is the first 
one which does not vanish. Although the 
anisotropy of the groups might introduce only a 
moderate correction to the Boys term itself, it 
cannot be neglected for it enters into a much 
earlier approximation. It is our opinion that the 
Boys term and the one preceding it are seldom 
very important in comparison with the initial 
term in the polarizability theory given by 
Eq. (32). This will be substantiated by calcu- 
lations based upon reasonable assumptions as to 
the geometry of the active molecule. Neverthe- 
less, we see that the polarizability theory is 
correct in principle, since it can be obtained from 
Born’s quantum-mechanical theory with not 
unreasonable methods of approximation. Unless 
the bonding electrons between the central group 
and the subsidiary groups make disproportion- 
ately large contributions to the optical rotatory 
power, which does not seem likely, the polariza- 
bility theory should be adequate as a good first 
approximation. 

Let us suppose that b,“, bo“, bs“ are unit 
vectors defining the principal optical axes of 
group 7 and b,;™, be, b; a set of vectors 
specifying those of group k. Then from Eqs. (16) 
and either (29) or (32), g may be expressed as 
follows. 


1 #$4N 3 
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where a,;,“® and a,,;“ are the elements of the 
diagonalized polarizability tensors of the two 
groups. If each group possesses an optical axis of 
symmetry, the formula may be simplified. We 
may designate the symmetry axes of the two 
groups 7 and k by unit vectors, b; and b;. The 
polarizability tensor of group 7 may be written in 
the form 


«® =a,[ (1—8;/3) +B,b,b; J, 
a) 


=3 (34) 


! 
a; a1 + 2a 





B:= 


where a; is the mean polarizability of group 7 and 
au and age are the components of a‘ 
parallel and perpendicular to b;. After some 
algebraic simplification the averaging process 
indicated in Eq. (32) yields with the use of 
polarizability tensors of the above form 
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where the sum includes each pair of groups only 
once, as indicated by the notation 7>k. Each 
term in g® vanishes not only if either group is 
isotropic but also if b; and b; are coplanar, since 
in the latter case the three vectors Rix, b; and b; 
are coplanar and the triple vector product 
vanishes. Thus any pair of groups, 7 and k, with 
optical axes of symmetry parallel to the re- 
spective bonds linking them to an asymmetric 
carbon atom, make no contribution to g™. Such 
symmetry would result if there were free rotation 
of polyatomic groups about the bonds linking 
them to an asymmetric carbon atom, and it 
would be necessary to seek the rotatory power of 
the group in the next approximation of the 
polarizability theory, which is usually very small. 
However, by means of an hypothesis about 
restricted rotation, we shall see that g cannot 
be expected to vanish. We suppose that the 
ground electronic state of the molecule comprises 
a number of torsional vibrational states, v, 
associated with rotation around the valence 
bonds between the subsidiary groups and the 
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central group. Some of these states may be 
degenerate and some closely spaced relative to 
kT, the product of Boltzmann’s constant and the 
absolute temperature. The parameter g for the 
molecule will then be the average value of the 
gv» of these states 


: of o Mg Sel4t 


ym pe Bol kT 





gO= (36) 


where E, is the energy of state, v, referred to the 
lowest of the states as zero. In particular if there 
are m equivalent sharp minima in the potential 
function associated with the relative orientations 
of the groups, permitted by rotation about the 
bonds linking them to the central group, while 
all other minima are higher by an energy differ- 
ence large relative to kT, g® may be approxi- 
mately calculated by the formula 


1 na 


gMa-ha™, 
N n=1 


(37) 


where g, is to be calculated from Eq. (35) for 
the orientation r and the sum extends over all 
orientations of equal potential energy. This 
formula implies that the amplitude of vibration 
in lowest vibrational state of each minimum is so 
small that fluctuations in the orientations can be 
neglected. We shall presently employ this for- 
mula in the calculation of g for simple optically 
active molecules. As an illustration let us con- 
sider secondary butylalcohol. We tentatively 
assume that due to van der Waals forces and 
polarization forces, there are two orientations of 
equal energy for the C—C bond of the ethyl 
group, which makes a tetrahedral angle with the 
bond to the asymmetric carbon atom, C*. In one 
of these, the axis of the ethyl group is coplanar 
with the C*—OH bond and in the other with the 
C*—CH; bond. The third possible orientation in 
which the axis is coplanar with the C*—H bond 
is supposed to correspond to a minimum higher 
than the other two by an energy fairly large 
relative to kT. If this orientation had a proba- 
bility equal to that of the other, g would 
vanish. These assumptions are entirely reason- 
able in the light of recent evidence!’ relative to 
restricted rotation in ethane itself. Due probably 


4’ Kemp and Pitzer, J. Am. Chem. 59, 276 (1937). 
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to van der Waals forces between the hydrogen 
atoms, there appear to be three equivalent 
relative orientations of the methyl groups, sepa- 
rated by energy barriers greater than 3000 cal. 
When some of the hydrogens of each methyl 
group are replaced by larger radicals with greater 
capacity for van der Waals attraction than 
hydrogen, not only would the sharpness of the 
minima be enhanced, but also differences in 
depth large relative to RT at ordinary tempera- 
tures could be expected. 

Some general remarks about the equations of 
the present theory are perhaps appropriate at 
this point. The rotatory parameter may be 
written in the form 


2 
é £n0 
= , 
ae > ’ 
mn Vno?—v? 


(38) 


where the gno satisfy the following sum rule 
according to the general theory of Born.®: !° 


>’ gn0=0. (39) 
It may be readily verified by use of familiar 
commutation rules that the approximate gro 
entering into the expression for g of Eq. (24) 
satisfy the sum rule (39). Thus the polarizability 
theory is in accord with the general theory in this 
respect. The use of Eq. (29) with appropriate 
modification to allow for radiation damping, is 
not to be recommended in the immediate 
neighborhood of an absorption band of the 
molecule, because of the likelihood of poor con- 
vergence of the perturbation calculation under 
these conditions. However, the Cotton effect, 
involving a change in sign of the parameter g in 
the neighborhood of an absorption band, can be 
qualitatively understood from Eqs. (29), (33) 
and (35). The absorption frequencies associated 
with different components of the polarizability 
tensor of a group will in general have different 
selection rules. It is easy to see that these 
selection rules could operate to produce a change 
in sign in one or more of the constants 8; of Eqs. 
(34) and (35), with a resultant change of sign in 
g when certain absorption bands are traversed. 
Objection®: * has been raised to the polarizability 
theories of de Mallemann, Gray and Boys on the 
ground that measurements of circular dichroism 
show that the major contributions to the rotatory 
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parameter g generally come from relatively weak 
absorption bands of the molecule, whereas the 
major contributions to the polarizability of the 
molecule as a whole, come from the strongest 
bands. This objection seems untenable as far as 
the general polarizability theory is concerned, for 
several reasons. In the first place, a large part of 
the existent data on circular dichroism refers to 
complicated molecules and is difficult to interpret 
from the standpoint of structure. It may very 
well happen that the strongest absorption bands 
are associated with groups which do not con- 
tribute to the sum of Eq. (35) because of 
unfavorable orientation of their optical axes 
relative to those of other groups in the molecule. 
In the second place, there is nothing in the 
polarizability theory which requires the gno of 
Eq. (24) to be proportional to the f,o, the corre- 
sponding dispersion f values of the molecule. The 
fno of the molecule as a whole involve sums of the 
f values of its constituent groups, while the gno 
values, according to the polarizability theory, 
involve products of the f values of the groups. 
From Eq. (29), it is evident that overlapping 
regions in the absorption bands of the zero-order 
spectra of two groups might well make the most 
important contributions to the rotatory parame- 
ter.1° Although no general statement can be 
made, there is no reason to suppose that such 
overlapping ordinarily occurs in the absorption 
bands of maximum intensity for two groups of 
different structure. 


III 


In order to apply the present theory, it is 
necessary to have information about the polari- 
zability tensors, a“, of the groups constituting an 
active molecule. The mean polarizability, aj, 
equal to one-third the diagonal sum of a‘, may 
be estimated from the atomic refractions, A,, of 
the atoms constituting the group by means of the 
formula, 


3 
a=— FCA, 
4rN * 


(40) 


where the sum extends over all atoms of the 


16 Degeneracy arising from such overlapping has been 
taken care of in the perturbation calculation by choosing 
for the W,°, linear combinations which diagonalize V. 
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group.” The determination of the anisotropy 
ratios, 8:, defined by Eq. (34), and the relative 
orientation of the optical axes of the subsidiary 
groups in an active molecule is considerably more 
difficult. The polarizability tensors entering into 
Eq. (35) for g™ are calculated with a wave func- 
tion which includes the interaction of each 
subsidiary group with the central group, but not 
the mutual interaction of the subsidiary groups 
themselves. When the central group is an asym- 
metric carbon atom, it is reasonable to estimate 
the anisotropy induced in a subsidiary group R 
by the central group from a study of the optical 
properties of the compound RCHs. In the case of 
a polyatomic group with intrinsic anisotropy, the 
properties of the compound RH may also be 
used. For this purpose, we shall turn to measure- 
ments of the degree of depolarization of light 
scattered by the vapors of the compounds RCH; 
and RH at an angle of 90° to the incident beam. 
The Kerr effect also furnishes information about 
molecular anisotropy, but there are few data on 
the vapors of nonpolar substances, and its 
interpretation in the case of polar substances is 
complicated by the role of the permanent dipole 
moment. 

The principal polarizabilities of a molecule, ay, 
G22, and a33 are related to the degree of depolari- 
zation,’ A, of light scattered by the vapor, in the 
following manner. 


[(an —a22)?+ (an i a33)?+ (a22 _— 33) 2'/e? 
=90A/(6—74), 
a= 4[a11+a22+433 |. 


(41) 


We may define a general anisotropy ratio 8 by the 
relation. 


B? _ Clan = Q22) 3-4 (au si a33) 24 (22 a 33) 2'//2e?, 


B=-+(45A/(6—7A))}. (42) 


When the molecule possesses an optical axis of 
symmetry, a22=a33, the above definition of 6 
becomes identical with that of Eq. (34), em- 
ployed for the groups of an active molecule. 
The positive or negative sign is to be taken 


17 Landolt-Bérnstein, Phystkalisch-Chemische Tabellen, 
Hw. II, 985; Eisenlohr, Zeits. f. physik. Chemie 75, 585 
(1910); 79, 129 (1912). 

18 Landolt-Bérnstein, Physikalisch-Chemische Tabellen, 
Eg IIa 88; Eg III, 1204.. 
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TABLE I. 
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2.25 
4.07 
1.03 
2.35 
1.78 
2.86 
9.89 











according to whether the polarization ellipsoid 
is prolate or oblate. 

Although we shall not attempt to develop a 
molecular theory of anisotropy at the present 
time, we shall suppose, for purposes of approxi- 
mation, that in a molecule consisting of two 
groups, not only the mean polarizability but 
also each component of its polarizability tensor 
may be expressed as the sum of the corresponding 
components of polarizability tensors of the two 
groups, referred to a common set of axes. If the 
groups have a common axis of symmetry, di- 
rected along the bond between them, the 
anisotropy ratio, 8, of the molecule may be 
expressed in the form (a181+a282)/(a1+a2), 
where a, a2, 8; and #2 are the mean polariza- 
bilities and anisotropy ratios of the respective 
groups. Although the anisotropy ratio of each 
group may be expected to depend somewhat 
upon the nature of the other, we shall arbitrarily 
assume that CH; has the same anisotropy ratio 
in different compounds CH;R in which R is a 
monatomic group or a simple polyatomic group. 
From the degree of depolarization, A, of ethane, 
0.016, we calculate a value of 8 equal to 0.35. 
According to the above considerations this is 
also the anisotropy ratio of one methyl group in 
the presence of another. The compounds CH;0H 
and CH;CI have values of A equal to 0.016 and 
0.015, respectively. Assuming the anisotropy 
ratio of CH; to be the same in these compounds 
as in C2Hg, we assign a value of 6 equal to 0.35 
to both OH and Cl, bonded to carbon. It is of 
course questionable to treat the group OH in 
methylalcohol as having an axis of symmetry 
along the C—O bond, although this will be true 
on the average, since the O—H can doubtless 
assume three equivalent positions with respect 
to the three C—H bonds in the methyl group. 
In the case of. polyatomic groups, the anisotropy 
of which may be expected to be largely internally 
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determined, we make use of the compounds RH. 
From formic acid, A=0.038, we obtain a value 
of 8 equal to 0.55 for the carboxyl group. As a 
rough approximation the carboxyl group may be 
treated as having an axis of symmetry parallel 
to a vector joining the oxygen atoms, since the 
polarizability along this axis doubtless differs 
from either of the two polarizabilities in a plane 
perpendicular to it by an amount considerably 
greater than their own difference. From benzene, 
A=0.042, a value of 6 for the phenyl group of 
—0.58 is obtained. This value is in substantial 
agreement with that obtained from measure- 
ments of the Kerr effect in benzene vapor.!® 
The mean polarizabilities and the anisotropy 
ratios, estimated in the manner described, for 
several common organie groups are listed in 
Table I. The value of 6 for NH:2 obtained from 
the degree of depolarization of methylamine is 
0.11. Since the compound has been measured by 
only one investigator and 0.11 seems rather too 
low, the value 0.25 is suggested as more probable. 
Although structural resonance is present in the 
group COOH and C,H;, the present theory of 
rotatory power may be applied to compounds 
containing these groups, providing their structure 
is such that resonance cannot extend outside 
these groups. The estimates of the anisotropy 
ratios given in Table I are admittedly rough and 
subject to revision, for not only is the method of 
calculation rather crude, but also the measure- 
ments of depolarization are very sensitive to 
error. Nevertheless, we believe that they are of 
the correct magnitude. 

For the calculation of the functions G;, in 
Eq. (35), it is necessary to know the configuration 
of the active molecule and its dimensions. For 
this purpose we use the atomic radii tabulated 
by Pauling and Huggins.2° The most important 
interatomic distances are C—C, 1.54A; C=C, 
1.38A; C—N, 1.47A, and C—O, 1.43A. These 
distances together with the trigonometric func- 
tions of the tetrahedral angle suffice to charac- 
terize the geometry of a number of simple 
organic molecules. 

We shall not undertake a systematic calcula- 
tion of optical rotation in the present article, 
but we shall illustrate the application of Eqs, 


“HH. A. Stuart, Molekiilstruktur (Berlin, 1934), p. 173. 
*® Pauling and Huggins, Zeits. f. Krist. 87, 205 (1934). 
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(35) and (37) in the case of secondary butyl- 
alcohol. The central group is here an asymmetric 
carbon atom C* and the subsidiary groups are 
H, OH, CHs;, and C2H;. We suppose that the 
groups H, OH, and CH; have optical axes of 
symmetry directed along their bonds to C*. 
Because of its small size and polarizability and 
since the C—H bond is somewhat polar, it 
would probably be better to treat H as a part 
of the central group. In the present case we shall 
see that it does not contribute directly to the 
rotatory parameter. We could assign to the ethyl 
group an optical axis directed along the C—C 
bond as in ethane. However, the central group, 
C*, might be expected to tilt the optical axis 
(not the geometrical axis) of the ethyl group 
toward itself. There is evidence in the degree 
of depolarization of propane for an effect of this 
sort. A reasonable assignment of the optical 
axis would be to place it in the plane of C* and 
the C—C bond of the ethyl inclined at one-half 
the tetrahedral angle to the C—C bond. As 
outlined in an earlier section we assume two 
orientations of the ethyl group of equal proba- 
bility, in which the C—C bond of the ethyl 
group is coplanar with the C*—OH and with 
the C*—CH; bonds, respectively. We shall 
designate these orientations as a and b. The 
third possible orientation beneath the C—H 
bond is assumed to be of negligible probability 
because of a small Boltzmann factor. This does 
not mean that there is not free rotation of the 
ethyl group through this position in the sense 
of the organic chemist’s use of the term since 
the potential barriers hindering the rotation of 
the ethyl group doubtless correspond to low 
activation energies. 

From Eq. (35) we see that the mutual inter- 
action of the three groups H, OH, and CH; 
cannot contribute to the rotatory parameter 
since the optical axes of each pair terminate in 
C* and are therefore coplanar with the corre- 
sponding R,,. Moreover, no contribution can 
arise from the interaction of the groups C2H; 
and H, if the ethyl group has two equivalent 
orientations beneath the C—CH; and C—OH 
bonds, since R;,.-(b;Xb,) merely changes sign 
in passing from position a to position 0b and all 
other factors remain the same, with a resultant 
cancellation of the contributions from the two 
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Fic. 1. Configuration of d-secondary butyl alcohol. 
The hydrogen atom bonded to the asymmetric carbon is 
behind the plane of the paper. 


positions. In position a, the only other non- 
vanishing term in g arises from the groups 
CH; and CHs3, while in position }b, the only 
other contribution arises from the groups C2H; 
and OH. If we designate the values of g in 
the two positions by g. and g, (omitting for 
simplicity the canceling terms for H), the mean 
rotatory parameter of the molecule may be 
expressed in the form, 


(6°) =H (gu +25), 
Za = — §a1028182G12Ri2° (bi X be), 
go = — §a1038183G13Ri3°: (bi Xs), 


where the subscripts 1, 2, and 3 in the expressions 
for ga and g, refer to the groups ethyl, 
methyl, and hydroxyl, respectively. The dis- 
tances C*—CH3, and C*—QOH are taken as 
1.54A and 1.43A, respectively, and the center of 
the ethyl group is located at the midpoint of its 
C—C bond, a distance of 0.77A from either 
carbon. The distance of the asymmetric carbon 
atom from the ethyl carbon to which it is bonded 
is 1.54A. The bond angles are all taken as the 
tetrahedral angle, 109° 28’. These data suffice to 
fix the configuration of the groups in the two 
orientations, a and 3, and allow the calculation 
of Gio, Gis, Rio: (bi Xb), and Ri3: (bi Xbs3) once 
we have fixed the optical axis b; of the ethyl 
group. We shall first assume it to be directed 
along the C—C bond. For the dextro con- 
figuration, Fig. 1, in which the groups CH;, OH, 
and H appear in clockwise order when the 
molecule is viewed with the ethyl group toward 
the observer, the following values of ga, g,, 
and (g),, are obtained 


2a =9.88 X 10-3A4, 
go = — 4.86 X 10-3, 
(2°) w= +2,51X 10-3. 
When the optical axis b; of the ethyl group is 


(43) 


(44) 


tilted to an angle of 54°44’ with the C—C 
bond, remaining in the plane of this bond and 
the C*—C.H; bond, the dextro configuration 
remains unchanged, but somewhat different 
values of g are obtained 
ga = 4.26 X 10-°A4, 
go = —2.12X 10-3, 
(g) y= 1.07 X 10-3, 


(45) 


The refractive index of pure secondary butyl- 
alcohol corresponds to a value of (n?+2)/3 of 
1.32 at 20°C. Substitution of the values of 
(g) calculated above, into Eq. (8) leads to 
the following values for the specific rotation of 
d-secondary butylalcohol. 


[a ]p?® =21.9° (g=2.51X10-%) 
= 95° (g=1.07X10-%) 
=13.9° (observed). 


The observed rotation” lies between the values 
corresponding to the two extreme orientations of 
the optical axis of the ethyl group. The calcu- 
lated values are definitely of the correct magni- 
tude, although their numerical values might be 
shifted somewhat by small changes in the relative 
distribution of the ethyl group between positions 
a and b and by small reorientations of the 
optical axes of the groups. Probably the most 
serious defect in the calculation lies in the 
treatment of the hydroxyl group as axially 


21 To meet the possible objection that the rotatory power 
of pure secondary butylalcohol might be materially in- 
fluenced by intermolecular interaction through the alcoholic 
hydroxyl groups, we call attention to the fact 3[a]p?°°/ 
(n?+2) has approximately the same value in the pure 
alcohol as in its solutions in benzene and carbon disulfide. 
(Pickard and Kenyon, J. Chem. Soc. 105, 883 (1914).) 


d-secondary butylalcohol 
[3/(n?+2)] [a] p*” 


Solvent 


pure alcohol 
benzene 
carbon disulfide 


The assumption that in secondary butylalcohol the two 
orientations of the ethyl group, below the hydroxyl group 
and below the methyl group, are of about equal probability 
is entirely reasonable. The van der Waals energy of the 
ethyl group and the methyl group is doubtless a little 
greater than that of the ethyl group and hydroxyl. How- 
ever, this difference will tend to be compensated by the 
energy of polarization of the ethyl group by the hydroxy! 
dipole and by the fact that the minimum distance between 
the ethyl and hydroxyl groups is a little smaller than that 
between the ethyl and methyl groups. It is interesting to 
remark that an abnormally strong interaction between the 
ethyl and hydroxyl group, fixing the ethyl group beneath 
the hydroxy! would leave the proposed absolute configura- 
tion of d-secondary butylalcohol unchanged, but would lead 
to far too high a value of [a]p®°° unless the optical axes of 
the groups were reoriented. 
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symmetric relative to the C—O bond, since the 
hydroxyl hydrogen may produce some anisotropy 
in the plane perpendicular to this bond. Whether 
this is an important effect must await sub- 
sequent calculations. The absolute configuration 
of d-secondary butylalcohol shown in Fig. 1 
must be regarded as tentative for these reasons, 
but it is probably correct. 

The next approximation in the polarizability 
theory has not been calculated, but the third 
approximation has been estimated from Boys’ 
formula,* with the center of the ethyl group 
fixed on the C*—C.H; bond at a distance of 
2.17A from the asymmetric carbon atom, a 
position which is actually its projection on this 
bond in any orientation. The carbon hydrogen 
distance is taken as 1.05A. The centers of the 
groups C2H;, CH3;, OH, and H are then situated 
at the vertices of a tetrahedron, the edges of 
which are approximately the pairwise sums of 
the distances 1.79; 1.25; 1.18; and 0.92A. With 
these dimensions the Boys term makes a con- 
tribution of less than 0.1° to [a ]p?”. Boys’ term 
is very sensitive to the dimensions of the mole- 
cule. He himself obtained a much larger value 
for secondary butylalcohol, but with very im- 
probable values for the inter-group distances. 
It is interesting to note, that both the present 
theory and that of Boys lead to the same 
absolute configuration for d-secondary butyl- 
alcohol. This will not always be the case, how- 
ever, and it does not seem possible to predict 
absolute configurations by Boys’ simple rule 
based upon the sizes of the substituent groups. 

The example which has just been discussed 
serves to illustrate the possibilities of the present 
theory. At a later time a systematic application 
of the theory will be presénted. The presence of 
inhibited rotation will generally be of consider- 
able importance in determining the rotatory 
power of a molecule. It seems likely that it may 
be the key to an understanding of the dependence 
of rotatory power on temperature and upon the 
solvent in which the active molecule is dis- 
solved.2? From Eq. (36), the rotatory parameter 
would be expected to be sensitive to temperature 
if two or more orientations are associated with 
energies differing by an amount comparable 
with kT. Again a change of solvent could very 


* Beckmann and Cohen, J. Chem. Phys. 4, 784 (1936). 
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well alter the probability distribution of a group 
among several possible orientations and so 
produce a marked change in the rotatory power 
of a molecule. 

The present theory is, of course, crude in 
many respects and can never be expected to 
give more than a first approximation. A major 
improvement could be made if it were possible 
to avoid treating the electric moments induced 
in the groups of an active molecule as though 
they were localized at the centers of gravity. 
Moreover, we remark again that the theory may 
be expected to break down badly whenever there 
is structural resonance between groups. 


Note added in Proof: It should be emphasized that the 
present theory is not limited by the special stereochemical 
model we have employed for secondary butylalcohol. 
Although the model is a plausible one, it is not entirely 
above reproach, because of che possibility of steric hin- 
drance arising from repulsive forces between the groups. 
For this reason, we shall discuss two other models. 

(1) Repulsive forces between the methyl groups make the 
cis-position, orientation (b), one of small probability. 
Under these conditions, it is reasonable to suppose that the 
potential energy has a minimum of appreciable depth only 
for orientation (a), in which the ethyl group lies beneath 
the hydroxyl group. The corresponding values of [a ]p”° 
for the two orientations of the optical axis of the ethyl 
group are 86° and 38°. Neither value is in good agreement 
with the experimental rotation. The dextro configuration 
remains as shown in Fig. 1. 

(2) Steric hindrance from both the methyl group and the 
hydroxyl group constrains the ethyl group to lie beneath 
the hydrogen, bonded to the asymmetric carbon. The 
corresponding values of [a ]p”° are —44° and —19°. The 
latter value agrees fairly well with the rotation of the laevo 
alcohol. The absolute configuration is inverted and Fig. 1 
represents the laevo form. 

Our first model appears to give the best agreement with 
experiment and indeed seems to be the most probable one. 
On the other hand certain writers have suggested that 
steric hindrance may occur in compounds of the type of 
secondary butylalcohol. Thus Stuart, Phys. Rev. 38, 1372 
(1931), advances the view that in n-butane, the cis-position 
of the terminal methyl groups is one of small probability 
because of steric hindrance. However, his conclusion is 
based upon thermochemical evidence, the interpretation of 
which is not entirely unambiguous. From x-ray scattering 
experiments, Debye, Physik. Zeits. 31, 142 (1930), con- 
cludes that 1,2-dichlorethane exists almost exclusively in 
the trans form. However, repulsive forces between the 
dipoles of the C—Cl bonds are sufficient to account for 
this fact. 

It would be highly desirable to investigate the stereo- 
chemistry of secondary butylalcohol by the electron dif- 
fraction method. Once the most probable locations of the 
ethyl group are determined, the present theory of rotatory 
power can be applied without ambiguity. 
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In this paper there is presented a method of studying 
transitions in condensed phasés based on the thermo- 
dynamic equation (0E/d8V)r7=T(dS/dV)r, which holds for 
low pressures. (OE/dV)r and T(@S/dV)r are plotted as 
functions of V, the latter for various temperatures. Inter- 
sections of these curves give the points of equilibrium and 
the transition points. It is shown that very general and 
qualitative considerations, taking into account only facts 
that we definitely know to be true of these curves, with 
one very reasonable assumption, are sufficient to indicate 


that as the temperature of a system is increased from 
absolute zero there must be at least one change of phase, 
which is taken to be fusion. Changes of phase due to 
setting in of molecular rotation in the solid are also con- 
sidered. Curves of N2 and O:2 are constructed from available 
experimental data. Finally, an equation of Eyring and 
Hirschfelder, which would give the trend of the function 
V(aS/d8V)r with V for liquids, is tested by a new method, 
and found not to accord very well with the experimental 
data, especially for low boiling substances. 





§1. INTRODUCTION 


ECENTLY a number of papers have ap- 

peared which deal with the theory of liquids 
and the nature of the transition between the 
liquid state and the solid state.' It is the purpose 
of the present communication to discuss these 
phenomena from a slightly different point of 
view, whose possibilities have not, so far as I 
am aware, been fully exploited. The method 
proposed is, we believe, of value because of the 
clear qualitative picture which it gives of the 
process of fusion and certain other types of 
transition. Further, it appears to be possible to 
predict, on extremely general premises, that on 
increasing the temperature from absolute zero, 
a condensed system must always go through at 
least one transition point, corresponding pre- 
sumably to fusion. (At any rate, this is true if 
one can ignore the effect of vaporization, result- 
ing in the possibility of sublimation, which 
nevertheless does not alter the fact that, as far 
as the condensed phase is concerned, at least 
one transition must occur.) 


1See, for example, (a) Braunbeck, Zeits. f. Physik 99, 
259 (1936); (b) Kudar, Physik. Zeits. 35, 560 (1934); (c) 
Franchetti, Atti Accad. Lincei 22, 433, 585 (1935); (d) 
Herzfeld and Goeppert Mayer, Phys. Rev. 46, 995 (1934); 
(e) Hill, Physik. Zeits. Sowjetunion 8, 401 (1935); (f) Bijl, 
Physica 1, 1125 (1934); (g) Frenkel, Acta Physicochim. 
U.S. S R. 3, 633, 913 (1935); (hk) Tarschisch, Zeits. f. 


Physik 99, 259 (1936); (¢) Mayer, J. Chem. Phys. 5, 67 
(1937); Mayer and Ackermann, ibid. 5, 74 (1937); (4) 
Eyring and Hirschfelder, J. Phys. Chem. 41, 249 (1937); 
(k) Rice, J. Chem. Phys. 5, 353 (1937) (cited hereafter as I). 
For a general discussion of much of the recent work see 
(1) Trans. Faraday Soc. 33, 1-104 (1937). 


The essence of our procedure lies in the use of 
the thermodynamic equation 


P+(dE/dV)r=T(AS/dV)r, (1) 


where E is the molal energy, S the molal entropy, 
V the molal volume, and T the temperature of 
the system, and where P is the applied pressure. 

In the case of solids and liquids at ordinary 
pressures P is negligible compared to (dE/dV)r, 
so to determine the state of a solid or liquid, we 
may write the condition equation, which must 
be obeyed if P=0, 


((E/dV)r=T(AS/dV)r. (2) 


One of the essential differences between equi- 
libria involving only condensed phases at ordi- 
nary pressures and equilibria in which a vapor 
phase is present is that in the former case Eq. (2) 
may be used, but in the latter case Eq. (1) is 
necessary. 

The condition (2) is just the condition 
that the free energy F (which is equal to E—TS 
when P=0) should be a minimum or maximum. 
In order for the equilibrium to be stable F must 
be a minimum, or 


(P?F/0V?)r=(8E/dV?)r—T(#S/dV?)r>0. (3) 


Let us now assume, what is no doubt not strictly 
true but can be used as an approximation (which 
is discussed in §3, below), that E and S can 
both be divided into two parts, one of which is a 
function of the temperature alone, and the other 
a function of the volume alone. This makes 
(8E/dV)r and (dS/dV)r7 functions only of V. 
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Fic. 1. Illustrating the types of intersection which can 
occur when (dE/dV)r and T(a@S/dV)7 are plotted as a 
function of the volume V; (a) represents a stable inter- 
section (b) an unstable one. 


Then Eq. (2) and the inequality (3) offer a 
convenient means of studying the changes of 
equilibrium as the temperature varies, and thus 
changes of phase such as occur on fusion. We 
simply plot out (@Z/dV)r as a function of V, 
and on the same diagram (0S/0V)7 multiplied 
by 7, and note the points where these curves 
intersect. As T changes the curve 7(0S/dV)r 
simply expands proportionately, and the series 
of intersections gives us all necessary information 
regarding the various changes of phase. The 
intersections of these curves give the points at 
which Eq. (2) holds. There are two kinds of 
possible intersections, as shown in Fig. 1. The 
type in which (@E/dV)r is below T(dS/dV)r to 
the left of the intersection, shown in 1(a) is, of 
course, the type for which (3) holds and hence 
represents a stable equilibrium. 


§2. EQUILIBRIUM IN SIMPLE LIQUIDS AND SOLIDS 


We shall now consider the application of these 
principles to the case of solids and liquids in 
which the forces are of the van der Waals type. 
With this type of substance we can assume, at 
least as a first approximation, that if V is large 
enough E=—a/V, where a is a positive con- 
stant,? and thus 


(0E/dV)r=a/V". (4) 


*For very large volumes (i.e., for the gas phase) this 
van der Waals type correction holds for any substance, but 
for simple liquids it appears to hold approximately down 
into a part of the range of liquid volumes. See Hildebrand, 
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(QE /V) or T00S/dV)r 








Fic. 2. Schematic curves illustrating the course of the 
phenomena of the condensed phase as the temperature is 
changed. 


However, as the volume becomes smaller, and 
the average distance between molecules ap- 
proaches the minimum of the potential curve for 
a pair of molecules, (9E/dV)7 must reach a 
maximum and finally, at a volume such that 
most of the molecular pairs are practically at 
their equilibrium distance, pass through zero 
and become negative. The shape of the curve is 
illustrated in Fig. 2 (heavy curve). For S on the 
other hand, if V is sufficiently large, we have 


(0S/dV)r=R/V. (5) 


From the results !™ of I we can make some at- 
tempt to evaluate (0S/0V)7r for smaller volumes 
(around the boiling point of the liquid). We 
have defined an effective internal volume, V,, 
by the equation AS=R In (V,/V-,) where AS is 
the entropy of vaporization and V, is the molal 
volume of the vapor, so that 


(0S/0V)r=RV-'(0V./dV)r. (6) 


Also, it has been shown that (dV./dV)7r(V/V.-) 
is approximately 10 near the boiling point of the 
simple liquids considered. We thus see that for 
this range of volumes 


(0S/8V)r~10R/V. (7) 


However, as we approach very small volumes, 
(0S/8V)r must eventually reach a maximum 
and return to zero, since the entropy must ap- 
proach zero asymptotically as the volume is 


Solubility, second edition (Reinhold Pub. Co., 1936) Chap. 

V. Setting EZ equal to the van der Waals correction, of 

age simply amounts to taking the zero of energy at 
=o, 
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decreased.’ Thus (0S/0V)7 will have the general 
shape shown by the light curves, 7(0S/dV)7r, in 
Fig. 2. We make the assumption that the de- 
crease in (0.S/0V)7 occurs in the range of volumes 
indicated. 
These curves also indicate the course of the 
‘phenomena of the condensed state. At sufficiently 
low temperatures there will be an intersection at 
a large volume, in the region where Eqs. (4) and 
(5) both hold. The volume will be given by 
V=a/RT, and is thus inversely proportional to 
T. This point of intersection, which we shall 
designate as V;, does not correspond to a 
state of stable equilibrium. There will, however, 
be a stable intersection very near the point at 
which the heavy curve crosses the axis if the 
temperature is very low. This occurs at a volume 
to be designated as V2, and corresponds to the 
solid state. As the the temperature rises V» in- 
creases, as it should. When the temperature has 
risen sufficiently two more intersections appear, an 
unstable one at V3 anda stable one at V4, corre- 
sponding to the liquid state.* This happens because 
of the sharp rise in (0S/0V)r in going from the 
region where Eq. (5) holds to the region where 
Eq. (7) holds. The liquid, of course, does not be- 
come the most stable phase as soon as the inter- 
section corresponding to it appears, but only 
when its free energy is less than that of the 
solid, which requires that 


V4 
[(8E/aV)r—T(0S/aV)r dV <0. 


Ve 


i.e., the area enclosed between the curves be- 
tween the intersections at V2 and V3; must be- 
come less than that included between V3 and V4. 
Equality of these areas determines the melting 
point. As the temperature increases the inter- 
sections V2 and V3 finally coalesce and disappear 
as do V4 and V;. Which of these disappearances 
takes place first is not certain, but only the latter 
is of importance, and it corresponds roughly to 


3 See Lewis, Zeits. f. physik. Chemie 130, 532 (1927). 

4 It is, of course, an assumption that this phase actually 
corresponds to the liquid state, since there is nothing in the 
theory to tell us about the fluidity of any phase. It remains 
true, however, that with this assumption the phenomena 
given by the theory can be brought into correspondence with 
those observed. 
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the critical point.’ We have thus been able to 
outline the behavior of solid and liquid from 
absolute zero to the critical point. 

It will be clear that if the curves for (@E/dV), 
and (0S/@V)r7 are known, various thermo- 
dynamic properties of solid and liquid may be 
readily calculated. In particular, the coefficient 
of expansion may be immediately deduced, 
since the diagram gives directly the equilibrium 
volume at any temperature. And the difference 
between the specific heat at constant volume, 
C,, and that at constant pressure, Cy, can be 
calculated from the relation, 


C,—C,=(dE/dV)r(dV/dT)p, (8) 


which holds when P=0. 

It is of interest to note that the intersection 
Ve, corresponding to the solid, will, unless the 
(6S/8V)r curve has a very peculiar shape, 
always be to the left of, or very near the maxi- 
mum of the (d@E£/dV)7 curve, while V4 is always 
well to the right of the maximum.® 

It is also of interest to remark that this 
analysis of the phenomena of the condensed 
phase appears to favor Frenkel’s view that the 
transition between liquid and solid is a perfectly 
continuous one in the same sense that, according 
to van der Waals’ theory, the transition between 
liquid and gas is continuous. Our treatment is 
similar to Frenkel’s in that we consider the 
change of certain thermodynamic quantities 
with the volume, though he has considered only 
how the pressure varies as a function of volume 
for equilibrium states of the system. It is possible 
to construct Frenkel’s P-V curve by holding T 
constant and letting the left-hand side of Eq. (1) 
vary with P, watching the intersections. Of 
course, part of Frenkel’s curve corresponds to 
unstable equilibrium. This does not necessarily 
imply, however, that there will be a critical 
point for fusion like the critical point for vapor- 
ization ;’ this depends upon the respective shapes 
of the P+(dE/dV)r and T(0S/dV)r curves. 


5 The correspondence can only be rough, because P is 
not negligible compared to (@E/dV)7r at the critical point. 

6In the case of the metal mercury (8E/dV)r actually 
appears to be increasing with V for the liquid state. See 
Hildebrand, reference 2, p. 100. ; 

7This matter has recently been discussed by Simon, 
reference 1 (/), pp. 65 ff. 
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§3. LIMITATIONS AND SHORTCOMINGS OF THE 
THEORY 


One objection to the theory we have just out- 
lined consists in the fact that the assumption, 
that (@E/dV)r and (0S/dV)r are functions of 
V and independent of the temperature, is 
undoubtedly not strictly correct. However, this 
may be corrected for by allowing the shape of the 
curves to gradually change as the temperature 
is changed, and it seems unlikely that the phe- 
nomena will be altered in any of their qualitative 
features. It is rather important to note that the 
asymptotic approach of (dS/d8V)r to zero at 
small volumes will begin at a larger value of V 
the lower the temperature. Thus the value of V 
at which (0E/dV)7r=0 is already in the range of 
volumes for which (0S/08V)7=0 when the 
temperature is near the absolute zero. At these 
temperatures, then, the volume remains prac- 
tically stationary for a short temperature range, 
giving the necessary zero values for the coefficient 
of expansion and C,—C,. As the region where 
(0S/8V)7 approaches zero pushes over toward 
smaller volumes the coefficient of expansion 
increases. (@E/0V)7r is largely determined by the 
forces between the molecules, and its dependence 
on temperature should not be as important as 
that of (0S/dV)r. 

As Professor K. F. Herzfeld has remarked to 
me, it is easy to derive an expression for (0S/0V)r 
for a simple Debye solid, in the limiting region 
of very low temperatures or very low volumes. 
For in this region, according to the Debye 
theory, S=(4/5)*R(T/@)*, where O is the char- 
acteristic temperature. We have then (0S/dV)r 
= —(12/5)m*R(T/0)*d In O/dV, whence it is 
seen that (0S/0V)r varies.as T*. On the other 
hand, in the classical region of high tempera- 
tures and large volumes (0S/0V),7 will be ex- 
pected to be independent of T. 

Another difficulty with the picture we have 
presented rests in the fact that in the solid 
state S and E probably also depend to some ex- 
tent on the arrangement of the molecules, as 
well as the actual volume they occupy. We thus 
need to introduce an ‘‘arrangement parameter.” 
Some such parameter is necessary to account for 
some of the transitions between allotropic solid 
forms, which, however, would not be important 
for the picture in large outline. 
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Fis. 3. Curves for Noe, large volumes. Heavy curve, 
(@E/d log V)7; heavy broken curve, approximation from 
Eq. (4); light curve T(dS/0 log V)7; light broken curve, 
approximation from van der Waals’ equation. The tem- 
perature for the 7(dS/d log V)r curves is 77.3°K, the 


boiling point of No. Energy units (for Figs. 3, 4, and 5) 
kilogram calories. 





§4. ROTATION OF MOLECULES IN SOLIDS 


Certain transitions occur between solid phases 
which, in contrast to the type just mentioned, 
may probably be profitably considered from the 
point of view developed in this paper. These are 
the transitions which are believed to be asso- 
ciated with the setting in of rotation of molecules 
which are not spherically symmetrical.* Such 
molecules, if not too unsymmetrical, may often 
be treated as though they were symmetrical if 
the temperature is high enough so that rotation 
has become established. However, at low tem- 
peratures we must expect a restriction on the 
rotation of the molecules, due to the presence of 
the other molecules, just as the translational 
motion is restricted. 

The earlier sections of this paper suggest that 
we consider the extent of freedom of the rotation 
in relation to the molal volume at a given tem- 
perature. When the molal volume is small, the 
rotation is restricted, and we will have an extra 
contribution to (@S/dV)7, because as the volume 
increases the rotational, as well as the transla- 
tional degrees of freedom, are loosening up. 
Then, as we approach the point at which the 
rotation becomes practically completely free, 
there will be a certain range of volumes over 
which (0S/0V)7 will decrease rapidly as the 
volume increases, till it reaches the value char- 


8 Pauling, Phys. Rev. 36, 430 (1930). 








tT (o) r 


i, (QEAV} or TK SAY) 








a aoe 


JO 


7 





4 
Ve 
Fic. 4. Curves for Ne, small volumes. Heavy’ curve, 


V.(dE/dV)r; light curves, TV.(0S/dV)r at temperatures 
indicated. 


acteristic for translational degrees of freedom 
only. Such behavior could easily result in a 
transition point at which rotation sets in, or at 
least becomes considerably freer, as will be seen 
in §5. It is true that the same influences which 
change the (0S/0V)7r curve may also cause some 
corresponding changes in the (0Z/dV)r curve, 
but this should not alter the qualitative character 
of the phenomena. 

Fowler® has recently developed a statistical 
theory of the rotation of molecules in which he 
considers the effect of an increase of temperature, 
any influence of the concomitant change of 
volume being neglected or relegated to a minor 
role. It is assumed that the probability of a given 
molecule rotating is much greater if its neighbors 
are already rotating, and he shows that under 
certain circumstances it is possible to get a sharp 
transition even though the volume does not 
change at all. However, we believe that it is 
probable that in the actually observed transitions 
the dependence of (0S/0V)r on volume plays 
an important part. Nevertheless, it seems alto- 
gether probable that there is a good deal of 
truth in Fowler’s theory. Thus the greater ease 
of rotation for a molecule already in the neigh- 
borhood of rotating molecules would show up in 
a fairly great, though not completely sharp, 
increase of (0.5/8V)r when the volume increases 
over a fairly narrow critical range just before 
the marked decrease of (0S/0V)r sets in. This 
would naturally affect the details of the transi- 


9 Fowler, Statistical Mechanics, second edition (Mac- 
millan, 1936) p. 810 ff. 
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tion. Furthermore, the exact volume at which 
(0S/8V)7 decreases would depend upon th 
temperature, an effect which, in our first ap 
proximation, we neglect. 


§5. APPLICATION TO SPECIFIC CASES 


We shall now consider the application of the 
above ideas to a couple of specific cases, and 
attempt to construct (@E/dV)r and (dS/dV), 
curves from the experimental data which are at 
hand. While it is not possible to get these curves 
exactly, a fairly good idea of their course may be 
obtained. 

We start with Ne. In Fig. 3, we give the results 
for volumes down to the boiling point. It has 
been found convenient to divide all volumes by 
the critical volume V, and present Fig. 3 in 
logarithmic form. This figure was constructed 
with the aid of the material in I“, and to avoid 
extensive repetition we shall, in explaining it, 
refer directly to I, using the symbols as there 
defined, and referring to the equations as 
Eq. I(1), for example. From Eq. (6) above, and 
from Eq. I(11), using the corrected value of y 
obtained from I(23), we can obtain (0.S/0 log V)7, 
hence 7(0S/0 log V)r and (0E/d log V)r for the 
boiling point. This gives us one point on each of 
our curves. Next we construct a tentative curve 
for (0E/d log V)r, using Eq. (4). This enables 
us to construct the true (@E/d log V)r curve with 
reasonable accuracy, inasmuch as we demand 
that the integral of (@E/d log V)r taken between 
the volumes of the liquid and the vapor in 
equilibrium with it, be equal to y times the 
integral under the curve obtained from Eq. (4). 

Now, as stated, we already have (0.5/0 log V)r 
at the boiling point. In addition, from I(15), 
we can, if we assume that y is independent of J’, 
and using again Eq. (6), obtain (62S/0 (In V)*)r, 
which gives us the slope of the curve for the 
point where V is equal to the volume of the liquid 
at the boiling point. We also know (0S/d log V)r 
for large volumes where the vapor is a perfect 
gas, and furthermore we know the change of 
entropy on vaporization. These pretty well fix 
the curve. In the figure we also give the curve for 
(8S/8 log V)r which would be obtained by 
setting (0S/9V)7=R/(V—b), where 0 is an 
excluded volume similar to that introduced in 
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Fic. 5. Curves for Oz, small volumes. Heavy curve, 
V(dE/dV)r7; light curves TV.(0S/8V)r at temperatures 
indicated. 


the van der Waals equation. We have set 
7.=1.5b. The van der Waals equation, if it 
held down to such low values of V, would give 
V.=3b, while Loeb” suggests that the relation 
between V. and the van der Waals constant is 
actually given approximately by V.=2b, but 
this seems to lead to insuperable difficulties." 
For the true value of (0S/dV)r must always be 
less than that given by the van der Waals 
equation, but it is impossible to fulfill this condi- 
tion and at the same time have: the curve fit 
the other data if V, is set equal to 2b. On the 
other hand, setting V.=1.5b gives very reason- 
able results, as will be seen from the figure.” 

In Fig. 4, we give the (@E/dV)r curve for 
small values of V, and 7(dS/dV)r for several 
temperatures, i.e., the boiling point, the melting 
point, and the transition point. These curves are 
very nearly fixed by the known molal volumes 
of liquid and solid Ne at the melting point (31.6 
and 29.6 cc, respectively),"* the known heats of 
fusion and transition (172.3 and 54.7 calories per 


Loeb, Kinetic Theory of Gas, second edition (McGraw- 
Hill Book Co., 1934) p. 194. 

" These difficulties are related to those mentioned in §2 
of I (just after Eq. (15)), and I believe the matter is cleared 
up by the assumption that V.=1.50. It is still necessary, 
however, to suppose that ¢(v) varies slightly from liquid 
to liquid. 

“If a depends on the temperature, we have, from the 
thermodynamic relation (8S/8V)r=(8P/8T)y and van der 
Waals equation, (@S/8V)r=R/(V—b)—(da/dT)/V?. If V 
is large this becomes, approximately, R/ V+(Rb—da/dT)/ 
V+. Since da/dT will be expected to be negative (as a is 
closely related to a sort of association constant which gives 
the concentration of molecular pairs due to the van der 
Waals forces), b will be effectively increased, as far as the 
effect on (8S/8V)r is concerned. 

* Landolt-Bérnstein, Tabellen, 3. Erganzungsband. 
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mole, respectively),!4 and the volume at ab- 
solute zero," at which, at least approximately, 
(0E/dV)7=0, and the volume at!* 45°K. Further, 
the integral under the curve, taken between the 
respective volumes of the phases which are in 
equilibrium at any transition point, must equal 
the heat of transition. And, of course, the 
T(0S/dV)r curves must intersect the (@E/dV)r 
curve in just the right way at the transition 
point, as explained in §2. 

In a similar manner curves for O2 have been 
constructed. The figure for large volumes is 
very similar to Fig. 3, and is not reproduced. 
The result for small volumes is given in Fig. 5. 
In this figure the heats of fusion and transition 
check those of Giauque and Johnston"? (106 and 
178 calories per mole, respectively), the change 
in volume on fusion checks that found by Lisman 
and Keesom'® (about 1.0 cc per mole) while 
the volumes below and above the transition 
just about coincide with the volumes derived 
from the densities of 6 and y oxygen (1.395 and 
1.30, respectively) found by Vegard.’ The 
measured value of the liquid density seems to be 
in error,”° but the value used in the diagram is 
consistent with the data on the solid and the 
volume change on fusion. We have made no at- 
tempt to account for the transition at 24°K, 
which has a small heat of transition. Taken as a 
whole, the picture which we have of the transi- 
tions in Oz seems to be quite satisfactory, in 
spite of the fact that we have neglected entirely 
the possibility of special forces, connected with 
the magnetic moment of Oz, which might result in 


( wo and Clayton, J. Am. Chem. Soc. 55, 4875 
1 > 

4 Density of Nz is 1.026 at liquid hydrogen temperatures, 
according to International Critical Tables. 

16 Vegard, Zeits. f. Physik 79, 471 (1932). The value of 
V/V. for 8 Nz at 45°K, from Vegard’s x-ray determination 
of the density is found to be 0.317. Actually I have taken 
0.3195 for V/V. for 8 Nz for the transition point at 35.4°K, 
but the difference is small, and on applying Eq. (8) my 
value gives a slightly smaller and, I believe, a somewhat 
more reasonable value for C,—C,. The average value of 
Cp— C, obtained for the 6 range is approximately 3 calories 
per degree, which would give C, an average value of about 
7 calories per degree as compared to the value of C, of 7.8 
calories per degree for liquid air found by Eucken and 
Hauck, Zeits. f. physik. Chemie 134, 161 (1928). 
we and Johnston, J. Am. Chem. Soc. 51, 2300 

1 . 
18 Lisman and Keesom, Physica 2, 905 (1935). 
19 Vegard, Zeits. f. Physik 98, 1 (1935). 
20 Keesom and Taconis, Physica 3, 141 (1936). 
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the formation of a rather specific compound,”! Oy. 
Having constructed these curves, it is possible 
to apply Eq. (8), after integrating it over the 
range of existence of the liquid phase, and com- 
pare the experimental value of 
Td Vo 


(C,—C,)dT with (0E/dV)rdV 
Tf vi 


taken from the curves. (In these equations the 
indices b and f refer to boiling and freezing 
points respectively.) We use the values of 
Giauque and his students for C, a’ d Eucken and 
Hauck’s value for C, for air. We find for 

Tb 


(C,—C,)dT 
Tf 


the values 82 and 178 calories for Nz and Ox, 
respectively, while from the curves we get for 


Vo 
f (09E/dV)rdV 
vi 


the values 107 and 127 calories for Nz and Ox, 
respectively. The differences are probably not 
significant, as an error of a few percent in the 
densities could account for them. It is possible 
that the discrepancies indicate that some altera- 
tion of the curves would be desirable. However, 
it did not seem worthwhile to attempt to make 
them check in such detail, and it would probably 
not be possible to make the check absolute with- 
out assuming some error either in the densities 
at the boiling or freezing points, or in the 
coefficients of expansion at the boiling point. 

It will be noted that the peculiar shape of the 
(0S/09V)r curve, which we use to account for the 
transition point in the solid, is just that to be 
expected for the setting in of molecular rota- 
tion,” as discussed in §4. We have not attempted 

21 See Lewis, J. Am. Chem. Soc. 46, 2027 (1924), and 
Vegard, reference 19. Wahl, Proc. Roy. Soc. London A88, 
61 (1913), reports that liquid O2 can be supercooled down 
to the transition point, where the crystal modification, 
stable below that point, is formed almost instantaneously. 
This behavior is certainly not to be expected from Fig. 5, 
and if Fig. 5 comes anywhere near giving a correct picture 
of the equilibrium behavior of oxygen, it can only be ex- 
plained on the assumption that internal equilibrium is not 
established rapidly in oxygen at low temperatures. It is to 
be remarked, however, that Giauque and Johnston found 
the melting point to be sharp, which is more nearly in ac- 
cord with our expectations. 

It should be noted that the setting in of rotation will 


not necessarily be accomplished by a sharp change in phase. 
If the (@E/AV)7r curve is at all points steeper than 
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to take into account any dependence on tempera- 
ture of the value of V at which the sharp decrease 
in (0S/08V)r occurs. Thus the actual rate of the 
decrease at any given temperature can at best be 
roughly estimated from our curves. Nor have we 
attempted to take account of any possible effect 
on (0E/dV)r. 

It should perhaps be remarked that the transi- 
tion temperatures of both oxygen and nitrogen, 
and the volumes at which these transitions occur, 
are sufficiently small so that quantization of the 
molecular motion is undoubtedly important. The 
bending over of the (0S/0V)r curve at small 
volumes, which accounts for the phenomenon of 
fusion, is itself undoubtedly connected with the 
setting in of quantization. One cannot, therefore, 
in general, assume that the (0.S/0V)7 curve will 
remain unaltered in shape when the temperature 
drops below the melting point, and insofar as 
this assumption is made it must be considered 
purely provisional. 


§6. SOME QUANTITATIVE CONSIDERATIONS RE- 
GARDING THE (0S/0V)r CURVE FOR Liquips 


As appears from I, the function V(6S/dV)7R™ 
=(0V./dV)r(V/V-.) plays a very important role 
in the theory of liquids. Since any information 
regarding the behavior of this function is of 
obvious interest in connection with the con- 
siderations of this paper, and since such informa- 
tion can be gleaned from the data already 
assembled in I, it seems worthwhile to close this 
paper with a few remarks on this subject. 
Eyring and Hirschfelder '“ have suggested that 
it should be possible to set 


(0V./8V)r(V/V.)=b(V/V.-)!, (9) 


where b does not vary with V, but, according to 
these authors, may depend on _ temperature. 
However, in the note* to I, we have given reasons 
for believing that (@V./8V)7r(V/V-.) does not 
depend on temperature. If we make this as- 
sumption it is possible to test the correctness of 
setting the exponent in Eq. (9) equal to 1/3 by a 
T(aS/8V)r there will be no definite change of phase, but 
there may well occur an anomaly in the specific heat. 
This would be particularly likely to occur if the transition 
takes place at a small volume. A number of cases of gradual 
transitions are known. For discussion and references see 


Pauling, reference 8, p. 441. 
23 Just following §3 of I. 
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method which we shall now develop. In general, 
of course, we can set, at least for a small range of 
volumes, 


(9V./0V)r(V/V.)=b(V/V.)"",  — (10) 
where 7 is a constant. We then have 
din [(0V./8V)r( V/V.) ] (in V—In V.) 
=n” 


dln V dln V 
=n—(1-—dIn V./dIn V). (11) 








The last term in Eq. (11) can be evaluated from 
1(11) where, of course, the corrected value of 7 
should be used. We have 


ain V./aIn V=(AS/R—1)ycorr!= C’/aRT, (12) 


where C’=C, (liq.) —C, (liq.). The last equation 
of Eq. (12) comes from I(23). On the other hand 
we have from Eq. I(15) 


ding ain [(aV./8V)r(V/V.)] 
ain V ain V 
=—(1/aT+1/y), (13) 





where now we must use the uncorrected value of 
y, as explained in the note to I. This equation 
involves the assumption that y is independent of 
V, but since y never differs greatly from 1, this 
should be a good approximation. It also involves 
the assumption that (0V./0V)7r(V/V-.) is inde- 
pendent of 7, which has already been discussed, 
and which we believe to be correct. From Eqs. 
(11), (12) and (13), then, m can be determined, 
and the results for a number of the liquids 
considered in I are as follows: Ne, 1.59; CO, 1.82; 
A, 1.42; Os, 1.49; HBr, 1.84; Cle, 2.05; SiCh, 
3.10; Bro, 2.23; CCl, 2.77. It should be noted 
that, though a may be in some error, the value of 
n is almost independent of a, since the calculation 
of y also depends on a@ and since C’/aRT is 
considerably larger than 1. C’ is obtained as ex- 
plained in the note to I. 

It is seen that u, for the most part, is con- 
siderably smaller than 3, and that the higher 
boiling substances have larger values of n. This 
result would appear to indicate that the assump- 
tion of Eyring and Hirschfelder can be only a 
rough approximation. 





The New Absorption System of Cyanogen Gas in the Near Ultra- 
violet System I. Errata 


SHo-CHow Woo anp Ta-Konc Liu 
Academia Sinica, Shanghai, China 


(J. Chem. Phys. 5, 161 (1937)). 


N the following, we wish to correct a few typographical errors which appeared 

in our paper with the above title. On page 163, Table II, 33722 should read 

33272. On page 165, ninth line below Table IV v9’/ve’ should read v2’ /»’. 
2Ni::C:Ci:N: should read :N::C:C::N: 





The Absorption Spectra and Dissociation Energies of Cyanic Acid 
and Some Isocyanates—A Correction 


SHo-CHow Woo anv Ta-Konc Liu 
Academia Sinica, Shanghai, China 
(J. Chem. Phys. 3, 544 (1935)). 


O page 545, Table I, third column, 112.4 should read 114.6. On page 546, 
last paragraph, fifth line from bottom 52.4 should read 54.6; second line 
from bottom, CsC; should read C,H;. The conclusion reached before remains 
unaltered by the above corrections. 
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This section will accept reports of new work, provided these 
are terse and contain few figures, and especially few halftone 
cuts. The Editorial Board will not hold itself responsible for 
opinions expressed by the correspondents. Contributions to 
this section must reach the office of the Managing Editor 


JOURNAL OF CHEMICAL PHYSICS 


not later than the 15th of the month preceding that of the 
issue in which the letter is to appear. No proof will be sent 
to the authors. The usual publication charge ($3.00 per 
page) will not be made and no reprints will be furnished free. 


Infrared Absorption Spectrum of Ketene 


The infrared absorption spectrum of gaseous ketene has 
been measured from 740 to 3500 cm™ with a rocksalt prism 
spectrometer with a Wadsworth-Littrow mounting. The 
ketene was especially pure! and we are indebted to Dr. W. 
E. Vaughan, Dr. Elgene A. Smith and Mr. M. A. Dolliver 
for the samples which we used. No absorption was found 
that could be ascribed to acetone, ethylene or methane, 
which would be the most probable impurities. 

Intense bands have been found at 3058, 2160, 1935, 1400, 
1110 and 890 cm. Weaker bands have been found at 3165, 
2915, 1350, 1325 and 1185(?) cm~1. These absorption bands 
agree roughly with the Raman lines reported for the liquid 
by Kopper,? except that there is no infrared absorption 
corresponding to the Raman lines at 998 and 801 cm“, 
which, however, are considered doubtful by Kopper. Ketene 


has nine fundamental frequencies, all of which should be 
active in both Raman and infrared spectra. 

We shall attempt to locate the fundamentals of the lower 
frequencies and make a complete analysis of the modes of 
vibration and force constants of the molecule. The descrip- 
tion of the apparatus and the absorption curves will be 
published when the complete data are available. 

HAROLD GERSHINOWITZ 
E. BricHt WILSON, JR. 
Department of Chemistry, 
Harvard University, 


Cambridge, Massachusetts, 
May 10, 1937. 


1The methods of preparation and purification will be described in 
paper No. 6 on ‘‘Heats of Organic Reactions” by Kistiakowsky et al., 
which will appear in the J. Am. Chem. Soc. late in 1937. 

2 Kopper, Zeits. f. physik. Chemie 34B, 396 (1936). 
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